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The Constitution of India
Chapter IV A

Fundamental Duties

ARTICLE 51A
Fundamental Duties- It shall be the duty of every citizen of India-

(@)

(b)

(€)
(d)

(e)

(f)
(9)

(h)

(i)

1),

(k)

to abide by the Constitution and respect its ideals and institutions,
the National Flag and the National Anthem;

to cherish and follow the noble ideals which inspired our national
struggle for freedom;

to uphold and protect the sovereignty, unity and integrity of India;

to defend the country and render national service when called upon
to do so;

to promote harmony and the spirit of common brotherhood amongst
all the people of India transcending religious, linguistic and regional
or sectional diversities, to renounce practices derogatory to the
dignity of women;

to value and preserve the rich heritage of our composite culture;

to protect and improve the natural environment including forests,
lakes, rivers and wild life and to have compassion for living
creatures;

to develop the scientific temper, humanism and the spirit of inquiry
and reform;

to safeguard public property and to abjure violence;

to strive towards excellence in all spheres of individual and
collective activity so that the nation constantly rises to higher levels
of endeavour and achievement;

who is a parent or guardian to provide opportunities for education
to his child or, as the case may be, ward between the age of six
and fourteen years.
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The Constitution of India

Preamble

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC and to secure to
all its citizens:

JUSTICE, social, economic and political;

LIBERTY of thought, expression, belief, faith
and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the unity and integrity of the
Nation;

IN OUR CONSTITUENT ASSEMBLY this
twenty-sixth day of November, 1949, do HEREBY
ADOPT, ENACT AND GIVE TO OURSELVES
THIS CONSTITUTION.



NATIONAL ANTHEM

Jana-gana-mana-adhinayaka jaya hé
Bharata-bhagya-vidhata,

Panjaba-Sindhu-Gujarata-Maratha
Dravida-Utkala-Banga

Vindhya-Himachala-Yamuna-Ganga
uchchala-jaladhi-taranga

Tava subha nameé jage, tava subha asisa mage,
gahé tava jaya-gatha,

Jana-gana-mangala-dayaka jaya hé
Bharata-bhagya-vidhata,

Jaya hé, Jaya hé, Jaya he,
Jaya jaya jaya, jaya hé.

PLEDGE

India is my country. All Indians
are my brothers and sisters.

[love my country, and I am proud
of its rich and varied heritage. I shall
always strive to be worthy of it.

I shall give my parents, teachers
and all elders respect, and treat
everyone with courtesy.

To my country and my people,
I pledge my devotion. In their
well-being and prosperity alone lies

my happiness.
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Dear Students,

Welcome to Standard XII, an important milestone in your life.

Standard XII or Higher Secondary School Certificate opens the doors of higher education.
Alternatively, you can pursue other career paths like joining the workforce. Either way, you will
find that mathematics education helps you considerably. Learning mathematics enables you
to think logically, consistently, and rationally. The curriculum for Standard XII Mathematics
and Statistics for Science and Arts students has been designed and developed keeping both of
these possibilities in mind.

The curriculum of Mathematics and Statistics for Standard XII for Science and Arts
students is divided in two parts. Part | deals with topics like Mathematical Logic, Matrices,
Vectors and Introduction to three dimensional geometry. Part 1l deals with Differentiation,
Integration and their applications, Introduction to random variables and statistical methods.

The new text books have three types of exercises for focussed and comprehensive practice.
First, there are exercises on every important topic. Second, there are comprehensive exercises
at the end of all chapters. Third, every chapter includes activities that students must attempt
after discussion with classmates and teachers. Additional information has been provided on
the E-balbharati website (www.ebalbharati.in).

We are living in the age of Internet. You can make use of modern technology with the
help of the Q.R. code given on the title page. The Q.R. code will take you to links that provide
additional useful information. Your learning will be fruitful if you balance between reading the
text books and solving exercises. Solving more problems will make you more confident and
efficient.

The text books are prepared by a subject committee and a study group. The books (Paper
| and Paper 1) are reviewed by experienced teachers and eminent scholars. The Bureau
would like to thank all of them for their valuable contribution in the form of creative writing,
constructive and useful suggestions for making the text books valuable. The Bureau hopes and
wishes that the text books are very useful and well received by students, teachers and parents.

Students, you are now ready to study. All the best wishes for a happy learning experience
and a well deserved success. Enjoy learning and be successful.

(Vivek Gosavi)
Pune Director
Date: 21 February 2020 Mabharashtra State Bureau of Textbook
Bharatiya Saur: 2 Phalguna 1941 Production and Curriculum Research, Pune.
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Mathematics and Statistics Std. X1 Part - |
Competency Statement

Sr.No.

Area

Topic

Competency Statement

Mathematical Logic

Mathematical Logic

The student will be able to

Identify statement in logic and truth
value of it.

Combine two or more statements
Construct the truth table and
examine logical equivalence of
statement patterns

Find dual and negation of statement
pattern

Study the applications of logic to
switching circuits.

Matrices

Matrices

Identify orders and types of matrices
Perform basic algebraic operations
on matrices.

Find the inverse of a matrix using
elementary transformation and
adjoint method

Solve the system of linear equations
using matrices.

Trigonometric
Functions

Trigonometric
Equations

Solution of a triangle

Invers trigonometric
function

Understand and write trigonometric
equation

Find the principal and general solution
of a trigonometric equation.

Solve triangle by using sine rule, co-
sine rule and projection rule and find
area of a triangle.

Understand inverse trigonometric
functions with domain and range.

Pair of straight lines

Pair of straight lines

Write and interpret the combined
equation of two straight lines in
plane.

Find the point of intersection of two
lines and calculate the acute angle
between them

Study the general second degree
equation in x and y with reference to
homogeneous part of it
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\ectors

\ectors

» Understand scalars and vectors and
algebra of vectors.

» Write vectors of 2 or 3 dimensions
understand the scalar and vector
products

» Study applications of vectors to area

of triangle.
* Interprete scalar triple product and
its applications.

 Direction ratios and direction cosines

of a vector

Line and Plane

Line and Plane

* Find different forms of equation of
line

 Find angle between two intersecting
planes

* Find the angle between a line and a
plane

* Find condition for perpendicularity
and parallelness of planes

* Calculate distance of a point from a
plane

 Find equation of a plane in different
forms

 Find angle between two intersecting
planes

* Find the angle between a line and a
plane

Linear programming
Problem

Linear programming
Problem

 Understand linear equations in one
and two variables.

* Find graphical solution of linear
inequation.

 Understand meaning and
formulation of L.P.P.

* Find solution of L.P.P. by graphical
methods.
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~— INDEX —
Sr.No. Chapter Page No

1. Mathematical Logic 1
2. Matrices 36
<) Trigonometric Functions 65
4. Pair of Straight Lines 112
5. \ectors 5
6. Line and Plane 194
7. Linear Programming 227
Answers 246
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1 Mathematical Logic

Let’s study. ~\

Statement and its truth value.
Logical connective, compound statements.
Truth tables negation of statements and compound statements.

Tautology, contradiction and contingency.

1

2

3

4.  Statement pattern, logical equivalence.

5

6 Quantifiers and quantified statements, Duality.
7

Application of logic to switching circuits, switching table.

ﬁ\\ Let’s recall.

1.1.1 Introduction :

Mathematics is a logical subject and tries to be exact. For exactness, it requires proofs which
depend upon proper reasoning. Reasoning requires logic. The word Logic is derived from the
Greek word "LOGOS" which means reason. Therefore logic deals with the method of reasoning. In
ancient Greece the great philosopher and thinker Aristotle started study of Logic systematically. In
mathematics Logic has been developed by English Philosopher and mathematician George Boole
(2 November 1815 - 8 December 1864)

Language is the medium of communication of our thoughts. For communication we use
sentences. In logic, we use the statements which are special sentences.

1.1.2 Statement :

A statement is a declarative (assertive) sentence which is either true or false, but not both
simultaneously. Statements are denoted by p, q, r, .....

1.1.3 Truth value of a statement :

Each statement is either true or false. If a statement is true then its truth value is 'T' and if the
statement is false then its truth value is F.

Illustrations :

1)  Following sentences are statements.
i) Sunrises in the East.
i) 5x2=11
iii)  Every triangle has three sides.




iv)
v)
vi)

Mumbai is the capital of Maharashtra.
Every equilateral triangle is an equiangular triangle.
A natural number is an integer.

2)  Following sentences are not statements.

i)
i)
iii)
iv)
v)
vi)
vii)
viii)

Please, give your Pen.

What is your name ?

What a beautiful place it is!
How are you ?

Do you like to play tennis ?
Open the window.

Let us go for tea

Sit down.

Note : Interrogative, exclamatory, command, order, request, suggestion are not statements.
3)  Consider the following.

i)
i)
i)

iv)

3—X—9 =0
2
He is tall.

Mathematics is an interesting subject.
It is black in colour.

Let us analyse these statements.

i)
i)

For x = 6 it is true but for other than 6 it is not true.
Here, we cannot determine the truth value.

For iii) & iv) the truth value varies from person to person. In all the above sentences, the truth value
depends upon the situation. Such sentences are called as open sentences. Open sentence is not a

statement.

@) Solved examples )

Q.1. Which of the following sentences are statements in logic ? Write down the truth values of
the statements.

i)
i)
iii)
iv)
v)
vi)
vii)
viii)
iX)

6x4=25

X+6=9

What are you doing ?

The quadratic equation x* — 5x + 6 = 0 has 2 real roots.
Please, sit down

The Moon revolves around the earth.

Every real number is a complex number.

He is honest.

The square of a prime number is a prime number.

=



Solution :
i)
i)
iii)
iv)
v)
vi)
vii)
viii)
iX)

It is a statement which is false, hence its truth value is F.
It is an open sentence hence it is not a statement.

It is an interrogative hence it is not a statement.

It is a statement which is true hence its truth value is T.
It is a request hence it is not a statement.

It is a statement which is true, hence its truth value is T.
It is a statement which is true, hence its truth value is T.
It is open sentence, hence it is not a statement.

It is a statement which is false, hence its truth value is F.

1.1.4 Logical connectives, simple and compound statements :
The words or phrases which are used to connect two statements are called logical connectives.
We will study the connectives 'and’, 'or', 'if ..... then’, 'if and only if ', 'not".
Simple and Compound Statements : A statement which cannot be split further into two or
more statements is called a simple statement. If a statement is the combination of two or more simple
statements, then it is called a compound statement.

"3 is a prime and 4 is an even number", is a compound statement.

"3 and 5 are twin primes"”, is a simple statement.
We describe some connectives.

1)  Conjunction : If two statements are combined using the connective 'and' then it is called as
a conjunction. In other words if p, g are two statements then 'p and q' is called as conjunction. It is
denoted by 'p A ' and it is read as 'p conjunction g’ or 'p and g'. The conjunction p A q is said to be
true if and only if both p and q are true.

Truth table for conjunction

—|m|-|<e

mm|d|d|©

m{m{m|d| >

F
Table 1.1

2)  Disjunction : If two statements are combined by using the logical connective 'or' then it
is called as a disjunction. In other words if p, g are two staements then 'p or q' is called as
disjunction. It is denoted by 'p v g and it is read as 'p or g' or 'p disjunction q'.

Truth table for disjunction

P q pvq

T T T

T F T

F T T

F F F
Table 1.2

The disjunction p v q is false if and only if both p and q are false.




3) Conditional (Implication) : If two statements are combined by using the connective.

if ...

then', then it is called as conditional or implication. In other words if p, g are two state-

ments then 'if p then q' is called as conditional. It is denoted by p — qor p = g and it is read
as 'p implies q' or 'if p then q'.
Truth table for conditional.

g P—>q

T T The conditional statement p — q is False only if p is true

E and g is false. Otherse it is true. Here p is called hypothesis

mim|d|d|o

F
T - or antecedent and g is called conclusion or consequence.
=

F

Note : The
i)
i)
iii)
iv)
v)

Table 1.3

following are also conditional statement p — q
p is sufficient for q

q is necessary for p

p implies q

q follows from p

p only if .

4)  Biconditional (Double implication) :

If two statements are combined using the logical connective 'if and only if ' then it is called
as biconditional. In other words if p, g are two statements then 'p if and only if g' is called as
biconditional. It is denoted by 'p <> ' or p < q. It is read as 'p biconditional q' or 'p if and
only if q'.

Truth table for biconditional.

P q pP<q
T T T
T F F Biconditional statement p <> g is true if p and g have same
E T E truth values. Otherwise it is False.
F F T
Table 1.4

5)  Negation of a statement : For any given statement p, there is another statement which is
defined to be true when p is false, and false when p is true, is called the negation of p and is
denoted by ~p.

Truth table for negation.

p ~p
T F
F T
Table 1.5

Note : Negation of negation of a statement is the statement itself. That is, ~ (~ p) = p.




@) Solved examples ]

Ex.1: Express the following compound statements symbolically without examining the truth values.
i)  2isaneven number and 25 is a perfect square.

i) Aschool is open or there is a holiday.
iii)  Delhi is in India but Dhaka is not in Srilanks.
iv) 3+82>12 ifandonlyif 5x4 <25,

Solution :
i) Let p: 2isanevennumder
g: 25 is a perfect square.
The symbolic formis p A Q.
i) Letp: The school is open
g : There is a holiday
The symbolic formisp v q
iii) Letp: Delhiisin India
g : Dhaka is in Srilanka
The symbolic formisp A ~ Q.
iv) Letp:3+8>12;q:5 x4 <25
The symbolic formis p <> q

Ex.2.Write the truth values of the following statements.
i)  3isaprime number and 4 is a rational number.
i) All flowers are red or all cows are black.
iii)  If Mumbai is in Maharashtra then Delhi is the capital of India.
iIv)  Milk is white if and only if the Sun rises in the West.
Solution :
i) Let p:3isaprimenumber
g: 4 is arational number.
Truth values of p and q are T and T respectively.
The given statement in symbolic formisp A g.
The truth value of given statement is T.
i) Let p:Allflowersarered; q: All cows are black.
Truth values of p and g are F and F respectively.
The given statement in the symbolic formis pv q
S~ pvg=FvFis F
.. Truth value of given statement is F.
iii) Let p:Mumbaiisin Maharashtra
g : Delhi is capital of India
Truth values of p and q are T and T respectively.

The given statement in symbolic formisp — g

= )




LPp—>q=T—>TisT
.. Truth value of given statement is T
iv) Let p: Milkiswhite; g: Sunrises in the West.
Truth values of p and g are T and F respectively.
The given statement in symbolic form is p <> q
Lpeg=ToFIisF
.. Truth value of given statement is F
Ex.3 : If statements p, g are true and r, s are false, determine the truth values of the following.
D~pa(@v-~r) i) (PA~1) A(~q vs)
i ~P—=>9) < TAs)iV)(~p>q) A(r<>s)

Solution :

i)

~pA(@v~r=~TA(TvVv~F) =FA(TVvT)=FAT=F

Hence truth value is F.

PA~DA(CgvsS)= (TA~FACFTVE)=TATA (FVF)=TAF=F.
Hence truth value is F.
[Fp—=>9]eAs)=[~(ToT)oFAR=-T) > F)=FF=T.
Hence truth value is T
FpoA(res)=CToNMAFoR)=F->ST)AT=TAT=T.

Hence truth value is T .

Ex.4.Write the negations of the following.

i)

i)

iii)
Solution :

i)

)]

iii)

Price increases
o<1
5+4=9

Price does not increase
or=1
5+4+£9

@ Exercise 1.1 J

Q.1. State which of the following are statements. Justify. In case of statement, state its truth
value.

i)
i)
iii)
iv)
v)
vi)
vii)

5+4=13.
Xx—-3 =14.
Close the door.

Zero is a complex number.
Please get me breafast.
Congruent triangles are similar.
X2 =X.




Q.2.

Q.3.

Q.4

Q.5.

Xi)
xii)
xiii)
Xiv)
XV)

A quadratic equation cannot have more than two roots.
Do you like Mathematics ?

The sun sets in the west

All real numbers are whole numbers

Can you speak in Marathi ?

X2—6x —7=0,whenx=7

The sum of cuberoots of unity is zero.

It rains heavily.

Write the following compound statements symbollically.

i)
i)
iii)
iv)
v)
iv)
vii)

Nagpur is in Maharashtra and Chennai is in Tamilnadu
Triangle is equilateral or isosceles.

The angle is right angle if and only if it is of measure 90°.
Angle is neither acute nor obtuse.

If A ABC isright angled at B, thenm £ZA+ m £ZC = 90°
Hima Das wins gold medal if and only if she runs fast.

X is not irrational number but is a square of an integer.

Write the truth values of the following.

i)
i)
iii)
iv)
v)
vi)
vii)

4 is odd or 1 is prime.

64 is a perfect square and 46 is a prime number.

5 is a prime number and 7 divides 94.

It is not true that 5-3i is a real number.
If3x5=8then 3 +5=15.

Milk is white if and only if sky is blue.

24 is a composite number or 17 is a prime number.

If the statements p, g are true statements and r, s are false statements then determine the
truth values of the following.

i)
i)
v)
vii)

PV(qAT) i)  (p—>gv(r—>s)
@A v(=pnas) v)  (p>agA-r
(~r<>p)—>-~q vi)  [FpAa(=gAan]vI@nar)v(pan)]

[GPAA)A~r]IVIQ—=>p)—>(sv)] viii) ~[(~pAnv(s—>~qle(Pan)

Write the negations of the following.

i)
i)
iii)
iv)
v)

Tirupati is in Andhra Pradesh

3 is not a root of the equation x2 + 3x - 18 =0
J2 isarational number.

Polygon ABCDE is a pentagon.

7+3>5




1.2 STATEMENT PATTERN, LOGICAL EQUIVALENCE,
TAUTOLOGY, CONTRADICTION, CONTINGENCY.

1.2.1 Statement Pattern :

Letters used to denote statements are called statement letters. Proper combination of
statement letters and connectives is called a statement pattern. Statement pattern is also called as a
proposition. p —q, p A Q, ~ p Vv q are statement patterns. p and q are their prime components.

A table which shows the possible truth values of a statement pattern obtained by considering
all possible combinations of truth values of its prime components is called the truth table of the
statement pattern.

1.2.2. Logical Equivalence :

Two statement patterns are said to be equivalent if their truth tables are identical. If statement
patterns A and B are equivalent, we write it as A= B.

1.2.3 Tautology, Contradiction and Contingency :

Tautology : A statement pattern whose truth value is true for all possible combinations of truth
values of its prime components is called a tautology. We denote tautology by t.

Statement pattern p v ~ p is a tautology.

Contradiction : A statement pattern whose truth value is false for all possible combinations of truth
values of its prime components is called a contradiction. We denote contradiction by c.

Statement pattern p A ~ p is a contradiction.

Contingency : A statement pattern which is neither a tautology nor a contradiction is called a
contingency. p A q is a contingency.

Important table for all connectives :

p q =P | PAG | PVG [ P>q ]| pPeq
T T F T T T T
T F F F T F F
F T T F T T F
F F T F F T T

*  In astatement pattern, different symbols are considered in the following priority

~ Vo, A, =, &>

@) Solved Examples )

Ex.1.: Construct the truth table for each of the following statement patterns.

) p—>@—>p)

i) (~pvag <~(pArq)

i) ~(pa~qvq

iv) [(pAr@)viiAa[~rv(pAQ)]

v) [pva)a(@—=>n]l—>(@-—>r)




Solution :

) p—>(@—p
P q qg—op [p—>(Qq—p)
T T T T
T F T T
F T F T
F F T T
Table 1.7
i) (pvag o ~(Paq)
p q ~p |~pvag|prqg |[~(PrQq) |(~pVv g <> A(PAG)
T T F T T F F
T F F F F T F
F T T T F T T
F F T T F T T
Table 1.8

i) ~(=pa~q)vgq

P q ~Pp | ~q |(=pr=qQ) |~(=pr~q) |~(~pr~Q) Vv q

T T F F F T T

T F F T F T T

F T T F F T T

F F | T | T T F F
Table 1.9

iv) [(PAr@vrida[~rv(pag)]

p ri~ripageargvr |~rv(parq) [[pAg)VvITA(~Trv(PAQ)
T|T|T|F T T T T
T|ITI|F|T T T T T
T|F|T|F F T F F
T|IF|F|T F F T F
FI|T|T|F F T F F
FIT|F|T F F T F
FIF|T|F F T F F
FIF|F|T F F T F
Table 1.10

G




v)

[(Pv a) A(@=>N]>(P >0

plq|ri~p|~pvqg|qgo>r|p>r (pvnr |[[Pvga(@—>N]—>(@—>D
(g—>n
T|T|T|F T T T T T
T|T|F|F T F F F T
T|F|T|F F T T F T
T|F|F|F F T F F T
FIT|T|T T T T T T
F|I T|F|T T F T F T
FIF|T|T T T T T T
FIF|F|T T T T T T
Table 1.11
Ex.2: Using truth tables, prove the following logical equivalences
) (PAr@=~(p—>~0)
i) (Peg=Pag)v(i~par~aq)
i) (pArg)—>r=p—>(Qq-or)
iv) p—>@vn=(pP—>a v(p->r)
1) Solution: (1) (pA g)=~(p— ~0q)
L uf v |Vv VI
P lad|~a|prg|p—>~q| ~(p>~0)
T|T| F T F T
T|F| T F T F
F| T]| F F T F
FIF| T| F T F
Table 1.12
Columns (1V) and (VI) are identical .. (p A Q)= ~(p = ~Q)
i) (peg=@PEragv(~-par~0)
L u| v \% VI VIl VI
Pla|~P| ~q |peqg| (pPAQ) PA~q [ (PAr AV (PA~0)
T|T| F F T T F T
T|F | F T F F F F
FI T | T F F F F F
FIF| T T T F T T
Table 1.13
Columns V and VIII are identical
Lo (peag=PEagv(ipv~a)
(iii) (pAr@)—>r=p—>(@—>r)

7 )
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Py v V VI VIl

Plalr |prd| (Prg—>r qgor | p>(q—>n)

T|T| T T T T T

T|T| F T F F F

T|F| T F T T T

T|F| F F T T T

FIT| T F T T T

FIT| F F T F T

FIF| T F T T T

FI|F| F F T T T

Table 1.14
Column (V) and (V1) are identical
(PArg)—>r=p—>(q—>r)
(iv) p>@vn=(pP->9vE-—r)
Pl v \ VI VIl VI
P19 r |lqvr| p—>(Qqvn pP—>q p—o>r P—>qvpe—rn
T|T| T T T T T T
T|T| F T T T F T
T|F| T T T F T T
T|F| F F F F F F
FIT| T T T T T T
FIT| F T T T T T
FIF| T T T T T T
FI|F| F F T T T T
Table 1.15

Columns V and VIII are identical
p—>@vnN=pP-—->qvE-—>r)

Ex.3.Using truth tables, examine whether each of the following statement pattern is a tautology or
a contradiction or contingency.

) (PArdA(=pv~0)

i) [pA(p—>~9]—q

i) P->dAll@—>nN—>E-—>n]
iv) [(pva)vrl<[pv(gvrn]

7 )
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Solution:
) (PAgA(=p v~0)

p q ~p —q PAG | pPv~q | (PAGA(pV~Q)

T T F F T F F

T F F T F T F

F T T F F T F

F F T T F T F
Table 1.16

All the truth values in the last column are F. Hence it is contradiction.
i) [pAa(P—>~0)]—>q

p g 9 | p>=q | pA(P=>~0 [pPA(P=>~0) >0

T T F F F T

T F T T T F

F T F T F T

F F T T F T
Table 1.17

Truth values in the last column are not identical. Hence it is contingency.
i (p->aall@=>n->@E->n]

P19 r(p=>g9lgorjpori@->nN->0-n0 [P2>9A@2>nN->0—0)
T|T|T T T T T T
T| T|F T F F T T
T|IF [T F T T T F
T|F|F F T F F F
FI T T T T T T T
F|I T| F T F T T T
FIF | T T T T T T
FI|F | F T T T T T
Table 1.18
Truth values in the last column are not same, hence it is contingency.
v) [pva)vrle vy
Pla]r{pvglevavrigvripv(@vn |[[(Pvavri<[pv(qvn]
T| T (T T T T T T
T|T]|F T T T T T
TIF | T T T T T T
T|F | F T T F T T
FIT | T T T T T T
F|T]|F T T T T T
FIF | T F T T T T
F|F | F F F F F T
Table 1.19 All the truth values in the last column are T, hence it is tautology.




@ Exercie.1.2 J

Q.1. Construct the truth table for each of the following statement patterns.

) [(pPo>a)Adl—p

i)  (PAr~a)e>(P—>0

i) (pArg)e(qvr)

iv) p—=>[~@nan)]

v)  ~pallpv~q)ad]

Vi) (=p—o>~dA(-qd—>~p)
vi) (qop)v(~pe Q)

viii) [p—=>@—>nNl<(prg) —>r]
iX) p—>[~(@narn)]

X)) (pv~=q)—>(rAp)

Q.2. Using truth tables prove the following logical equivalences.

) ~pAg=(PvaA~p

i) ~(PvagvEpag=-~p

i) peg=~[pva)a~(pPAaag)]
iv) p—>@—>p)=~p—>{P—>0)
V) (pvg)or=(p-onNa(-—r)
Vi) p—>@anN=E->aA(pP—>r)
vii) pa@vn=@Aaqv(p Ar)
viii) [~(pva)v(pvaglar=r

iX) ~(Peog=PEa~-av@a-p)

Q.3. Examine whether each of the following statement patterns is a tautology or a
contradiction or a contingency.

) (pPArd)—>@Qvp

i) (p—>9<(Epva

i) [~(pa~aQ)lvq

iv) [(p—>a)Aq]—>p

v) [P Ar~gl—>~p

vi) (peagA(p—>~0a)

vii) ~(~qA p)Aq

viii) (pA~0q) < (p—>0q)

iX) (~p—>aA(PAn)

X)) [p>CFagvn]le~[p—>@—>r)




1.3 QUANTIFIERS, QUANTIFIED STATEMENTS, DUALS, NEGATION OF
COMPOUND STATEMENTS, CONVERSE, INVERSE AND CONTRAPOSITIVE

OF IMPLICATION.

1.3.1 Quantifiers and quantified statements.
Look at the following statements :
p : "There exists an even prime number in the set of natural numbers".
g : "All natural numbers are positive".

Each of them asserts a condition for some or all objects in a collection. Words "there exists"
and "for all" are called quantifiers. "There exists is called existential quantifier and is denoted
by symbol 3. "For all" is called universal quantifier and is denoted by V. Statements involving
quantifiers are called quantified statements. Every quantified statement corresponds to a collection
and a condition. In statement p the collection is 'the set of natural numbers' and the condition is
'being even prime'. What is the condition in the statement q ?

A statement quantified by universal quantifier Vv is true if all objects in the collection satisfy
the condition. And it is false if at least one object in the collection does not satisfy the conditon.

A statement quantified by existential quantifier 3 is true if at least one object in the collection
satisfies the condition. And it is false if no object in the collection satisfies the condition.

Ex.1LIfA={1,2,3,4,5,6, 7}, determine the truth value of the following.
) Ix e Asuchthatx—-4=3
i) VvVxeA, x+1>3
i) VvVxeA 8-x<7
iv) dxeA, suchthatx+8=16

Solution :
) Forx=7,x-4=7-4=3
. X =7 satisfies the equation x —4 =3
.. The given statement is true and its truth value is T.
i)  Forx=1,x+1=1+1=2which is not greater than or equal to 3
- Forx=1, x+1>3isnot true.
.. The truth value of given statement is F.
i) Foreachxe A 8-x<7
.. The given statement is true.
- Itstruth value is T.
iv)  There is no x in A which satisfies x + 8 = 16.
.. The given statement is false. .. Its truth value is F.
1.3.2 Dual : We use letters t and c to denote tautology and contradiction respectively.

If two statements contain logical connectives like v, A and letters t and c then they are said to
be duals of each other if one of them is obtained from the other by interchanging v with A and
t with c.

Thedualof i)pvqis paqQ iiytvpiscap lii)tAapiscvp
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Ex.1. Write the duals of each of the following :

) (pAg)vr i) tv(pva)
i) pal~av(pargv~r] iv) (pva)at
V) (pvgvr=pv(qvr) Vi) pAgAar

vii) (pAat)v(ca~Q)

Solution :
) (pvaar i) ca(pnrq)
i) pv[~qa(pvaa~r1] iv) (pAag)ve
V) (pAQ)Ar=pa(qQar) vi) pvgvr

vii) (pve)a(tv~q)

1.3.3 Negations of compound statements :

Negation of conjunction : When is the statment "6 is even and perfect number" is false? It is so,
if 6 is not even or 6 is not perfect number. The negation of p A g is ~ p v ~ g. The negation of "6 is
even and perfect number"” is "6 not even or not perfect number™.

Activity : Using truth table verify that~ (p AQ)=~pv ~(
Negation of disjunction : When is the statement "x is prime or y is even" is false? It is so, if x is not

prime and y is not even. The negation of p v q is ~ p A ~ . The negation of "x is prime or y is even"
IS "x is not prime and y is not even".

Activity : Using truth table verify that~ (pv g)=~pA~(

Note: '~(pAaq)=~pv~qand'~(pvQg)=~pA~( arecalled De'Morgan's Laws

Negation of implication : Implication p — q asserts that "if p is true statement then q is true
statement™. When is an implication a true statement and when is it false? Consider the statement "If
bakery is open then I will buy a cake for you." Clearly statement is false only when the bakery was
open and | did not buy a cake for you. The conditional statement "If p then g" is false only in the
case "p is true and q is false". In all other cases it is true. The negation of the statement "If p then q"
is the statement "p and not ™. i.e. p does not imply q

Activity : Using truth table verify that ~(p > Q)= pA~Q

Negation of biconditional : The biconditional p <> q is the conjuction of statementp — qand g — p.
L peq=(pP—>9A@—>p)

.. The conditional statement p <> q is false if p — q is false or g — p false.

The negation of the statement "p if and only if g " is the statement "p and not g, or g and not p".
L~Peg=Pa~aqv(a~p)

Activity : Using truth table verify that~ (p<>q)=(pP A ~q) v (A ~p)

1.3.4 Converse, inverse and contrapositive

From implication p — g we can obtain three implications, called converse, inverse and contrapositive.
g — p is called the converse of p —q
~p — ~qis called the inverse of p — Q.
~( — ~ p is called the contrapositive of p — Q.

1 )



Activity :
Prepare the truth table forp — g, 9 > p, ~ p = ~g and ~ g —» ~p. What is your conclusion
from the truth table ?

Ex.1) Write the negations of the following.
i) 3+3<5 or 5+5=9
i) 7>3and4>11
i) The number is neither odd nor perfect square.
iv)  The number is an even number if and only if it is divisible by 2.

Solution :
i) Letp:3+3<5:q:5+5=9
Given statement is p v g and its negationis~(pv g)and~(pvq) =~pA~q
. The negation of given statementis3+3>5and5+5=9
i) Letp:7>3; g:4>11
The given statement isp A g
Its negationis~(pAaq)and~(pAQ)=~pv~{(Q
.. The negation of given statementis7<3or4<11
i) Letp: The number is odd
g : The number is perfect square
Given statement can be written as 'the number is not odd and not perfect square'
Given statementis~p A ~(
Its negationis~(~pA~Qq) =pvq
The negation of given statement is "The number is odd or perfect square'.
iv)  Letp: The number is an even number.
g : The number is divisible by 2
Given statement is p <> ¢
Its negation is ~ (p <> Q)
But~(p<>a)=(PAr~a)v(@r~p)
The negation of given statement is 'A number is even but not divisible by 2 or a number is
divisible by 2 but not even'.
Negation of quantified statement : while doing the negations of quantified statement we
replace the word "all' by 'some’, "for every" by "there exists" and vice versa.
Ex.2.Write the negations of the following statements.
) All natural numbers are rational.
i) Some students of class X are sixteen year old.
i) IneNsuchthatn+8>11

iv) VxeN,2x+1isodd




Solution :
) Some natural numbers are not rationals.
i) No student of class X is sixteen year old.
i) vneNn+8<l1l
iv) 3 x e Nsuch that 2x + 1 is not odd

Ex.3.Write the converse, inverse and contrapositive of the following statements.
i) If a function is differentiable then it is continuous.
i) Ifitrains then the match will be cancelled.

Solution :
(1) Letp: Afunction is differentiable
q : A function is continuous.

. Given statement is p — ¢
i) Itsconverseisq—p

If a function is continuous then it is differentiable.
i) Itsinverseis~p—~q.

If a function not differentiable then it is not continuous.
iii)  Its contrapositive is~q— ~p

If a function is not continuous then it is not differentiable.

(2) Letp:ltrains, q: The match gets cancelled.

.. Given statementis p — q
)] Its converseisq — p

If the match gets cancelled then it rains.
i) Inverseis~p—~q

If it does not rain then the match will not be cancelled.
iii)  Its contrapositive is ~q — ~ p.

If the match is not cancelled then it does not rain.

@ Exercise 1.3 J

Q.1. IfA={3,57,9, 11, 12}, determine the truth value of each of the following.
i) Ix € Asuchthatx-8=1
i)  VxeA, x2+xisaneven number
iii) I xe Asuchthatx?<0
Iv) ¥V Xxe A, Xisaneven number
v)  dx e Asuchthat 3x + 8 > 40
vi) VxeA 2x+9>14

Q.2. Write the duals of each of the following.
i) pv(gar) i) pa(@ar) i) (pvag Aa(rvs) iv) pa-~q
V) (~pv a)Aa(=ras) Vi) ~pa(~aga(pvaga~r)
vii) [~(pv o)l Aalpv=(@a~9)]vii)) cv{pa(q@vn}ix) ~pv(@rnNatx)(pvagvc

1= )



Q.3. Write the negations of the following.

i) Xx+8>1lory-3=6
i) 1l1<15and25>20

iii)  Qudrilateral is a square if and only if it is a rhombus.

iv)  Itiscold and raining.

v) Ifitis raining then we will go and play football.

vi) /2 isarational number.

vii)  All natural numbers are whole numers.
viii) Vv n e N,n?+n+2isdivisible by 4.

iX) IxeNsuchthatx—-17<20

Q.4. Write converse, inverse and contrapositive of the following statements.

i) Ifx<ythenx?<y?(x,y € R)

i)  Afamily becomes literate if the woman in it is literate.

iii)  If surface area decreases then pressure increases.

iv)  If voltage increases then current decreases.

[1.4 SOME IMPORTANT RESULTS : :|

1.4.1.
) p—o>d=~pvq
i) pv@an=pEvaavr

i) peoa=PE—->a9A@—0p)
V) pAa(@vn=(pPAq)v(pnar)

Columns (1V, VII) and (VI, VIII) are identical.
p—>g=~pvgandp<q=(p—q) A(q— p) are proved.

Activity :

Prove the results (iii) and (iv) by using truth table.

| 1 1 v V VI VIl I

p q ~p P> [g—>Pp | P<>q | PvqQ | P—>0Aq—>Dp

T T F T T T T T

T F F F T F F F

F T T T F F T F

F F T T T T T T
Table 1.20




1.4.2. Algebra of statements.

Idempotent Law

PAP=D, Pvp=p

Commutative Law

Pvg=gqvp pAg=gqAp

Associative Law

PA@AT)=(PAQ)AT=PAGAT

pv(@vrn=(pvavr=pvagvr

Distributive Law

PA@vnN=(PAgv(pAar)

pv@an=(@vaa(vn

De Morgan's Law

~(pAQ)=~pv~q~(Pva)=~pA~qQ

Identity Law

PpAT=p,pAaF=FpvFE=p,pvT=T

Complement Law

pA~p=Fpv~p=T

Absorption Law

pv(pAag)=p.pa(pva)=p

Conditional Law

P—>q=~pva

Biconditional Law

peod=PE->DA@—>p)=CEpvaa(=gvp)

Table 1.21

@) Solved Examples]

Ex.1. Write the negations of the following stating the rules used.

i)
i)

v)

Solution :

i)

i)

(Pva)a(@v~r)
PA(QVY)
PAQ)—>(~pvr)

i(p—q)vr

~[pva)a@v~nl=~(pvav~(@Qv~r)
=(~pA~QVv(~gAr)
=(~gA~p)v(~qAar)

=~qAa(~pvr)

~[p—>qvrl=~(pP—>qA~r
= (pPA~QA~T [~Fp—>aq=par~d]

~[pAr(@vn]l=~pv~(Qvr)
=~pv(=qa~r)

~[prg)vpar~-d]l=~Cprg)r~(PA ~0)
=(pv~gAa(~pva)

~[prag)>CpvnNl=PEArg)A~(~pvr)
=(pArdAlpa~r]
=EgqAPAPA~T
=qQAPA~T

V) (~pArq)v(pr~0)

[DeMorgan’s law]
[DeMorgan’s law]
[Commutative law]
[Distributive law]

[DeMorgan’s law]

[DeMorgan’s law]
[DeMorgan’s law]

[DeMorgan’s law]
[DeMorgan’s law]

[~(P—>a)=pa~d]
[DeMorgan’s law]
[Associative law
[Idempotent law]




Ex.2.Rewrite the following statements without using if ...... then.

) If prices increase then the wages rise.
i) Ifitis cold, then we wear woolen clothes.
Solution :
i) Let p : Prices increase
g : The wages rise.
The given statementisp — q
butp—>qg=~pvq
The given statement can be written as
'Prices do not increase or the wages rise'.
i) Letp:Itiscold, g:We wear woollen clothes.
The given statementisp — q
butp—>qg=~pvq
The given statement can be written as
It is not cold or we wear woollen clothes.

Ex.3.Without using truth table prove that :
) poa=~PaA~qA~(@r~p)
i)  ~(pPvav(Epag=-~p
i) ~pag=(pPvga~p

Solution :

)] We know that

p<>dq=pP—>aA@—>p)

(~pva)a(~gqvp)

=~(pAr~a)A~(QAr~p)

i) ~pPvavEparg=Epa~gv(=pAaa)
=~pA(-qvaQ)
=~pAT
=~p

i) (pAg)Aa~p =~pa(pva)

(~pAp)v(~pAq)

=Fv(~p~AQ)

=~pAq

[Conditional law]

[Demorgan’s law]
[Demorgan’s law]
[Distributive law]

[Complement law]
[Identity law]

[Commutative law]
[Distributive law]
[Complement law]
[Identity law]




@ Exercise 1.4 J

Q.1

Q.2.

Q.3.

Using rules of negation write the negations of the following with justification.
) ~q-p i) pa~q

i) pv~q iv) (pv~QqQ)Aar

v) p-(pv~a0) vi) ~(pArg)v(pv~a)

vii) (pv~a)—>(PA=~0q) viii) (~pv~aq)v(pA~0q)

Rewrite the following statements without using if .. then.

) If a man is a judge then he is honest.
i) It2isarational number then /7 is irrational number.
iii) 1t f(2) = 0 then f(x) is divisible by (x — 2).

Without using truth table prove that :

) peq=PEAg)v(~pAr~0)

i)  (pva)a(pv~ag)=p

i) (pArg)v(pargvpa~a=pvq

iv) ~[pv~-a)—>@EAr~Ql=(pPv~-aA(=pva)

Application of Logic to switching circuits :

We shall study how the theory of Logic can be applied in switching network. We have seen
that a logical statement can be either true or false i.e. it can have truth value either T or F.

A similar situation exists in various electrical devices. For example, an electric switch can be
on or off. In 1930 Claude Shannan noticed an analogy between operation of switching circuits and

operation of logical connectives.

In an electric circuit, switches are connected by wires. If the switch is 'on’, it allows the electric
current to pass through, it. If the switch is 'off', it does not allow the electric current to pass through

it. We now define the term 'switch' as follows.
Switch : A switch is a two state device used to control the flow of current in a circuit.

We shall denote the switches by letters S, S, S,, S, .... etc.

I G
. /, 5 . >

S _:__ Battery Lamp L)

Fig. 1.1 Fig. 1.2




In figure 1.2, we consider a circuit containing an electric lamp L, controlled by a switch S.

When the switch S is closed (i.e. on), then current flows in the circuit and hence the lamp
glows. When the switch S is open (i.e. off), then current does not flow in the circuit and subsequently
the lamp does not glow.

The theory of symbolic logic can be used to represent a circuit by a statement pattern. Conversely
for given statement pattern a circuit can be constructed. Corresponding to each switch in the cirucit
we take a statement letter in statement pattern. Switches having the same state will be denoted by the
same letter and called equivalent switches. Switches having opposite states are denoted by S and S'.
They are called complementary switches. In circuit we don't show whether switch is open or closed.
In figure 1.3 switch S, corresponds to statement letter p in the corresponding statement pattern.

We write it as p : switch S, and ~ p : switch §',

The correspondence between switch S, and statement letter g is shown as q : switch S, and
~( :switch S'.
We don't know the actual states of switches in the circuit. We consider all possible combinations of

states of all switches in the circuit and prepare a table, called "Input Output table”, which is similar
to truth table of the corresponding statement pattern.

#*  Inan Input-output table we represent '1' when the state of the switch is ‘on" and '0"' when the
state of the switch is 'off".

1.5.1. Two switches in series.
Two switches S, and S, connected in series and electric lamp 'L" as shown in fig 1.3.

Let p: The switch S,
g : The switch S,
L:Thelamp L
Input output table (switching table) for p A g.

P q pAq

1 1 1

1 0 0

0 1 0

0 0 0
Table 1.22
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1.5.2 Two switches in parallel :
Two switches S, and S, are connected in parallel and electric lamp L is as shown in fig. 1.4
Let p:Theswitch S,
q: The switch S, >
L: Thelamp L

S,

Input - output table. for p v q.
p q pvq
1 1

(BN
o

— Battery Lamp L)

o
[EY

1
1
0

o
o

Table 1.23 Fig. 1.4

Q.1. Express the following circuits in the symbolic form of logic and write the input-output

table.
i) A
Sl
> et >
S2
A
T siS \
—I[—O—
Fig. 1.5
i) iii)
L
Sl S2
/ /
S > °
LA s St S,
N S'l S; > /= Sz > /-
/ S, S,
l < ) < | <
) 1 HO—
Fig. 1.6 Fig. 1.7
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Solution :

)] Let p : The switch S, g : The switch S, L: Thelamp L
Given circuit is expressedas(p v q) v (~pA~Q)
Solution :
P q ~p ~q pvq ~pAr~q | (pvg v (=p~Qq)
1 1 0 0 1 0 1
1 0 0 1 1 0 1
0 1 1 0 1 0 1
0 0 1 1 0 1 1
Table 1.24
i) Letp:Theswitch S, isclosed
g : The switch S, r: The switch S, L:ThelampL
The symbolic formis[(pAq) v (~pA~Q)] AT
plalr |~pl-a(parg|Prd)v(pa~a)|(PArd)v(PA~Q) [(PAd)V
(PA~Q)] AT
11111 ]|0(0 1 0 1 1
111/0(|0|0O0 1 0 1 0
1101 (|0]1 0 0 0 0
110001 0 0 0 0
O(1]1(1]0 0 0 0 0
O(1j0(1]0 0 0 0 0
0|01 |1]|1 0 1 1 1
0O|0]0(|1]1 0 1 1 0
Table 1.25
i) Let p : The switch S, g : The switch S,

The symbolic form of given circuitis(pv g) Ag A (rv ~p)

r : The switch S,

L: Thelamp L

p q r ~p | pvq rv-p [(pva)a~q| (Pva)agna(rv~p)
1 1 1 0 1 1 1 1
1 1 0 0 1 0 1 0
1 0 1 0 1 1 0 0
1 0 0 0 1 0 0 0
0 1 1 1 1 1 1 1
0 1 0 1 1 1 1 1
0 0 1 1 0 1 0 0
0 0 0 1 0 1 0 0
Table 1.26




Ex.2. Construct switching circuits of the following.
) [PviEpaglviaanv~p]

i) (Parganvpv(qa~n)]

i) [(pAnNv(ga~nN]v(=pa~r)

Solution :
Let p:The Switch S
g : The switch S,
r . The switch S,
The circuits are as follows.

< L

Sl S2 S3
,/ e s / s
VIS I S e i
S; Sy /= /=
i s, )
/ Y
S - |||| (D)
|0 —II—0—
R o/
Fig. 1.8 Fig. 1.9

A4

N S'l ¥
< I | | | <
Fig. 1.10
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Ex.3. Give an alternative arrangement for the following circuit, so that the new circuit has

minimum switches.

Let p:The switch S, Fig. 1.11
g: The switch S,
The symbolic formis (pA~q) v (~pAQ) v (~pA~Q)
Consider (pA~qQ)v(~pAqQ)v(~pA~Q)
=(pA~0) v~pA(@v~0)]
=(pA~0) v[~pAT]

PA~Q)v~p
=~pv(pr~0)
=(pvp)A(=pAr~0Q)
=ta(~pv~0)
=~pv~{(Q
The alternative arrangement for the given circuit is as follows :
/
)
/
S
(1)
1|1 (L) —
Fig. 1.12

[Distributive Law]
[Complement Law]
[Identity Law]
[Commutative Law]
[Distributive Law]
[Law of Complement]
[Identity Law]

Ex.4. Express the following switching circuit in the symbolic form of Logic. Construct the

switching table and interpret it.

A
S
! _/.é_/.—
/= S S,
S,
I f‘\ el
— 1]} O——=
Fig. 1.13




Solution :
Let p:TheswitchS,
g : The switch S,
The symbolic form of the given switching circuit is (p v ) A (~p) A (~0Q)
The switching table.

p q ~p ~q (pvad| (Pva)Aa(~p) [ (PvaA)A(=p)A(=0)
1 1 0 0 1 0 0
1 0 0 1 1 0 0
0 1 1 0 1 1 0
0 0 1 1 0 0 0
Table 1.27

Last column contains all 0, lamp will not glow irrespective of the status of the switches.
Ex.5. Simplify the given circuit by writing its logical expression. Also,write your conclusion.

A
-—>—/-— g _>_/._>-.
S, P S,
S,
Fig. 1.14

Let p:TheswitchS,
g: The The swtch S,
The logical expression for the given circuitispA(~pv~Qg)AQ

Consider
pA(=pv~0a)Aq

= [pAa(~pv~alaq [Associative Law]
= [pAr~p)v(PVv~qlag [Distributive Law]
= [Fv(pa~qlaq [Complement Law]
= (pA~0Q)AQ [Identity Law]

= pa(~qnQ) [Associative Law]
= pAF [Complement Law]
= F [Identity Law]

Conclusion : The lamp will not glow irrespective of the status of the switches.




Ex. 6 : In the following switching circuit,

i) Write symbolic form ii) Construct switching table iii) Simplify the circuit

et

S, S
e

S) $,
/

S S

N
IO
Fig. 1.15
Solution : Letp: The switch S, . q: The switch S, . r : The switch S,

1) The symbolic form of given circuitis(p A @) v (~pAQ) v (r A~q).
i) Switching Table :

Pla|r |~p|~9|~paq[~pAq[ra~q| PAQV(PAQV(IFA~Q)
1111|010 1 0 0 1
1{1]0]0]O0 1 0 0 1
1({0]1]0]1 0 0 1 1
1({0]0]0]1 0 0 0 0
0 1 1 1 0 0 1 0 1
o|1(0]1]|0O0 0 1 0 1
o|jof1]1]|1 0 0 1 1
o|jof0]|]1]|1 0 0 0 0
Table 1.28
iii) Consider =(pAqQ)v(~pAQg)v(ra~q)
=[(pv~p)Ad]v[(ra~q)] [Distributive Law]
=(TAQ)v(rv~q) [Complement Law]
=qv(ra~Qq) [Identity Law]
=(qvra(@v-~q) [Distributive Law]
=(QvnAT [Complement Law]
=(@Qvr) [Identify Law]
Simplified circuit is :
SZ
S;
[ —®
Fig. 1.16




@ Exercise 1.5 J

Q.1. Express the following circuits in the symbolic form of logic and writ the input-output
table.

() S, (i) S, S,
A / A
S, S; . S, S; |
I e (T
|| ——) 1 (D—
Fig. 1.17 Fig. 1.18
(iii) (iv)
S, |_
Sl
S S3 > /3 > /3
S S
1 /._>_ 3
‘v [ +/._ S2 > /:
82 S3 ! S2 Svl
| — M - | .
— 1| (L) < | | HD—
Fig. 1.19 Fig. 1.20
(v) (vi)
S,
P AV
S, S, S, S, S,
M T
®© ®
Fig. 1.21 Fig. 1.22




Q.2. Construct the switching circuit of the following :

DEPAd v (pA~T) i) (p A Q) V[P A (~qvpv)]
) [(PAnNv(EgA~NIA(PpA~T) V)(pAa~aanvipa(~qv-r)]
V)pv(=p)v(=q)v(pArQ) vi) (pA Q) v (=p) v (pA~0)
Q.3. Give an alternative equivalent simple circuits for the following circuits :
(i) e (i) s e
e S/ _)_/._ S, |
S, / S > "o
S, (
pp— o—3 S3 R o
FD N
Fig. 1.23 ~ —)—/’_/'—)—/’_
S S, S
Fig. 1.24

Q.4. Write the symbolic form of the following switching circuits construct its switching table
and interpret it.

i) i)

v

1%
[ ]

%2
®

¥

v
\%
%2
g

Y

S, S, | (1)
Fig. 1.25 Fig. 1.26
(iii) /
s, ° s, *
S, >
. S S e
S, S, S,
i ®

Fig. 1.27

Q.5. Obtain the simple logical expression of the following. Draw the corresponding
switching circuit.

Dpv(@Aa~aq) N EpArgv(Epa~aq) vpa~ag)]
i pEgv-NIaPv@nar) V) (PAGA~P)V(=PAGAT)V(PA~QAT)
v(pAgAar)

=



Iﬁ@ Let’s remember!

1) A declarative sentence which is either true or false, but not both simultaneously is called a
statement.
Sr. | Connective | Symbolic | Name of Com- Hint in Negation
No. Form [pound Statement | truth table
i) and pAq |Conjunction TAT=T ~pv~q
i) or pvq | Disjunction FVvF=F ~pA~qQ
i) | if... then p—q | Conditional T—>F=F pA~qQ
iv)[ ifandonly | p<>q |Biconditional ToT=T | (pa~q)v(ga-~p)
if FoF=T
Table 1.29
3) Inthe truth table of the statement pattern if all truth values in the last column
a) are "T' then it is tautology.
b) are 'F' then it is contradiction.
4)  In the truth table of the statement pattern if some entries are 'T' and some are 'F' then it is
called as contingency.
5)  The symbol V stands for ‘for all' or 'for every'. It is universal quantifier. The symbol 3 stands
for 'for some' or 'for one' or 'there exists at least one'. It is called as existential quantifier.
6)  Algebra of statements.
Idempotent Law PAP=D, Pvp=p
Commutative Law pPvag=qvp pAQgq=qAap
Associative Law PA@AN=(PAQAT=pAQAT
pv@vn=(vgvr=pvqgvr
Distributive Law pA(@vi=(pPAagv(pAar)
pv@an=(pPvaa(vr)
De Morgan's Law ~PAQ)=~pv~q,~(pvag)=~pA~q
Identity Law PAT=p,pAF=FpvF=ppvT=T
Complement Law pr~p=Fpv~p=T
Absorption Law pv(pArg)=p,pAa(Pva)=p
Conditional Law P—>Q0=~pvq
Biconditional Law pe>gd=pP—->qA@—>p)=CEpvaa(~qvp)
7)  If p > qis conditional then its converse is q — p, inverse is ~p — ~q and contrapositive

Is~q—~p.




8)

Switching circuits :

Input-output table

1) Switches in series il) Switches in parallel.
é_/.ﬁ_/.— S=
Sl Sz !
—_ Battery qLD ’
Fig. 1.28 = Battery Lamp (L)
Fig. 1.29
p q pA(g pvq
1 1 1 1
1 0 0 1
0 1 0 1
0 0 0 0
Table 1.30

Miscellaneous Exercise 1

Select and write the correct answer from the given alternatives in each of the following

questions :
)] If p A qisfalse and p v qis true, the is not true.
A) pv( B) p<q C) ~pv~q D) qv-~p
i)  (pAqg)—rislogically equivalentto .
A)p—>(@—r1) B)(pArg)—>-r CQ(pv~q)—>-~r D)(pvag) —>r
iii)  Inverse of statement pattern (pv q) > (p A Q) is
A)(pAa)—(pva) B)~(pva)—>(prq)
C) (P A~0Q) > (~p Vv ~0) D) (~p v ~Q) = (~p A ~0)
iv) IfpaqisF,p— qisF then the truth values of p and g are
AT, T B)T,F CFT D)F,F
v)  The negation of inverse of ~p — q is .
A)gnp B)~-pAr~q C)pnq D) ~q—>-p
vi) ThenegationofpA(q—r)is
A)~p A (~q— ~T) B)pv(~qvr)
C)~pA(~q—>-r1) D)~pv(~qA-~T)
vii) IfA={1, 2, 3, 4, 5} then which of the following is not true?
A)3Ix e Asuchthatx+3=8 B) Ix e Asuchthatx +2<9
C)VxeAx+62>9 D) Ix e Asuchthatx +6 <10

==



Q.2.

Q.3.

Q.4.

Q.5.

Q.6.

Q.7.

Which of the following sentences are statements in logic? Justify. Write down the truth
value of the statements :

i) 41=24.

i) misan irrational number.

iii)  Indiais a country and Himalayas is a river.

iv)  Please get me a glass of water.

V)  €0s%0 - sin0 = cos20 for all 6eR.

vi)  If xis a whole number the x + 6 = 0.

Write the truth values of the following statements :

)] V5 is an irrational but 35 isacomplex number.

i) V¥ neN,n?+niseven number while n?-n is an odd number.

iii) 3 ne Nsuchthatn+5>10.

iv)  The square of any even number is odd or the cube of any odd number is odd.
v)  In AABC if all sides are equal then its all angles are equal.

vi) VneN,n+6>8.

IfA={1,23,4,5,6,7,8, 9}, determine the truth value of each of the following
statement :

) 3 x e Asuch that x + 8 = 15.

i) VxeAx+5<12,

i) I xe A suchthatx +7>11.

iv) VxeA, 3x<25.

Write the negations of the following :

) YneAn+7>6.
i) I xeA suchthatx +9<15.
iii)  Some triangles are equilateral triangle.

Construct the truth table for each of the following :
) p—>@—>p) i) (pv-~Q)e[~(pAa)]
i) ~(~pA-~0)vq v)  [(pAad)vrIal~rv(paq)]

v) [pva)Aa(@—=>nN]l—>(@—>r)

Determine whether the following statement patterns are tautologies contradictions or
contingencies :

) [(po>a)A~a)]—>~p i)  [(pva)a~plr~q

i) (p->a)A(pa~a) iv) [p->@->nNle(pag) —r]

v) [pAr(p—a)l—q vi) (pAg)v(=pAq)v(pv~a)v(-pA=0)
vii) [(pv-~a)v(=pAa)]ar viii) (p—> g)v(q—p)




Q.8. Determine the truth values of p and q in the following cases :
1) (pvisTand(pAQ)isT
i) (pvisTand(pvqg)—>qisF
i) (paq)isFand(paqg)—>qisT
Q.9. Using truth tables prove the following logical equivalences :
) peq=(pPag)v(-pa~0)
i) (prg)—>r=p->@-r)
Q.10.Using rules in logic, prove the following :
) peg=~(pPA~q)A~(Qr~p)
i) ~pArg=(Pva)A~p
i) ~(pva)v(prg)=-p
Q.11.Using the rules in logic, write the negations of the following :
) (pvaa(@v-n i) pa(@vr)
i) (p—o>a)nar iv) (pAQ)v(pA-~Q)

Q.12.Express the following circuits in the symbolic form. Prepare the switching table :

w (i)
Sl SZ

., .,
/ J S, X S
1 S j a /.
g 3
S, S, =
I [—=—© L. <
Fig. 1.30 Fig. 1.31

Q.13.Simplify the following so that the new circuit has minimum number of switches. Also,
draw the simplified circuit.

_~ S S s, _s
s s, ] R /23 —— j

) / / . /s‘" A

() o S (i = St
> "

S\ s, 11 O——

< I||I < @
Fig. 1.32 Fig. 1.33




Q.14. Check whether the following switching circuits are logically equivalent - Justify.

/o /o — e e
_ S, S i) S, S,
A)) — | i) .
< B G
S S, S,
Fig. 1.34 Fig. 1.35
/e < /.
B)i) o] ! S i) S, .
/= /= ) — — o—
S S, S,
Fig. 1.36 Fig. 1.37
Q.15.Give alternative arrangement of the Q.16 Simplify the following
switching following circuit, so that the new circuit circuit.
has minimum switches.
)
J._/._/._
J._/._/ 82
o—
S1
- Jo—/o—/o— g
Jo—/o—/o— S;
S1
~ II|= O— g
Fig. 1.38 2
[ F—O—
Fig. 1.39

Q.17.Represent the following switching circuit in symbolic form and construct its switching
table. Write your conclusion from the switching table.

/. o
S /. S
%ﬁ S S Fig. 1.40
1 S; SZ S3
1] F——0
+444+
( 35 )



2 Matrices

Let's Study.

2.1 Elementry transformations.
2.2 Inverse of a matrix
2.2.1 Elementary transformation Method
2.2.2 Adjoint method
2.3 Application of matrices .
Solution of a system of linear equations
2.3.1 Method of Inversion
2.3.2 Method of Reduction
. J

Let’s learn.

Amatrix of order mxm is a square arrangement of m? elements. The corresponding determinant
of the same elements, after expansion is seen to be a value which is an element itself.

In standard XI, we have studies the types of matrices and algebra of matrices namely addition,
subtraction, multiplication of two matrices.

The matrices are useful in almost every branch of science. Many problems in Statistics are
expressed in terms of matrices. Matrices are also useful in Economics, Operation Research. It would
not be an exaggeration to say that the matrices are the language of atomic Physics.

Hence, itis necessary to learn the uses of matrices with the help of elementary transformations
and the inverse of a matrix.

2.1 Elementary Transformation :
Let us first understand the meaning and applications of elementary transformations.

The elementary transformation of a matrix are the six operations, three of which are due to row
and three are due to column.
They are as follows :

(a) Interchange of any two rows or any two columns. If we interchange the i*" row and the j* row
of a matrix then after this interchange the original matrix is transformed to a new matrix.
This transformation is symbolically denoted as R <> R, or R,..

The similar transformation can be due to two columns say C, <> C, or C, .
(Recall that R and C symbolically represent the rows and columns of a matrix.)

ap )




12 3 4
For example, if A= [3 4} then R, <> R, gives the new matrix L 2} and C «>C, gives the

21
new matrix 4 3|

Note that A = [1 2} and ;{4 3} butwe writte A~|1 2|land A~|4 3

Note : The symbol ~ is read as equivalent to.

(b) Multiplication of the elements of any row or column by a non-zero scalar :
If k is a non-zero scalar and the row R;is to be multiplied by constant k then we multiply every
element of R; by the constant k and symbolically the transformation is denoted by kR; or

R, —=kR;.

_ 0 2 . 0 2

Similarly, if any column of a matrix is to be multiplied by a constant then we multiply every
element of the column by the constant. It is denoted as kC, or C, — kC,.

0 2 0 2
Forexample,if A=|3 4| thenCi —>-3Cigives A~|_9 4

0 2 {0 2}
Can you say that A = Lz 16} or A=1_9 4

(c) Adding the scalar multiples of all the elements of any row (column) to corresponding ele-
ments of any other row (column).
If k is a non-zero scalar and the k-multiples of the elements of R. (C.) are to be added to the
elements of R, (CJ.) then the transformation is symbolically denoted as R —>R+ kR, C,—>C+ kC.

-1 4

For example, if A=
2 5

} and k = 2 then R —» R + 2R gives

[—1+2(2) 4+2(5)}

A~ 2 5
ie. A-|> !
2 5

(Can you find the transformation of Ausing C, - C, + (-3) C, ?)

Note (1) : After the transformation , R; > R; + kR;, Ri remains the same as in the original matrix.
Similarly, with the transformation , C,—C+ kC, , C. remains the same as in the original matrix.

a7 )




Note (2) : After the elementary transformation, the matrix obtained is said to be equivalent to the
original matrix.

1 0
Ex.1:IfA= {_1 3} , apply the transformation R, <> R, on A,

Solution :
1 0
As A=
-1 3
R, <> R, gives
-1 3
A~l1 o
: _ |1 0 2 .
Ex.2:IfA= , apply the transformation C, — C, + 2C,.
2 3 4
Solution :
A=l 02
2 3 4
C,— C, +2C, gives
1+2(2) 0 2
A~ 242(4) 3 4
5 0 2
A~li0 3 4
1 2 -1
Ex.3:IfA= 3 9 s ,apply R, <> R, and thenC, — C_+2C_ on A.
Solution :

3 -2 5

1 2 -1
A =




R, <> R, gives

{3—2 5}
ALl 2 -

Now C, — C, +2C,gives
3+2(5) -2 5 13 2 5
A~ le2(-1) 2 1| © AT 2 4

@ Exercise 2.1 )

Apply the given elementary transformation on each of the following matrices.

1 0 1 -1 3
1L A= R, &R, 2.B = R—R, -R,.

-1 3 2 5 4
5 4 31
3. A= | 3 ,C,eC, B= 4 s R, <R,
What do you observe?
I 2 -1 I 0 2
4 A=ly 4 3].26 B=1|, , 5| =3R;

Find the addition of the two new matrices.

-1 3

1
5 A=|2 1 0], 3R,andthenC,+2C,
3 3 1

I -1 3

2 1 0| ,C,+2C,andthen 3R,
3 3 1

What do you conclude from ex. 5 and ex. 6?

6. A

. . 1 2 . . .
7. Use suitable transformation on L 4} to convert it into an upper triangular matrix.

1 -1
8.  Convert L 3 } into an identity matrix by suitable row transformations.




I -1 2

9. Transform |2 1 3| into an upper triangular matrix by suitable column transformations.
3 2 4

2.2 Inverse of a matrix :

Definition :  If Alis a square matrix of order m and if there exists another square matrix B of the
same order such that AB = BA = |, where | is the identity matrix of order m, then B is called as the
inverse of A and is denoted by A=

Using the notation A for B we get the above equation as AA = A1A = |. Hence, using the same
definition we can say that A is also the inverse of B.

B1=A
_ 2 3
For example, if A= 23 and B = 2 3 then AB = 23 [ }
1 2 -1 2 1 2 -1 2
1 0
AB = 0 1 I

(2 -3][2 3]_[1 o],
and  BA=|_1 o10l1 2|7 o 1] 2

B=A! and A = B!

1 2
IfA= {2 4} , can you find a matrix X such that AX = | ? Justify the answer.

This example illustrates that for the existence of such a matrix X, the necessary condition is |A| = 0,
i.e. Alis a non-singular matrix.

Note that -

(1) Every square matrix A of order m x m has its corresponding determinant; det A = |A|
(2) A matrix is said to be invertible if its inverse exists.

(3) Asquare matrix A has inverse if and only if |A| = 0

Uniqueness of inverse of a matrix

It can be proved that if A is a square matrix where |A| = 0 then its inverse, say A2, is unique.
Theorem : Prove that if A is a square matrix and its inverse exists then it is unique.
Proof : Let, ‘A’ be a square matrix of order ‘m” and let its inverse exist.
Let, if possible, B and C be the two inverses of A.
Therefore, by definition of inverse AB=BA=1and AC=CA=1.

a0 )




Now consider B = Bl =B (AC)
B= (BAC=IC
B= C

Hence B=C i.e.the inverse is unique.

The inverse of a matrix (if it exists) can be obtained by using two methods.
(i) Elementary row or column transformation
(it) Adjoint method

We now study these methods.

2.2.1 Inverse of a nonsingular matrix by elementary transformation :
By definition of inverse of A, if A exists then AAT=ATA=1.

Let us consider the equation AA* = I. Here A is the given matrix of order m and 1 is the identity
matrix of order ‘m’. Hence the only unknown matrix is A**. Therefore, to find A*, we have to first
convert Ainto I. This can be done by using elementary transformations.

Here we note that whenever any elementary row transformation is to be applied on the product
AB = C of two matrices A and B, it is enough to apply it only on the prefactor, A. B remains un-
changed. And apply the same row transformation to C.

. 1 2 -1 0 1 10
For example, if A= and B = then AB = = C (say)
3 4 I 5 1 20

1 20
Now if we require C to be transformed to a new matrix by R, <» R, then C~ L 10}

4

| 2} and B remains unchanged,

If the same transformation is used for Athen A~ {

3 47 [-1 0 1 20 _ _
then the product AB = L 2} L 5} :[1 10} = as required. (Verify the product.)

Hence, the equation AA™ =1 can be transformed into an equation of the type 1A = B, by
applying same series of row transformations on both the sides of the equation.

However, if we start with the equation A*A = | (which is also true by the definition of
inverse) then the transformation of A should be due to the column transformation. Apply column
transformation to post factor and other side, where as prefactor remains unchanged.

Thus, starting with the equation AA™ =1, we perform a series of row transformations on both

sides of the equation, so that ‘A’ gets transformed to I. Thus,
A At =

| AT =

|

\ﬂ/ Row \ﬁ/ Row

Transformations Transformations

B
Al = B

a1 )




and for the equation A*A = I, we use a series of column transformations. Thus

Al A =

At =

|
l/ Column \ﬂ/ Column
Transformation Transformation
B
A* = B

Now if A is a given matrix of order *3” and it is nonsingular then we consider

a, a, a;
A=3 8, ay
Q& a5

For reducing the above matrix to

1 00
0 1 0 : .
I, = 00 1| the suitable row transformations are as follows :
(¢H)] Reduce a,, to “1’.
(2) Then, reduce a,, and a,, to ‘0’.
3) Reduce a,, to “1’.
(4) Then, reduce a,, and a,, to “0’.
(5) Reduce a,, to “1’.
(6) Then, reduce a , and a,, to “0’.

Remember that a similar working rule (but not the same) can be used if you are using column
transformations.

@) Solved Examples )

Ex. 1 : Find which of the following matrices are invertible

2 1 cosf sinf 32
i A= L 2} (i) B= {—sin@ cos@} i) C=13 1 2
1 2 3
Solution :
7 1 cos@ sin6
(i) As|Al = ‘4 2‘ =0 (i) As|B|= _sinf  cosd
Ais singular and hence = cos?0+sin?0 =1+ 0
Ais not invertible. . Bis nonsingular,
B is invertible.




(iii) c= |3
1 2 3
13 2
=P '3 =-12=0
1 2 3

C is nonsingular and hence C is invertible.

1 2
Ex. 2 : Find the inverse of A = }

_ 3 4
Solution : -
I 2
As |A| = =-
3 4
Al = 0 o AT exists.
Let AA! = 1 (Herewe can use only row transformation)

Using R, > R, - 3R,

1 2 ) 1 0
3 4 Al = 0 1 becomes
1 2 ) 1 O
() I

Using —% R, we get

1 2 I 0
-1 -
0o 1]A ER
2 2
Using R,— R, - 2R,
{ o -2 1
We get {0 J Al = 301
2 2
-2 1
Al= 3 1 (\Verify the answer.)
2 2
A0 )




3 2 6

Ex. 3 : Find the inverseof A=|1 1 2| by usingelementary row transformations.
2 25

Solution : Consider |JA|]=1=0 ..Alexists.

Now as row transformations are to be used we have to consider the equation AA* =1 and
have to perform row transformations on A.

Consider AAl = I
3 2 6 0 0
e 1 1 2] At =10 1 O]
2 25 0 0
Use R, <> R,
11 2 0 1 0
ie. 32 6] At = 0 o]
2 25 0 0 1

Use R2 - R2 - 3R1 and R3 - R3 - 2Rl

L1 2 0 1 0
0 -1 0| o2 =|F 30
Now use R2—>—R2
11 2] 0 1
o At =|1 3
0 0 2 1
UseR1—>R1—R_2 )
0 2 1 =2 0]
0 Al = -1 3 0
0 0 1] 0 2 1
Use R, > R,—2R, ]
1 00 1 )
010 Al o -1 3 0
101 o0 =2 1
1 2 =2 1 2 2]
A -1 3 0 AL - -1 3 0
T 0 =2 1] 77 0o =2 1]

(You can verify that AA™ =)

VR




1 3 3
Ex. 4 : Find the inverseof A = |1 4 3| by elementary column transformation.
1 3 4

Solution :
As A is required by column transformations therefore we have to consider AA = | and have
to perform column transformations on A.

Consider
AA =1
13 3 100
Al 1 4 3| = 010
1 3 4 0 01
UsingC,— C,-3C, and C, - C,-3C,
1 0 0 1 -3 -3
Alll 1 0/ =10 1 0
1 0 1 0 0 1
Use C, »C, - C,
oo 4 -3 -3
NET U S U R )
Use C, > C, -C,
00 7 -3 -3
AT 10T 0|=1-1 1 o
0 01 -1 0 1
7 -3 -3
Afl=1-1 1 o0
-1 0 1
o 7 -3 -3
S -1 10
-1 0 1

2.2.2 Inverse of a square matrix by adjoint method :
From the previous discussion about finding the inverse of a square matrix by elementary
transformation it is clear that the method is elaborate and requires a series of transformations.
There is another method for finding the inverse and it is called as the inverse by the adjoint
method. This method can be directly used for finding the inverse. However, for understanding this
method you should know the definition of a minor, a co-factor and adjoint of the given matrix.

T




Let us first recall the definition of minor and co-factor of an element of a determinant.

Definition :  Minor of an element a, of a determinant is the determinant obtained by deleting i i
row and j " column in which the element a; lies. Minor of an element a; is denoted by
M..

ij
(Can you find the order of the minor of any element of a determinant of order ‘n’?)
Definition :  Co-factor of an element a, of a determinant is given by (-1)'* M; , Where M; is minor
of the element a;. Co- factor of an element a, is denoted by A

Now for defining the adjoint of a matrix, we require the co- factors of the elements of the matrix.

1 2 3 1 -2 3
Consideramatrix A=|4 5 —6| . Itscorresponding determinant is |A| = 45 -6
7 8 9 7 -8 9
-2 3
Here if we require the minor of the element *4’, then it is _g o =-18+24=6
Now as the element ‘4’ belongs to 2™ row and 1st column,
using the notation we get M, = 6
If further we require the co-factor of ‘4’ then it is
= (_1)2+ 1 M21
= -1)(6)
= -6
Hence using notation, A, = -6

Thus for any given matrix A, which is a square matrix, we can find the co-factors of all of its
elements.
Definition :
The adjoint of a square matrix A = [a“]mxm is defined as the transpose of the matrix [A”]mxm
where Aij is the co-factor of the element a;; of A, for all i and j, wherei, j=1,2, .....,m.
The adjoint of the matrix A is denoted by adj A.

For example, if A is a square matrix of order 3 x 3 then the matrix of its co-factors is

All A12 A13
A21 A22 A23
A31 A32 A33

and the required adjoint of A is the transpose of the above matrix. Hence

Ay Ay Ay
adj A= A, Ay Ay
Ay Ay Ay




1 2
Ex. 1 : Find the co-factors of the elements of A = [3 }

4
Solution :
Here a, =1 oM =4 and A = (1)1 (4) =4
a,=2 . M,=3 and  A,=(-1)'"?@)  =-3
a, = oM, =2 and A, =(-1*"*(2) =-2
a,=4 .. M,=1 and  A,=(-1"2(1) =1

the required co-factors are 4, -3, -2, 1.

Ex. 2 : Find the adjoint of matrix A = {2 —3}

4 1
Solution : Here a =2 M, =1

o A =EDTT) =1
a,=-3 M, =4

o A,L=(1)"2(4)=-4
a, =4 M, =-3

o A, =1y (-3)=3
a,,=1 o M, =2

A= (-12*2(2) =2

1 —4}
. _ 3 2
the matrix [A,],,, = L
1 3]
-4 2
[Aij]T2x2 - - N
1 3]
adj A = L2
2 0 -1
Ex. 3 : Find the adjoint of matrix A = 312
-1 1 2
Solution : Here a, =2 M,=0
s A =DM, =0
a,=0 M,=8

A,=(1D)"2M,=-8

17 )



a,=-1 . M,=4
AL E ()M, =4
a, =3 LM, =1

21
L A =DM, =1
a, =1 M,,=3
L A, =(-1)"*M,=3
a,, =2 M, =2
L A, =(-1)2*"2M,=-2
a, =-1 M, =1
s A, =(-1)PF"M, =1
a,=1 L M,=T
A, = (-1)3+2 M, =-7
a,=2 M, =2
A, =(-1)*"3M,=2
A, A, A, 0 -8 4
the matrix of co-factors is Au An Ayl o {1 3 2
Ay Ay Ay 1 -7 2
0 -1 1
8 3 -7

adj A =[A], = 4 -2 2

We know that a determinant can be expanded with the help of any row. For example, expansion by
2¥rowa, A, +a,A, +. +ta, A =|A

But if we multiply the row by a different row of cofactors, then the sum is zero.

For example, a, A, +a, A, +...a, A, =0

T 21
. 1 _ adjA
This helps us to prove that AT = |A|

|l4] 0 0 ... O
0 |4] 0
L AadiA = | =4[
0 0 0 .. |4
A'lzade
A
Thus, if A= [aij]mxm is a non-singular square matrix then its inverse exists and it
o a1 :
is given by Al:m(adJA)

Think why A does not exist if Ais singular.

29 )




2 2

4 3 } , then find A~ by the adjoint method.

Ex.1.:If A:{

Solution : For given matrix A, we get,

M,=3,  A,=(1"(3)=3

M,=4,  A,=(12(@)=-4

M, =2,  A,=(10"(2)=2

M,=2,  A,=(107?(2)=2
- adjA= {_34 ﬂ

2 -2
and |A| = ‘4 3‘ =6+8=14+0

using A =i(ade)

[A]
A—lzi 3 2
14| -4 2
2 -1 1
Ex.2: If A=|-1 2 -=1| find A by the adjoint method.
1 -1 2
Solution : For the given matrix A
2 -1
A, = (=)t ‘_1 2‘ =3
A12: (_1)l+2 1 2 =1
-1 2
A= (1) |, 4 =1
-1 1‘
A= (L a1 2 =1
2 1
A,= (172 | 4 =3
2 -1
A23: (—1)2+3 | -1 1



Ay= (1P |2 g =-1
2 1
A32 - (_1)3+2 _1 _1 = 1
2 -1
A33: (_1)3+3 -1 2 =3
31 -1
adjA =| 1 3
11 3
2 -1 1
N Al 1 2 -1
ow A=

= 24-1)+1(-2+1)+1(1-2)
= 6-1-1
= 4

Therefore by using the formula for A

1

Al = ——(adjA
A
31 -1

a1

At=7 |1 3
-1 1 3

1 2
Ex.3: IfA= {3 4} , verify that A (adj A) = (adj A) A= |A| 1.

1 2
Solution : For A= {3 4}
A = Dt = 4
A = -1)r*2@3) = -3
A = (1)1 (2) = -2
A

= (D=




B _All A21
adJA = _A12 A22
1 2] 4 =2
_ 4 2] 1 2
@dA).A = | 5 4 3 4
[4-6 8-8
- | -3+3 —6+4
2 0
- Lo =2
AL 1 2] [1 0
and |A| = B o4 |0 1

@ |y 1]
o

)

1 .

.

» .. (i)
... (ii)
... (iii)

From (i), (i) and (iii) we get, A(adjA) =(adj A) A =]A| I

(Note that this equation is valid for every nonsingular square matrix A)

@ Exercise 2.2 )

1.  Find the co-factors of the elements of the

following matrices

1, 1 -1 2
(i) {_3 4} (i) |2 3 5
2 0 -l

2. Find the matrix of co-factors for the
following matrices

o3 10 2
(i) [4 _J (|2 1 3
0 3 -5

3. Find the adjoint of the following matrices.

I -1 2
I 1
(i) L, 5} (i) |2 3 5
-2 0 -1
1 -1 2
4. IfA= |3 0 =2
1 0 3

verify that A (adj A) = (adj A) A= | A| I




5. Find the inverse of the following matrices
by the adjoint method.

_ 2 -2 N2 T
() Ll) ﬂ (i L 3} 0 {2 _J (i L 2}

6. Find the inverse of the following matrices

1 0 0 1 23 o1 2 _ 2 0 -
(i) (iv)
@iy |3 3 O (iv) [0 2 4 1 23 51 0
5 2 -1 0 0 5 31 1 0 1 3
Miscellaneous exercise 2 (A)
1 00
1. IfA= |5 1 o] thenreduce itto I, by using column transformations.
3 3 1

2 1 3
2. IfA=1, ¢ | thenreduceittol, by using row transformations.
I 11

3. Check whether the following matrices are invertible or not

~ |1 0 |11 o112 . 2 3
(i) [0 J (i) [1 J (iii) [3 } (iv) LO 15}

3
_ 3 43
cosf sin6 . |secO tan6 111 o 23
V) —sinf cos6 i) tan0 secO (i) Wil 12 -1 3
- 1 4 5 1 2
1 2 3
(ix)[3 4 5
4 6 8
| 1 -1
4. Find AB, if A= L 3}andB: 1 2 | Examine whether AB has inverse or not.
)

0
5 IfA= 0 | is a nonsingular matrix then find A* by elementary row transformations.
z

o O =
o < O

0
Hence, find the inverse of 0

S O N
S = O

-1




10.

11.

12.

1 2
IfA= L 4} and X is a 2x2 matrix such that AX =1, then find X.

Find the inverse of each of the following matrices (if they exist).

! B {21} T 3 2 =3
W |y 5| @ [ | i [2 7} @ | 7}

2 -3 3 1 3 =2

W) {2 1} (vi) F _10} wiiy |2 2 3| (i) |-3 0 -5
7 4 2 7

3 2 2 25 0

2.0 -1 1 2 =2
X (51 0] W]y » 1
0 1 3 -1 3 0

cos® —sinf O
Find the inverse of A= | sin@ cos® 0

0 0 1

by (i) elementary row transformations
(it) elementary column transformations

2 3 10
IfA= L 2] B :{3 J find AB and (AB)*. Verify that (AB)* = B*A"

4 5
IfA= {2 1},then showthatA'lzé (A-5I)

Find matrix X such that AX = B, where

2 0 1
A= | 3 andB:{2 4}

Find X, if AX = B where
1 2 3

A:_llzandB:
1 2 4




13.

14.

15.

16.

17.

18.

19.

20.

=
>
I
1
—_— =
N —
| I
os}
1
1
w
—_—

} and C = {24 7} then find matrix X such that AXB = C.

1 2 3
Find the inverse of |1 1 5| by adjoint method.
2 4 7
- - i O
Find the inverse of 0 2 3 by adjoint method.
2
1 23
Find A by adjoint method and by elementary transformations if A = -1 12
1 2 4
1 0 1
Find the inverse of A = 0 2 3 by elementary column transformations.
1 2 1

1 2 3
Find the inverse of |1 1 5| by elementary row transformations.
2 4 7

Show with usual notations that for any matrix A=[a,],  ,
(i) a,A,+a,A +a A =0

117 21 13" 23
(i) a,A +a,A,+a A, =|A|
1 01 1 23
IfA=]g 2 3| andB= |1 1 5] then, finda matrix X such that XA=B.
1 21 2 4 7

2.3 Application of matrices :

In the previous discussion you have learnt the concept of inverse of a matrix. Now we intend
to discuss the application of matrices for solving a system of linear equations.

For this we first learn to convert the given system of equations in the form of a matrix
equation.

Consider the two linear equations, 2x + 3y =5 and x - 4y = 9. These equations can be written
as shown below

Kx—+43;vy } ) m




(Recall the meaning of equality of two matrices.)
Now using the definition of multiplication of matrices we can consider the above equation as

2 3 ||x]| _ {5}
1 -4y 9
5
Now if we denote 23 =A, *1 = x and [ } =B
1 -4 % 9
then the above equation can be writtenas AX = B

In the equation AX = B, X is the column matrix of variables, A is the matrix of coefficients of
variables and B is the column matrix of constants.
Note that if Ais of order 2 x 2, X is of order 2 x 1, then B is of order 2 x 1.

Similarly, if there are three linear equations in three variables then as shown above they can
be expressed as AX = B.

Find the respective orders of the matrices A, X and B in case of three equations in three
variables.

This matrix equation AX = B (in both the cases) can be used to find the values of the variables x
and y or x, y and z as the case may be. There are two methods for this application which are namely

(i) method of inversion  (ii) method of reduction

2.3.1 Method of inversion :
From the name of this method you can guess that here we are going to use the inverse of a matrix.

This can be done as follows :
Consider the three equations as ax+by+cz =

ax+hy+cz
ax+by+cgz =

1

d
d2
d3
As explained in the beginning, they can be expressed as

a b ¢ X d,
a, b, ¢| |¥|=]%] ieAX=B.
a b ¢ z d

Observe that the respective orders of A, Xand Bare 3 x 3,3 x1and 3 x 1.

Now, if the solution of the three equations exists, then the matrix A must be nonsingular.
Hence, A exists. Therefore, A~ can be found out either by transformation method or by adjoint
method.

After finding A, pre-multiply the matrix equation AX = B by A

Thus we get,
A (AX) = A1 (B)
ie. (ATAX = A'B
ie. IX = A*B
i.e. X = A~ B which gives the required solution.

=



@ Solved Examples )

Ex. 1 : Solve the equations 2x + 5y = 1 and 3x + 2y = 7 by the method of inversion.

Solution : Using the given equations we get the corresponding matrix equation as
2 5] x| [1}
3 2] |y 7
25 X
i.e. AX = B, where A = , X = and B =
3 2 y
Hence, premultiplying the above matrix equation by A, we get
(AA)X = A'B
ie. IX = A'B
ie. X = A'B ... (1)
25 _ 2 -5
Now as A = 3 9 ,JAl]=-11and adj A = 3 9
At = L adja)
[A]
ie. Al = 112z
-11 (-3 2

Hence using (i) we get

<= 5530

.- B

Hence by equality of matrices we getx =3 andy =-1.
Ex. 2 : Solve the following equations by the method of inversion
X—=y+2=4,2x+y-32=0,x+y+z=2.

I -1 1 X 4
Solution : The required matrix equationis |2 1 -3| |¥|=]0| je. AX=B
1 1 1 z 2
Hence, by premultiplying the equation by A=, we get,
i.e. (ATAX = A'B
.e. IX = AlB
ie. X = AB ... (i)

=



Nowas A = |2 1 =3|, Bydefinition, adjA = 0 35| and |A|=10

1 1 1 1 -2 3
Al = 1 (adj A)
[A]
4 2 2]
i.e. Al = L -5 0 5
Hence using (i) 10 | -2 3
. 4 2 2[4
X = - | _
10 5 0 5]1]0
1 -2 3|2
20
X = L1 10
10
10
x 2
y = -1
z 1

Hence, by equality of matriceswe getx=2,y=-landz=1

2.3.2 Method of reduction :
From the name of the method, it can be guessed that, the given equations are reduced to a cer-
tain form to get the solution.

Here also, we start by converting the given linear equation into matrix equation AX = B.
Then we perform the suitable row transformations on the matrix A.

Using the row transformations on A reduce it to an upper triangular matrix or lower triangular
matrix or diagonal matrix.

The same row transformations are performed simultaneously on matrix B.

After this step we rewrite the equation in the form of system of linear equations. Now they are
in such a form that they can be easily solved by elimination method. Thus, the required solution is
obtained.

@) Solved Examples )

Ex. 1 : Solve the equation 2x + 3y = 9 and y — x = -2 using the method of reduction.
Solution : The given equations can be written as
2x + 3y
and X +vy

1
| ©
N

=)




2
Hence the matrix equation is { 3} {x} = [9} (ie. AX=B)

-1 1|y 5
Now use R,—>2R,+ R,
L P NI
We rewrite the equations as 2x + 3y =9 .
5y = 5 L.

From (ii) y =1 and using (i) we get x=3
- X=3,y=11Is the required solution.
Ex. 2 : Solve the following equations by the method of reduction.
Xx+3y+3z=12, x+4y+4z =15 and x+3y+4z=13.
Solution : The above equations can be written in the form AX =B
1 3 3| [x 12
1 4 4] |y|=]15
1 3 4| |z 13

using R,—»R,-R, and R, —>R,-R

i.e.

1 3 3] |x 12
weget [0 1 1| |y|=]|3
0 0 1 z

Again using R —>R -3R,and R,—»R,-R,We get

oS O =
S = O
- o O

Hence the required solution isx = 3,y = 2, z = 1. (verify)

Ex. 3 : Solve the following equations by the method of reduction.
X+y+z=1 2x+3y+2z2=2 and x+y+2z=4.
Solution : The above equation can be written in the form AX =B as

using R,— R-R, andR, > R - % R,
Ll -1
2 2 B

we get { 2 0 =22
112 L=l L



1 l 0 0||x _—
Now usingR—>R, -~ R,weget |4 y=] 2
4 1 20 -2
11 2 |LF 4
Note that here we have reduced the original matrix A to a lower triangular matrix. Hence we
can rewrite the equations in their original form as

X 1 . .

— = —— i le. X==2

4 2 0

X + 2y =-2 (i)

2y =-2+2=0 y=0
and XxX+y+2z =4
: 2z = 4+2+0

2z = 6

z = 3

x=-2,y=0,z=3is the required solution.
Ex. 4 : The cost of 2 books and 6 note books is Rs. 34 and the cost of 3 books and 4 notebooks is
Rs. 31.
Using matrices, find the cost of one book and one note-book.
Solution : LetRs. *x” and ~ Rs. ‘y’ be the costs of one book and one notebook respectively.
Hence, using the above information we get the following equations
2x + 6y = 34
and 3x + 4y = 31
The above equations can be expressed in the form

| B T

NowusingR, - R,— = R, we get

2 6 1|x|_ [ 34 }

0 -5|ly] L[20
As the above matrix ‘A’ is reduced to an upper triangular matrix, we can write the equations
in their original form as 2x + 6y = 34

and -5y = =20 Ly=4
and 2x = 34-6y = 34-24 - 2x=10 SX=5
the cost of a book is Rs. 5 and that of a note book is Rs. 4.

@ Exercise 2.3 )

1. Solve the following equations by inversion method.
(i) X+2y=2, 2x+3y=3
(i) X+y=4, 2Xx-y=5
(iii) 2x+6y=8, x+3y=5




no

R

Solve the following equations by reduction method.

M 2x+y=5  3x+5y=-3

(i) Xx+3y=2, 3x+5y=4

(iii) 3x—-y=1, 4xk+y=6

(iv) 5x+2y=4, 7x+3y=5

The cost of 4 pencils, 3pensand 2 erasers is Rs. 60. The cost of 2 pencils, 4 pens and 6 erasers

is Rs. 90, whereas the cost of 6 pencils, 2 pens and 3 erasers is Rs.70. Find the cost of each item
by using matrices.

If three numbers are added, their sum is “2°. If 2 times the second number is subtracted from the
sum of first and third number we get “8” and if three times the first number is added to the sum
of second and third number we get ‘4’. Find the numbers using matrices.

The total cost of 3 T.V. setsand 2 V.C.R.sis Rs. 35000. The shop-keeper wants profit of

1000 per television and Rs. 500 per V.C.R. He can sell 2 T. V. sets and 1 V.C.R. and get the
total revenue as Rs. 21,500. Find the cost price and the selling price of a T.V. setsand a V.C.R.

~

S,

Let's Remember :

IfA=T[a] . then Alor AT= [a]
If (i) A'is symmetric then A= ATand (ii) if Ais skew-symmetric then— A= AT

1 .
If A is a non singular matrix then A= = m(adJA)

If A, B and C and three matrtices of the same order then

i) A+B=B+A (Commutative law of addition)
(i) (A+B)+C=A+(B+C) (Associative law for addition)

If A, B and C are three matrices of appropriate orders so that the following products are de-
fined then

(i) (AB) C=A (BC) (Associative Law of multiplication)
(ii) AB+C)=AB+ AC (Left Distributive Law)
(iii) (A + B) C= AC + BC) (Right Distributive Law)

The three types of elementary transformations are denoted as

(i) R« Rj or C < Cj
(i) R — kRj or C— kCJ. (kisascalar), k=0
(i) R >R +kR, or C,— C +kC, (kisascalar), k0

If Aand B are two square matrices of the same order such that AB = BA = I, then Aand B are
inverses of each other. A is denoted as B* and B is denoted as A™.

For finding the inverse of A, if row transformations are to be used then we consider AA™* = | and
if column transformations are to be used then we consider A* A= 1.

an )



* For finding the inverse of any nonsingular square matrix, two methods can be used
(i) Elementary transformation method (ii) Adjoint method.

e Using matrices, a system of linear equations can be solved. The two methods are

(i) Method of inversion (i) Method of reduction.
1
-1 _ .
. If Ais a non singular matrix then A= A (adj A)

. Adiagonal matrix is invertible iff all the elements in the diagonal are non - zero.
. The inverse of a diagonal matrix is a diagonal matrix.

] 1
. If Aisanon singular matrix then det A™ = Al

. The adjoint of a square matrix A= [aij]mxm is the transpose of the matrix [Aij] o Where

A\j is the co-factor of the element a; of A.
. Every square matrix A can be expressed as the sum of symmetric and skew-symmetric

- 1 1
matrix. i.e. AZE [A+AT] + > [A-AT]

Miscellaneous Exercise 2(B)

I) 1) Choose the correct alternative.

IfA:1 2 , adjA = 4 a then the values of a and b are,
3 4 -3 b

Aa=-2,b=1 B)a=2,b=4
Ca=2,b=-1 D)a=1,b=-2

0 1
2)  The inverse of [1 0} IS

_1 1 0 1
A) |y J B)[1 0
1 0
C) 0 J D) None of these
1 2
3) IfA= ) 1 and A(adjA) = k | then the value of kK is .....
A)1l B) -1
C)0 D) -3

2 —4
4) IfA= {3 1 } then the adjoint of matrix A is




5)

6)

7)

8)

9)

10)

-1 3] 1 4}
A) B)

-4 1] -3 2
c 1 3] 5 -1 -3
)_4 -2 | )_—4 2
1 2
IfA= 34 and A(adj A) = k I then the value of k is
A)2 B) -2
C) 10 D) -10

A 1
If A { | J then A does not exist if A =

A)0 B)+1
C)2 D) 3

If A= {COSa B smoc} then A =

sinat  cosa
A [1/cosa —1/sina 5 cosa sino
) | 1/sina 1/cosa ) | —sina  cosa
[—cosa  sina [—cosa  sina
C) . D) :
| —sina  cosa | sina  —cosa

cosa -—sina O

If F(a)=|sina cosa 0| wherea e R then [F (o)] " is =

0 0 1

A) F(- o) B) F(a™)
C) F(2o) D) None of these

0 1 0
The inverseof A=|1 0 0| is

0 0 1
A)l B) A C) A’
The inverse of a symmetric matrix is -
A) Symmetric B) Non-symmetric
C) Null matrix D) Diagonal matrix

D) - |

an )



11)

12)

10 0
Fora 2 x 2 matrix A, if A(adjA) = {0 10} then determinant A equals

A) 20 B) 10
C) 30 D) 40
11 —4
If A'= —5[_1 2} then A=
2 4 2 4
a) {_1 1} b) _1 —1:|
2 4 2 4
2 L 1} D1

I1) 1) Solve the following equations by the methods of inversion.

2)

3)

4)

5)

(i) 2x-y=-2,x+5y=5

(i) x+y+z=12x+3y+2z=2andax +ay +2az=4
(i) 5x—y +4z =5, 2x +3y +5z =2 and 5x — 2y+6z =-1
(iv) 2x+3y=-53x+y=3

(V) x+y+z=-ly+z=2andx+y-z=3

Express the following equation in matrix from and solve them by the method of reduction.

(i) x—-y+z=12x-y=1,3x+3y-4z=2
(i) x+y:1,y+z=%,z+x=%

(ili) 2x-y+z=1,x+2y+3z=8and3x+y—-4z=1
(iv) x+y+z=6,3x—-y+3z=10and 5z +5y -4z=3
(V) x+2y+2z=8,2x+3y-z=11and 3x -y -2z=5

(vi) x+3y+2z=6,3x-2y +5z=5and2x -3y +6z2=7

The sum of three numbers is 6. If we multiply third number by 3 and add it to the second
number we get 11.

By adding first and the third numbers we get a number which is double the second number.
Use this information and find a system of linear equations. Find the three numbers using ma-
trices.

The cost of 4 pencils, 3 pens and 2 books is Rs.150. The cost of 1 pencil, 2 pens and 3 books
is Rs.125. The cos of 6 pencils, 2 pens and 3 books is Rs.175. Fild the cost of each item by
using Matrices.

The sum of three numbers is 6. Thrice the third number when added to the first number gives 7.

an )



6)

7)

8)

On adding three times first number to the sum of second and third number we get 12. Find the
three numbers by using Matrices.

The sum of three numbers is 2. If twice the second number is added to the sum of first and third
number, we get o adding five times the first number to the sum of second and third we get 6.
Find the three numbers by using matrices.

An amoun of Rs.5000 is invested in three types of investments, at interest rates 6.7, 7.7, 8%
per annum respectively. The total annual income from these investimest is Rs.350/- If the total
annual income from first two investment is Rs.70 more than the income from the third, find the
amount of each investment using matrix method.

The sum of the costs of one ook each of Mathematics, Physics and Chemistry is Rs.210. Total
cost of a mathematics book, 2 physics books, and a chemistry book is Rs. 240/- Also the total
cost of a Mathematics book, 3 physics book and chemistry books is Rs. 300/-. Find the cost of
each book, using Matrices.

+4444




3 Trigonometric Functions

Let's Study ~\

3.1  Trigonometric Equations and their solutions
3.2 Solutions of triangle
3.2.1 Polar co-ordinates
3.2.2 Relation between the polar co-ordinates and the Cartesian co-ordinates
3.2.3 Solving a Triangle
3.2.4 The Sine rule
3.2.5 The Cosine rule
3.2.6 The Projection rule
3.2.7 Applications of the Sine rule, the Cosine rule and the Projection rule.
3.3 Inverse Trigonometric Functions

g Properties, Principal values of inverse trigonometric functions )

INTRODUCTION :

We are familiar with algebraic equations. In this chapter we will learn how to solve trigonometric
equations, their principal and general solutions, their properties. Trigonometric functions play an
important role in integral calculus.

%ﬁ; Let’s learn.

3.1 Trigonometric Equations and their solutions:
Trigonometric equation :

LDef inition : An equation involving trigonometric function (or functions) is called trigonometric}
equation.

1
For example : sing = —, tang = 2, cos3p = cos5¢ are all trignometric equations, x= asin (or+a )

is also a trigonometric equation.

Solution of Trigonometric equation :

Definition : A value of a variable in a trigonometric equation which satisfies the equation is called
a solution of the trigonometric equation.

(e )




A trigonometric equation can have more than one solutions.
T

For example, 9:% satisfies the equation, sinQ:%, Therefore 5

is a solution of the trigonometric

. . 1
equation sin 6 :5,

7 1
"4 s asolution of the trigonometric equation cos 6 =—\/§.
z . . . . 1

4 sa solution of the trigonometric equation cos6 =E.

Is  a solution of equation sin 6 — cos 6 = 1? Can you write one more solution of this equation?
Equation sin © = 3 has no solution. Can you justify it?

Because of periodicity of trigonometric functions, trigonometric equation may have infinite
number of solutions. Our interest is in finding solutions in the interval [0, 27).

Principal Solutions :

Definition : A solution o of a trigonometric equation is called a principal solution if 0 < a < 2.

T 5z
5 and "6 are the principal solutions of trigonometric equation sin 6 = %

137 . 1 13
Note that Ty is a solution but not principal solution of sm9=§, { TE ¢ [0, 277)}

0 is the principal solution of equation sin 6 = 0 but 27 is not a principal solution.

Trigonometric equation cos 6 = —1 has only one principal solution. 6 =t is the only principal
solution of this equation.

@) Solved Examples )

Ex. (1) Find the principal solutions of sinf =

1
J2
Solution :

: 1 . . ,
As sinT=—— and 0 < £<27r,£ is a principal solution.
4 4 4

By allied angle formula, sin 6 = sin (n — 6).

.'.sinzzsin n—z :sinS—ﬂand 0£3—ﬂ< 2
4 4 4 4

3r . .. .
T iIs also a principal solution.

I and 37 are the principal solutions of sin6 !
S, — — SINU =——.
4 4 brineip 2
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Ex.(2) Find the principal solutions of 0050=%.

Solution : As cos%=% and 0<” < 2r, % is a principal solution.
By allied angle formula, cos 6 = cos(2rn—0).

.'.cos£=cos 27r—Z =c0s5—7r andOSS—ﬂ<27r
3 3 3 3

St - .
3 is also a principal solution.

5 o , 1
.'.%and ?ﬂ are the principal solutions of cos 9:5.

Ex. (3) Find the principal solutions of cos@:—%

1
Solution : We known that COS E

w|y

As cos(n—0) = cos(n+6) = — cos 0,

1
cos| 7 —Z | =~ cos = = —~ and cos | m+ = =—cos£=—l
3 3 2 3 3 2

2 1 4r 1
..c08S — = —— and cos — = ——
3 2 3 2

1
Also 0 < 2?” <27 and 0 < %” < 2r. Therefore 2?” and 4?” are principal solutions of cos 6 = 5
Ex.(4) Find the principal solutions of cot ¢ = -3
. . . 1
Solution : We know that cot 6 = — /3 if and only if tan QZ_E

T 1
We know that tan —=—+
6 3

Using identities, tan (r—0) = —tan 6 and tan (2r — 6) = — tan 0, we get

Sm 1 117z 1

tan — =——=and tan —=——F
6 NE) 6 NE)

St 117
An OS?<27T OfldOST<27T

St 1z . .. .
?and o are required principal solutions.




The General Solution :

Definition : The solution of a trigonometric equation which is generalized by using its periodicity
is called the general solution

n T n
generate all these solutions from the expression 77 +(~1) o neZ. Thesolution nz +(-1) %n eZ

. . . 1
is called the general solution of sm9=§.

Theorem 3.1 : The general solution of sin 6=sin o is 6 = nxt + (-1)"a, Where n € Z.
Proof : As sin 6 =sin a, o is a solution.
As sin (m—a) = sin o, n—a is also a solution. Using periodically, we get

sin 0 = sin a = sin(2n+a) = sin(4n + o) = ... and

sin 0 = sin(n—a) = sin(3n—a) = sin (5t—a) =...

sinf=sinaifandonly if 6 = o, 27 + 0, 4% +a, .... Or 6 = 1—a, 3n—a, 57 — a,...

0=..0,mT—0,2n+0, 3Tt — o, 4T+ o, ST—0,...

The general solution of sin 6 =sin a. is ® = nt + (-1)" a, where n € Z.
Theorem 3.2 : The general solution of cos 6 = cos a is 6 = 2nmt + a,, where n € Z.
Proof: As cos 0 = cos a, a Is a solution.

As cos (—a) = cos a, —a is also a solution.

Using periodically, we get

cos 6 = cos a = cos (2n+a) = cos(4n+a) = ... and

cos 6 = cos (-a) = cos (2n—a) = cos(4n—a) = ...

.cos 0 = cos a if and only if 6 =a., 21 + a, 4n+a,...0r 6 =—a, 21—, 4n—0, 671—0L,...
.. The general solution of cos 6 = cos a is 6 = 2nn+a, where n € Z.

Theorem 3.3 : The general solution of tan 6 = tan o is 6 = nm+a, where n € Z.
sinf _ sina

Proof : We know that tan 6 = tan o if and only if
If and only if sin 6 cos o = cos 6 sin a
If and only if sin 6 cos o - cos 6 sin o =0
If and only if sin (6—a) =sin 0
If and only if 6—a = nx + (-1)"% 0= nx, where n € Z.
If and only if © = nt + o, where n € Z.
The general solution of tan 6 =tan a is 6 = nwt + a, where n € Z.
Remark : For 6 € R, we have the following :
(1) sin6=0ifandonly if 6 = nm, wheren € Z.

cosf cosa

(i) cos®=0ifandonlyif 6= (2n+1) % wheren e Z.

(i) tan©®=0ifand only if 6 = nwt, where n € Z.

Fa)




Theorem 3.4 : The general solution of sin? 6 =sin? o is 6 = nwt + o, where n € Z.
Proof : sin? 6 =sin? o,

sin@=+sina

sin® =sinaorsin ®=-sina

sin 6 = sin o or sin 6 = sin (—a)

0=nn+(-1)"aor0=nn+(-1)"(—a), where n e Z.

0 =nn+ a, where n e Z

The general solution of sin? 6 =sin? a is © = nwt + a, where n € Z.
Alternative Proof : sin? 0 = sin? a

. 1=c0s20 1-cos 2a
o2 2
C0s 20 = cos 2a.
20 = 2% + 20, Wwhere n € Z.

0 =nn+ a,where n e Z
Theorem 3.5 : The general solution of cos? 6 = cos? a. is 6 = nwt + o, where n € Z.
Proof : c0s? 6= c0s? a
1+cos20 1+cos2a
2 2

€0s20 = cos2a
20 =2nt =+ 20, where n e Z.
O6=nn+ o,wheren e Z.
Theorem 3.6 : The general solution of tan? 6 = tan? . is 6= nn + o, where n € Z.
Proof : tan? 0 = tan? a
l+tan’6 1+tan’
1-tan’0 1-tan’«

by componendo and dividendo

S 1-tan’6  1-tan’a
"1+tan’0  1+tan’a
C0S 20 = cos 2a

20 = 2nwt + 20, where n € Z.
0 =nm + o, wheren e Z.

( Solved Examples )

Ex.(1) Find the general solution of

by invertendo

L B 1
(1)sin 9=7 (i) cos 9=$ (iii) tan 6=+/3
Solution : (i) We have sin@ = %




. T
sin ® = sin—
3

The general solution of sin 6 =sin o is© = nw + (-1)" o, wheren € Z.

T
The general solution of sin 6 = sin% is®=nm+(-1)" 3, wheren e Z

T
The general solution of sin 6 = g isO=nn+(-1)" 3 ,wheren e Z.

1
iil) Wehavecos0= —
(i) 7

e T
CoS 0 = cos —
4

The general solution of cos 6 = cos a is 6 = 2nwt + o, where n € Z.

The general solution of cos 6 = cos % is0=2nm + % , Wheren € Z.

1
.. The general solution of cos 6 = E iIs0=2nw + i ,Wheren e Z.
(iii) tan 0= /3 4
tan 6 =tan z
3

The general solution of tan ® =tan o is 6 = nn + o, where n € Z.
The general solution of tan 6 = tan %is O=nn+ % where n € Z.

T
The general solution of tan 6 = J3 ise=nn+ 3 wheren € Z.

Ex. (2) Find the general solution of

(|)S|n6:—§ (||)cos(9:—% (|||)cot6:—\@
Solution : (i) sin 6 = — ?

. . 4rx . 4r . .

sin © =sin ?(As sin 53 T and sin (t+A) = —sin A)

The general solution of sin 6 = sin o is a=nx + (-1)"a, where n € Z.

. . . Ar 4
The general solution of sin 6 = sin ?ﬁ is0=nm+ (-1)" ?ﬂ , Wheren € Z.

3 dr
The general solution of sin 6 = ey iSO =nx+ (-1) 3 *wheren e Z.
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.. 1
i) cosO=——
(i) 5

cos 0 = cos 2Tﬂ(Ascosgzécmdcos(ﬂ—A)z—cosA)

The general solution of cos 6 = cos o is 6 = 2nmt + o, where n € Z.
The general solution of cos 6 = cos 3 isO=2nt = 3 wheren € Z.
. 1 . 2r
The general solution of cos 6 = ey iIsO=2nt + 3 where n € Z.
(iii) coto= —/3 . tan@= L

tan 6 = tan 5—7[(Astc1n£=ic1ndtan(7r—A)=—‘[anA)
6 6 3

The general solution of tan 6 = tan a is 6 = nn+a , where n € Z.
. 57 . 5
.. The general solution of tan 6 = tan Y ISO=nn+ e wheren € Z.

.. The general solution of cot 6 = /3 is6=nn+ £ , Where n € Z.
Ex. (3) Find the general solution of 6

(i) cosec © =2 (ii) sec 6 + V2 =0
Solultion : (i) We have cosec 6 =2 ..sin 6 = %

sin 6 = sin z
76

The general solution of sin 6 = sinais® =nn + (-1)"a, where n € Z.

The general solution of sin 6 = sin % isO=nm+ (-1) % , Wheren e Z.

The general solution of cosec 6 =2 is 6 = nx + (-1)" % wheren € Z.

.. 1
i) We have sec 6 + J2 =0 - cos=—-——
w 7

1
Ccos 0 = cos 3—ﬂ(Ascoszz—andcos(n—A)= —cos A)
4 4 2

The general solution of cos 6 =cos ais 6 = 2nmt + o, where n € Z.

. 37 . 37
The general solution of cos 6 = cos o iSO =2nm + K wheren e Z.

The general solution of sec 6 = V2 is 8 = 2nm + 377[ ,wheren e Z.
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Ex. (4) Find the general solution of

(i) cos 20 =——= (ii) tan 30 = -1 (iii) sin 46 = ?

V2

1
Solution : (i) We have cos 20 = _3

(i)

(iii)

oS 260 = cos 3Tﬂ(Ascosgzicmdcos(ﬂ—A):cos A)

J2

The general solution of cos 6 = cos ais 6 = 2nmt + o, where n € Z.
. 37 . 3z
The general solution of cos 26 = cos " is20 =2nw + 7 wheren € Z.

. 1 .
The general solution of cos 20 =——= is6 =nn 13—”, wheren € Z.
V2 8

We have tan 30 = -1

tan 30 = tan 3Tﬂ(Astcm%= land tan (7 — A)=—tan A)

The general solution of tan6 =tan ot is6= nx + o, wheren € Z.

. 3r 3z
The general solution of tan 360 =tan ——is30=nn= +T where n € Z.

4
) ) nrt rx
The general solutionoftan 30 =—11is 6 = 5+ -, wheren € Z.
N 3 4
sin 40 = 73

sin 40 = sin —
3
The general solution of sin6 =sinais 6 =nn + (-1)"a, wheren € Z.

T

The general solution of sin 46=sin 3

is40=nmn +(—1)”%,wheren e”Z.

. . NEW nz T
The general solution of sin 40 = X~ is6 = a7 (=1)" Ewhere neZz
2

Ex. (5) Find the general solution of

(iY4cos?0=1(ii)4sin> 6 =3 (iii)tan> 6 =1

Solution : (i) We have 4 cos? 6 =1

2
cos? Gzl: 1
4 2

T
c0s? O = cos? 3




(i)

(iii)

The general solution of cos? 6 =cos?ais 6 =nn+ o , wheren € Z.

The general solution of cos? 6 = cos? % is 6 =nn i% , Where n e Z.

The general solution of 4 cos? 6 =1is6=nn + % wheren € Z.

We have 4sin? 6 =3
ﬁ 2
2

sinz 0 =sin2
3

sin? 0 = El
4

The general solution of sin?0 =sin> a is6=nm + o, wheren € Z.

The general solution of sin? 6 = sin” is0=nnx i% ,Wheren e Z.
3
The general solution of 4sin?6 =3is 6 =nx +

We have tan?9 =1

, Wheren e Z.

Wy

T
tan? 0 =tan? —
4

The general solution of tan?0 = a.is 6 =nn + o, where n € Z.

. T T
The general solution of tan? 6 = tan? 1 isO=nmn+ 7 wheren € Z.

The general solution oftan?> 6 =1is6=nn + —, wheren e Z.

E
4

Ex. (6) Find the general solution of cos 36 = cos 2 6
Solution : We have cos 36 = cos 20

cos30—-cos20 =0
-2 sin ﬁ sin Q=O
2 2

sin E:Oorsin Q:O
2 2

50 0
—=nnor —=nmn Wheren e Z.
2 2
2n
92%, neZz.

2nr
0= 5 where n € Z is the required general solution.




Alternative Method : We know that the general solution of cos 6 = cos o is © =2nm + o ,wheren € Z.

The general solution of cos36 =c0s20is36 =2nt+26 ,wheren € Z.

30=2nt—-26 or30=2nn + 20, wheren e Z.

50 =2nrnor 6 =2nm ,wheren € Z.

2nr . . .

0= 5 Ne Z where n € Z is the required general solution.
Ex. (7) Find the general solution of cos 56 =sin 30
Solution : We have cos 560 =sin 30

cos 50 = cos (2_39j
2
56 = 2nn i(%_wj

50= 2nn— (%_39] or 50= 2nm+ (%49}

n : .
0=n-2 oro= —ﬂ+% , Where n € Z are the required general solutions.

4

Ex. (8) Find the general solution of sec? 26 =1 - tan 26
Solution : Given equation is sec? 26= 1 — tan 20
1+tan?20=1-tan 20
tan?20 +tan 260 =0
tan 20 (tan20+1)=0
tan20=0ortan20 +1=0

3
tan 20 = tan 0 or tan 20 = tan Tﬁ

20=nn or 20=nn +3T7[ ,wheren e Z.

nz nt 3r ) ) )
0 = or 9 = —+— , where n € Z is the required general solution.

2
Ex. (9) Find the general solution of sin 6+sin 36 +sin 50 =0
Solution : We have sin 6 +sin 30 +sin50 =0
(sin 6+sin50) +sin30=0
2 sin 30 cos 26+ sin 30 =0
(2cos 20+ 1)sin36=0

sin 30=0 or cos 20 = _l

sin 30 = 0 or cos 20 = cos 2{




30=nr or 20=2nxw + 2?” , Wheren e Z.

nz . : :
0= 3 oro=nm+ % where n € Z is the required general solution.

Ex. (10) Find the general solution of cos6—sin6=1
Solution : We have cos 0 —-sin6=1

|
Lcos 0 ———=sino =

!
V2 J2 V2

T . .
cosOcos — —sinOsin — =
4 4

5l

T T
COS |@+— | =cCO0S —
[ 4J 4
0 +£=2nni z
4 4

0+ =2nm— " or 0+ —=2nn +
4 4 4 4

72'
0 =2nmt — - or 6 = 2nxw, where n € Z is the required general solution.

<:> Exercise 3.1 )

Find the principal solutions of the following equations :

(i) cos 6 = % (ii) sec 6 = = (iii) cot 6 = J3 (iv)cot6=0

3

2)  Find the principal solutions of the following equations:

(1)sin6 = —% (if) tan6 = -1 (iii) J3 cosec 0 +2=0

Find the general solutions of the following equations :
3) (i) sin6 :% (i) cos 6 = % (i) tand = L (iv)cot6=0

V3
4) (i) seco = V2 (ii) cosec 6 = 2 (iii) tand = -1
5)  (i)sin26= % (ii) tan ? =3 (i) cot 40 =1

6) (i) 4 cos’6 =3 (ii)4sin0=1 (iii) cos 40 = cos 20
7) (i) sin © =tan® (ii) tan® 6 = 3tan6 (iii) cosB +sin6 =1
8)  Which of the following equations have solutions ?
(i)cos 20 =-1 (if) cos* 6 =-1 (i) 2sin6 =3 (iv)3tan6=5
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3.2 Solution of triangle )

3.2.1 Polar co-ordinates : Let O be a fixed point in a plane. Let OX be P(r,0)
a fixed ray in the plane. O is called the pole and ray OX is called the r
polar axis. Let P be a point in the plane other than pole O.

Let OP =r and m £ XOP = 6. The ordered pair ( r, 6 ) determines the 6
position of P in the plane. They are called the polar co-ordinates of P . (fixefj) point)
'r" is called the radius vector and 0 is called the vectorial angle of point
P Fig 3.1
Remarks :

i) Vectorial angle 0 is the smallest non-negative angle made by OP with the ray OX.

i) 0<0<2xn

iii)  Pole has no polar co-ordinates.

3.2.2 Relation between the Cartesian and the Polar co-ordinates: Let O be the pole and OX be the
polar axis of polar co-ordinates system. We take line along OX as the X - axis and line perpendicular
to OX through O as the Y - axis.

Let P be any point in the plane other than origin. Let (x , y) and (r , ©) be Cartsian and polar

(fixed >r(ay)

co-ordinates of P. To find the relation between them. 'Y
By definition of trigonometric functions, we have sin 6 = 2 and
r P(x’y)

r

c0s 0 = ~ () 4

r < > X
o x M
Xx=rcosOandy=rsin0® v Fig 3.2

This is the relation between Cartesian and polar co-ordinates.
T
Ex. (1) Find the Cartesian co-ordinates of the point whose polar co-ordinates are (Z’ZJ

Solution: Givenr=2and 0 = %

Using x =rcosd andy =rsin 6, we get

The required Cartesian co-ordinates are(\/f A2 )
1 -1
Ex. (2) Find the polar co-ordinates of point whose Cartesian co-ordinates are | —=, —=
rndtep g &3

Solution : From the co-ordinates of the given point we observe that point lies in the fourth quadrant.

r2:x2+y2
1Y 1Y 11
P=|—=| +|-——f4| == +—- =1
[ﬁj (\/Ej 2 2
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r=1
X=rcos6 ,y=rsind

1 1
—==1x%xc0s0 and ——— =1xsin0
J2 NGB

1 1
cosO=—= and sinf= ———
V2 J2

The required polar co-ordinates are (l%j .

3.2.3 Solving a Triangle :

Three sides and three angles of a triangle are called the elements of the triangle. If we have
a certain set of three elements of a triangle, in which at least one element is a side, then we can de-
termine other three elements of the triangle. To solve a triangle means to find unkown elements of
the triangle. Using three angles of a triangle we can't solve it. At least one side should be known.
In AABC, we use the following notations : I(BC) = BC = a, I(CA) = AC = b, I(AB) = AB =c. This
notation is called as the usual notation. Following are some standard relations between elements of
triangle.

b ¢
sinA  sinB sinC
Proof : Let AD be perpendicular to BC.

AD=DbsinC

1
A (AABC) =  BC x AD

3.2.4 The Sine Rule: In  AABC,

= 2R, where R is the circumradius of AABC.
A

:laszinC
2 B

A (AABC) = % absinC

2A (AABC) =absinC

Similarly 2A (AABC) = ac sinB and 2A (AABC) = bc sin A
bcsin A=acsinB=absinC

Divide by abc,

bcsind  acsinB _ absinC

abc abc abc

sind _sinB _sinC

a b c

a b c

(D)

sin4 sinB sinC




To prove that each ratio is equal to 2R.

As the sum of three angles is 180°, at least one of the angle of the triangle is not right angle.
Suppose A is not right angle.

Draw diameter through A. Let it meet circle in P.

AP = 2R and AACP is a right angled triangle. £ ABC and £ APC are inscribed in the same

arc.
m ~Z ABC=m £ APC
sinB=sinP= i:i
AP 2R
—
sin = oR
b
=2R . (2
sin B )

From (1) and (2), we get

.a = .b - .c =2R
sin4 sinB sinC

Different forms of Sine rule : Following are the different forms of the Sine rule.
In AABC.

) a b ¢
M) sind sinB sinC
(i) a=2RsinA,b=2RsinB,c=2RsinC

=2R

sind sinB sinC
b c
(iv) bsinA=asinB,csinB=bsinC,csinA=asinC

k

(iii)

a sind b sinB
V) TSnB’C sinC
Ex.(1) In AABC if A =30° B = 60° then find the ratio of sides.
Solution: Tofinda:b:c
Given A =30° B = 60°.
As A, B, C are angles of the triangle, A+ B + C = 180°
C=090°
By Sine rule,
a b c

sind sinB sinC

a b c
sin30° sin60° sin90°
a_b _c
1 B3
2 2




a:b:c= l:—3:1
2 2
a:bic=1:/3:2
) . 2 )
Ex.(2) In AABCifa=2,b=3andsin A= 5 then find B.
Solution : By sine rule, a _ b
sind4 sinB
2 _ 3
2 ~ sinB
3
sinB=1
o
B=90°= 5

Ex. (3) In AABC, prove that a(sin B —sin C) + b(sin C —sin A) + ¢c(sin A-sinB) =0
Solution : L.H.S. =a(sin B —sin C) + b(sin C —sin A) + c(sin A - sin B)
asinB-asinC+bsinC-bsinA+csinA-csinB
(asinB-bsin A) + (bsin C-csin B) + (csin A—asin C)
0+0+0
0=R.H.S.
Ex.(4) In AABC, provethat (a—b)sinC+(b-c)sinA+(c—a)sinB=0
Solution: L.HS.=(a-b)sinC+(b-c)sinA+(c—-a)sinB
(@asinC-bsinC)+ (bsin A-csin A) + (csin B-asin B)
(@sinC-csinA)+ (bsinA-asinB) + (csinB-DbsinC)
0+0+0=0=R.H.S.
3.3.5 The Cosine Rule : In ABC,
(i) a*=b?+c?-2bccos A (i) b?=c?*+a?-2cacos B (iii)c?=a?+ h?—2ab cos C
Proof : Take A as the origin, X - axis along AB and the line perpendicular to AB through A as the
Y - axis. The co-ordinates of A, B and C are (0,0). (c, 0) and (b cos A, b sin A) respectively.
To prove that a? = b? + ¢2 - 2bc cos A
L.H.S.=a? =BC? rY
= (c—-Dbcos A)?+ (0-bsin A)? (by distance formula)
= c?+b%cos? A-2bccos A+b?sinz A
= c?+Db%cos® A+ b?sin? A-2bc cos A b a
= Cc*+b*-2bc cosA
= RHS.
a’?=b?+ c¢? - 2bc cosA A\ > X
Similarly, we can prove that (0,66)‘ ¢ B(c,0)
b?=c*+a*- 2cacosB
c?=a’+b%-2abcosC Fig 3.5

C(bcosA,bsinA)




Remark : The cosine rule can be stated as : In AABC,
A b+’ -a cos B c+a -b cosC o a+b’-c’
A e T e T 2w
Ex.(5) In AABC,ifa=2,b=3, c=4then prove that the triangle is obtuse angled.
Solution : We know that the angle opposite to largest side of a triangle is the largest angle of the
triangle.
Here side AB is the largest side. C is the largest angle of AABC. To show that C is obtuse angle.
a +b°—c° 2°+3 -4 3]
cosC= ——— = —/———— = ——=——
2ab 2(3)(4) 24 8
As cos C is negative, C is obtuse angle.
AABC is obtuse angled triangle.
Ex.(6) In AABC, if A=60° b =3 and c = 8 then find a. Also find the circumradius of the triangle.
Solution : By Cosine rule, a> = b?> + ¢ - 2bc cos A
a2 =32+ 82— 2(3)(8) cos(60°

= 9+64-48x 1
2
= 73-24=49
a?=49
a=7
Now by sine rule —— = 2R
ow by sine rule = = =
7
—_ =2R
sin 60
7
ﬁ =2R
2
no L_TV3
=53

The circumradius of the AABC is ?

Ex. (7) In AABC prove thata( b cos C —c cos B) = b?-c?
Solution :

L.H.S. = a(b cos C - ¢ cos B)

ab cos C—accosB

= % (2ab cos C - 2ac cos B)

@) @ e -b))




l{a2+b2—c2—cz—a2+b2}
2

|
5 {207 -2c%}

= b*c*=R.H.S.
3.3.6 The projection Rule : In AABC,
(i) a=bcosC+ccos B
(i) b=ccos A+acosC
(iii) c=acos B + b cos A
Proof : Here we give proof of one of these three statements, by considering all possible cases.
To prove thata=b cos C + c cos B

Let altitude drawn from A meets BC in D. A

BD is called the peojection of AB on BC.

DC is called the projection of AC on BC. ¢ b

Projection of AB on BC =c cos B

And projection of ACon BC=DC =bcos C M

Case (i) B and C are acute angles. B D a C

Projection of AB on BC =BD =ccos B
And projection of ACon BC=DC =bcos C
From figure we have,
a =BC=BD+DC

=ccosB+bcosC
=bcosC+ccosB

.a =bcosC+ccosB

Case (ii) B is obtuse angle.

". Projection ABonBC=BD =ccos(n -B)=-ccosB A
And projection of ACon BC=DC =bcos C
From figure we have,

a =BC=DC-BD
=bcos C— (- ccosB)

=bcosC+ccosB
.a=bcosC+ccosB Fig 3.7
Case (iii) B is right angle. In this case D coincides with B.
R.HS.=bcosC+ccosB
= BC+0
= a=L.H.S.
a=bcosC+ccosB
Similarly we can prove the cases where C is obtuse angle and C right angle.
Therefore in all possible cases, a =b cos C + ¢ cos B

Similarly we can prove other statements.
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Ex.(8) In AABC, provethat(a+b)cosC+ (b+c)cosA+(c+a)cosB=a+b+c
Solution :

L.H.S.=(a+b)cosC+ (b+c)cosA+(c+a)cosB

(acosC+bcosC)+ (bcosA+ ccosA)+(ccosB+acosB)

= (acosC+ccosA)+(bcosA+acosB)+(ccosB+bcosC)

= at+b+c=RH.S.

Ex.(9) In AABC, prove that a(cos C — cos B) = 2(b — ¢) cos? (?)

Solution : By Projection rule, we have acos C+ccos A=bandacos B+ bcosA=c
acosC=b-ccosAandacosB=c—-bcosA
L.H.S. = a(cos C - cos B)

acosC-acosB

(b-ccosA)—(c-bcosA)

= b-ccosA-c+bcosA

= (b-c)+(b-c)cosA

= (b-c)(1+cosA)

A
= (b -c) x 2cos? )

= 2(b - c) cos? A
= R.H.S.
Ex.(10) Prove the Cosine rule using the Projection rule.
Solution : Given: In AABC,a=bcosC +ccosB
b=ccos A+acosC
c=acosB+bcosA
Mulitiply these equations by a,b,c respectively.
a’=abcos C +accos B
b?=bccos A+abcosC
c2=accos B +bccos A
a?+b?-c?=(abcos C +ac cos B) + (bc cos A + ab cos C) - (ac cos B + bc cos A)
= abcosC+accosB+hccosA+abcosC-accosB -bccos A
= 2abcosC
a?+bh?>-c?=2abcosC .. c?=a?+bh?-2abcosC.
Similarly we can prove that
a?=Db?+ c?-2bc cos Aand b? = ¢ + a2 - 2ca cos B.
3.3.7 Applications of Sine rule, Cosine rule and Projection rule:
(1) Halfangle formulae: In AABC, ifa+ b +c=2sthen

. A [(s=b)(s—c) . A [s(s—a) A _ [s=D)(s—0)
(i) sin > TN e (ii) cos SN e (i) tan > - s(s—a)

82




. . A
Proof : (i) We have, 1 — cos A = 2 sin? Pl

2 2 2
1- (M—_"J = 2sin? g [ by cosine rule ]
2bc
2bc=b* =’ +d* _ 5o A
2bc 2
@ (b +c*=2bc) _ oo A
2bc 2
2 )2 A
M =2sin? —
2bc 2
2bc 2
{a+b+c—2b}{a+b+c—20}:zsinzé
2bc
{25 —2b} {25 —2c} :2sin2£
2bc
(s=b)s=¢)_ 4
bc 2
inA_ [6=B)6=0)
2 bc

A
(i) We have, 1 + cosA = 2 cos? P

2, 2 2 A
1+ (M—a] =2cos? = by cosine rule

2bc 2
2bc+b* +c? - a* A
=2c0s8° —
2bc 2
2 2 2 A
(b"+c" +2bc)—a — 20082 =
2bc 2
2 2
(b+c)” —a — 2082 é
2bc 2

(btcta) b+c—a) —oeos ?
2bc




(b+c+a)b+c+a—2a) =peog 2
2

2bc
_ A
(25)(2s=20a) _ 2c0s2 2
2bc 2
A s(s—a)
COS —= - 4
2 bc
“in A (s—=b)(s—c)
i) tn & = 2 = be
2 cos s(s=a)
bc
s =b)(s—0)
- s(s—aq)

A (s—b)(s—c)
2\ so—a)

tan P

Similarly we can prove that

B_ |t=a)s=¢) o C_ [s-b)s-a)
2 ac ’ 2 ab
~ s(s—c)
cosE :N/S(S 5 , COS E = ab
2 ac 2

B (s—a)s—c) C (s—a)(s—b)
tanE: T sGs—b) ,tanE: T sG-0)

sin

(2) Heron's Formula : If a,b,c are sides of AABC and a+ b + ¢ =2s then

A (AABC) = \/s(s —a)(s—b)(s—c)

1 .
Proof : We know that A(AABC) = 5 absinC

A (AABC) = % abZSingcos%

—b)(s— s(s—c)
- ab,/% \ o = sGs—a)s—b)(s—0c)

. _ (B—Cj ~ (b—c) A
(3) Napier's Analogy : In AABC, tan | — | = (b+0) cot %
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Proof : By sine rule b = 2R sin B and ¢ =2Rsin C

(b—c) 2RsinB-2RsinC

(b+c) ~ 2RsinB+2RsinC

(b—c) sinB—sinC
(b+c) sin B+sin C

ZCOS(BJFC)sin(B_C)
(b-o0) 2 2

(b+c) 2sin(3+c)cos(3—cj
2 2

(-0 :cot(BJ“C]tan (B;Cj
(b+0) 2 2

(b—c) T A B-C
(b+C) = cot (E_EJ tan T
(b-¢o) _ A B-C
(b+c) = tan (2] tan (T]

an [B-C _(b-9) tﬁ
e e N N

Similarly we can prove that

C-4) _(c—a) B
tan [Tj = —(c+a) cot 2

@) Solved Examples )

Ex.(1) In AABC if a = 13, b = 14, ¢ = 15 then find the values of

: A A . A o
(i) cosA (||)smE (iii) cos (iv) tan ) (v) A(AABC) (vi) sinA

Solution :

= a+b+c _ 13+14+15 _
2 2

21




(s-a)=21-13=8
(s-b)=21-14=7
(s-c)=21-15=6

13*+157-14* 198 33
T35 T 390 7 65

A s=bs—o)

(i) sin 5 = be
_[7xe L
Viaxis 5

A _ [s(s—a)

(iii) cos 5 = ‘f »

~ 21x8 2
T V14x15 T /5
in .
(iv) tan?zS gzé
COS — ﬁ
(v) A(AABC)= \/S(S—CI) (s=b)(s—c)

= J21x8x7x6 =84 sq. unit

: : A A
(vi) sinA=2sin 5 C0S 5

ZL 2 4
= X —F/— = —
SN

A B
Ex.(2) In AABC prove that cot 5+cot5+cot_=

) B C
Solution : L.H.S. = cot + cot E + cot E

A
2
1




s(s—a) s(s—b)

(s—b)(s—c) T

(s—a)(s—c)

s(s—c)

(s—a)(s

\/ s(s—a)’ \/ s(s—
(s=b)(s—c)(s—a) (s—a)(s— c)(s

—b)

+\/(S

s(s—c)?

(s—b)(s— a)(S ) {\/(s—a)2+\/(S—b)2+\/(s—c)2}

(s— b)(s a)(s—c)

{3s—(a+b+c)}

{3s—2s}

(s b)(S a)(s—c)

J
J
\/(S b)(s a)(s—c)
J
(@

XS

b)(s a)(s —c)

’ N % S
( — —

s=b)(s—c) J(s—a)

s(s—a) s
Ve-bs-o X (-a)

2s s(s—a)
(2s-2a) © \(s—b)(s—c)
a+b+c » s(s—a)

(a+b+c—-2a) (s=b)(s—c)

at+b+c
b+c—a

A

cot 25 =R.H.S.

{(S—a)+(s—c)+(s—b)}

—b)(s—a)(s—c)




@ Exerecise 3.2)

1)  Find the Cartesian co-ordinates of the point whose polar co-ordinates are :
7T V4 3 3n 1 7n
i 25 Y i 4,_ T i P
0[v= %) (u)[ 2} (i) [4 4j (iv) [2 3j

2)  Find the of the polar co-ordinates point whose Cartesian co-ordinates are.

i (V2.42) (ii) (03 (i) (1,-3) (iv) (E ﬂ}

27 2

3) In AABC, if A=45° B =60° then find the ratio of its sides.

. (B-C b—c A
4)  In AABC, prove that sin B all oS >

., C ., A
5)  With usual notations prove that 2 {asm2 5 +csin’ 5} —a-b+c.

6) In AABC, prove that a®sin(B — C) + b3sin(C — A) + c%in(A-B) =0

7)  In AABC, if cot A, cot B, cot C are in A.P. then show that a2, b?, ¢? are also in A.P

8) InAABC,ifacos A=b cos B then prove that the triangle is right angled or an isosceles traingle.
9)  With usual notations prove that 2(bc cos A + ac cos B + ab cos C) = a? + b? + c2

10) In AABC, ifa=18, b =24, ¢ =30 then find the values of

: A A A -
(i) cosA @i)sin = (iii)cos —  (iv) tanE (v) A(AABC)  (vi) sinA

2 2
A _ B_ C
11) In AABC prove that (b + ¢ - a) tan > =(c+a-Db)tan E—(a+b—c)tan >
. A . B . 2
12) In AABC prove that sin Esm B sin % = [A(AABC)]

abcs

3.3 Inverse Trigonometric Function :

We know that if a functionf : A — B isone - one and onto then its inverse function, denoted
byf*: B — A,exists. Forx e Aandy € B if y =f (x) then x = f(y).
Clearly, the domain of f -* = the range of f and the range of f - = the domain of f . Trigonometric
ratios defines functions, called trigonometric functions or circular dunctions. Their inverse functions
are called inverse trigonometric functions or inverse cicular functions. Before finding inverse of
trigonometric (circular) function , let us revise domain , range and period of the trigonometric
function. We summarise them in the following table .

No trigonometric fuction is one-one. An equation of the type sin 6 = k, (]k|<1) has infinitely

many solutions given by 6 =nn +(-1)" o, where sina. =k, — % <a< .
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Function Domain Range Period
sin R [-1, 1] 21
coS R [-1, 1] 2n

(2n + 1)7r
tan R—- ‘ne Z R T
cot R—{mr:neZ} R T
(271 + 1)7r
sec R- ‘ne”Z R-(-1, 1) 27
cosec R—{nw:neZ} R—(-1, 1) 21

There are infinitely many elements in the domain for which the sine function takes the same

value. This is true for other trigonometric functions also.

We therefore arrive at the conclusion that inverse of trigonometric functions do not exist. However
from the graphs of these functions we see that there are some intervals of their domain, on which they
are one-one and onto. Therefore, on these intervals we can define their inverses.

3.3.1 Inverse sine function: Consider the function sin : {—%,E

}%[_1,1] . It can be verifide

from the graph that with this domain and range Y — g
it is one-one and onto function. Therefore inverse 1 Yoo
sine function exists. It is denoted by < | o | | -
int -1 1 T T 2m -3n/2§ E i—rr/Z imz WWZW
sint: [-1,1] —» 22 ‘ /
Forx e [-1,1] 0 € {—fﬁ] v
2,2 Fig 3.8(a)

we write sin"’x = 0 if sin 6 = x.
Here 6 is known as the principal value of sin x .
For example:

1) sin Ezl,wherele[—l, 1] and ZE{— Z,E}
6 2 2 6

272
1
sint — = —,
2 6
- N S 4
The principal value of sin™ 518 &

However, though sin ST

1

2
L 1 5z 57 T
we cannot write sin? 5 = ? as —¢¢ |~ =<

Fig 3.8(b)




. T 1 1 _r T
2) sin (—Z]— > , Where \Ee[—l,l]and 4 e[ 2,2}

i (_L] _.r
2)7 4
T
. RN N N
The principal value of sin [ \/Ej is 1
Note:
1. sin (sinx) = x, for x € [-1, 1]

7T
2. sin"(si =y, f -,
sini(siny) =y orye{ > 2}

3.3.2 Inverse cosine function: Consider the ‘ A
function cos : [0, ©] — [-1, 1]. It can be verified |

from the graph that it is a one-one and onto function. ! ; ; :
Therefore its inverse fuctions exsit. It is denoted be,\ / \ o /

_ ! | O ! ! | X
cos™. < : ‘ ‘ ‘ - X

2 -3m2 -T1/2 2, o
Thus, cos™: [-1, 1] — [0, x]. | | |
For xe [-1, 1] and 6 €[0, ], we write cos* x =0
is cos O = x. Here 0 is known as the principal value
of cos™x.

v

Fig 3.9(a)

V4 1 1 Vs
For example : cos Vi ﬁ , Where NG e [-1, 1] and 4 € [0, ]
cos* 1.z
J2oo 4

1 V4
- - _l -
The principal value of cos —\/5 is

1

Ty _ ]
Though, cos (—Zj =2

We cannot write cos™ 1_z as = ¢ 10, 1] B3
274 4 !
Note: 1. cos (cos'x) =xforx € [-1, 1]
2.cost (cosy) =y, fory e [0, n]

Y']-2m

Fig 3.9(b)




3.3.3 Inverse tangent function : Consider the function tan
the graph that it is a one-one and onto function .

(_E,Zj — R. It can be verified from
2°2

I I (R ‘a
: BTN & Iy
: : N s A SRR O SW2_
! ! 'y = tanx /
E - ;
| | | // _____ y=tanlx
X' 0 | X
3m2  Jam a2 /2 ™ ' ' o ' '
: : : X' -2 -1 1 2 X
! = A s SR S O w2
| N s
| | | — L lwme .
I l Yoo Y'
Fig 3.10(a) Fig 3.10(b)
Therefore, its inverse function exist. It is denoted by tan*
Thus, tan: R — —E,E
22
n . .
Forx e Rand 6 € (——,Ej , we writetan™ x= 0 iftan 0 = x
For example tan ZZ = 1, where 1e R and 7 e (_Z,ﬁj
4 4 2 2
Ly ”
tan™ (1) = 4 i
The principal value of tant 1 = is 7
VA

Note: 1.tan(tan x) =x, forx e R 2.tan (tany) =y, fory e (

2

n]_

3.3.4 Inverse cosecant function : Consider the function cosec : (—5,5

)

{0} > R-(-1,1). Itcan

"2

be verified from the graph that it is a one-one and onto function. Therefore, its inverse function ex-

ists. It is denoted by cosec™




Thus, cosec™™: R-(-1,1) - {_%%} - {0}

Forx e R-(-1,1) and

0c {—%ﬂ ~ {0},

we write cosec™ x = 0 if cosec 0 = x

T
For example cosec 5 =2,

r |.rz
WhereZER—(—l,l)and6e 22 - {0}

T
cosec? (2) = 6

T
The principal value of cosec™ 2 is 6 -
Note: 1. cosec (cosecx) =x, forx e R— (-1, 1)
T

2. cosect (cosecy) =y, fory e [—%5} - {0}

3.3.5 Inverse secant function : consider the function
sec: [0, ] - {%} —->R-(-1,1)

It can be verified from the graph that it is a
one-one and onto function. Therefore its inverse
function exists. It is denoted by sec™

Thus, sec *: R- (-1, 1)— [0, n] - {%}

Forx e R-(-1, 1) and 0 e [0, 1] - {1}
we write sec? x = 0 if sec 0 = x 2
For example sec t=-1,where -1 € R—(-1, 1)

andnt e [0,t]— {%}

sect(-1)=n

The principal value of sec*(-1) is 7 .
Note: 1. sec(sec’x) = x, forx e R- (-1, 1)

2.sec’(secty) =y, fory € [0,n] —{%}

Y

y=cosec ! x

Fig 3.12(a)




1 1

I 1

T I

! : ,| | Y=cotx !
____________________ 2n_ Y i I
I I

; 15 ;

1

1

a H I

I

I

I

I

1

X' I 0

(
I
: 1 1
X' : 0 K’—; 3m2 -m/2 /2 T 3m2
2 = '2\3' : 05 :
1 1 I I
: ey : -1 :
! 1 1
! I !
e 1 1.5 1
""""""" I"""Y’"' TTTTTrTTTTTR 1 1
1 1
Fig 3.12(b) : 2 :
1 1

YV

J

3.4.6 Inverse cotangent function : Consider the function
cot: (0, ©) — R. It can be verifide from the graph that Fig 3.13(a)
it is a one-one and onto function. Therefore, its
inverse exists. It is denoted by cot™.

Thus, cot!: R — (0, n)

Forx € Rand 0 « (0, nt), we write N 312

cot'x = Oifcotd=x
1

1
For example: cot = = — ,Where —= e R
p 3 \/g

3

V4 _
and 3 € 0, m) \ y=cot'x
2
1 i \
cot* (—j = - X' 0

B s —
The principal value of cot (Lj = \ 2
€ principal value or co \/§ IS 3" \

Note: 1. cot(cot?x) = x, for xe R
2. cot(coty) =y, fory e (0, n) \ o
Yl -

Fig 3.13(b)

3.4.7 Principal Values of Inverse Trigonometric Functions :

The following table shows domain and range of all inverse trigonometic functions. The value
of function in the range is called the principal value of the function.




T

sec” :R—(-L1) > [0, 7] - {5}

3.4.8 Properties of inverse trigonometric functions :

i . 1
) If -1 <x< 1andx=0thensin?x= cosec™ [;j

1
Proof : By the conditions on X, sin"* x and cosec™ (;j are defined.

1
As —1<x<landx=0, % eR-(-1,1)..(2)
Letsinix=6

T
0 e 5 and 6 =0 (as x = 0)

T
0 e 55 | {0} ...(2)

[EEN

cosec 0 = X ..(3)

From (1), (2) and (3) we get

cosec™ (lj =0
X
1
0 = cosec™ (—j
X

sinlx = cosec-l(lj
X

Similarly we can prove the following result.

1
(i) costx=sect (;) if -1<x<landx=0




(i) tantx = cot? (lj if x>0
X

Proof : Lettan™'x =0

, Where 1 eR...(1
X

AsO e (o,gjand (o, ’;] < (0, 1) ..(2)

1
From (1) and (2) we get cot™ (;) =0

1
0= cot (—J
X

tan~ x = cot™ 1
X

(iii) Similarly we can prove that : tan™ x = — t + cot™ (lj if x<0.
Activity : Verify the above result for x = - /3 X
iv) if =1 <x <1 then sin}(—x) = —sin(x)
Proof : As-1<x<1,x e [-1, 1]

-xe[-1,1] ..(2)
Let sin"}(—x) = 0

T .

0 e [—5,5} and sin 6 = x
Now sin(—0) = —sinf = —x

sin(-0) = —x ...(2)

Also from (1) -~ <0< z
-7 )

From (1), (2) and (3) we can write




sin(—x) = -0

sin(—x) = —sin"}(x)
Similarly we can prove the following results.
v) If =1 <x<1then cos*(—x) = n— cos*(x)
vi) Forall x € R, tan’(—x) = -tan™(x)
vii) If |x| > 1 then cosec!(—x) = —cosec(x)
viii)  If [x| > 1 then sec}(—x) = © —sec™(x)
ix) Forallx e R, cot?(—x) = n—cot™(x)

. T
x) If =1<x<1thensin?x+cos'x = Py

Proof : Letsintx=6,wherex e [-1,1]and 6 € {—%,%}

_0 e{_z Z}
272

%— 0 € [0,%], the principal domain of the cosine fuction.
cos (z—ej =sin6
2
cos (Z—Gj = X
2
T
costx=— -0
2
T
0+ costx=—
¥ 2

. T
sintx +costx= 5

Similarly we can prove the following results.

xi) Forx e R, tan'x + cot'x =

xii) Forx>1, cosec'x +sec!x =

oy NN

xiii) Ifx>0,y>0andxy <1then
tan?x +tan'y =tan? ( Xy j
1-xy
Proof : Lettan™ x =0 and tany = ¢
tan® = xandtan ¢ =y

Asx>0andy>0,wehave0<e<% and 0 < ¢<%
0<0+ ¢<m (1)




tanf+tang _ X+

Also tan(0+ = - — 7
() 1—tan O tan ¢ 1-xy

Asx>0,y>0andxy <1, x,yand 1-xy are all positive.
R R positive.
1-xy

tan (0+ o) is positive. ....(2)

From (1) and (2) we get (6+¢) [o, %) , the part of the principal domain of the tangent function.

+
6+¢=tan'1(x yj
1-xy

+
tanx +tanty = tan? ( = j
1-xy

Similarly we can prove the following results.
xiv) Ifx>0,y>0andxy > 1 then

X+
tan x + tan! y = n+tan! ( Y j
1-xy

Xxv) Ifx>0,y>0andxy =1then

T
tantx+tanty= >

xvi) Ifx>0,y>0then

tan?!x-tanty=tan? Al
1+ xy

Ex.(1) Find the principal values of the following :

() sint [—%) (ii) cos* (%] (iii) cot* [_%j
R |

Solution : (i) sin ( 2}

. 1 V4
We have, sin (—Ej= —% , Where —% e[-1,1]and — = € [—E,E}

6 2°2
1 b8
TR B I
SIn ( 2) 6

1
The principal value of sin™ (‘5] is ——




(A
(ll) Ccos [Tj
3

T \/5 T
We have, cosE =7 , Where P [-1,1] and 5 €[0, n]

cos™ [%J = %

The principal value of cos (%J is % .
(iii) cot™ (—Lj
NE)
We h ¢ 2L here —k cRand Z < (0
e have, cot = = ,Were\/g e Ran 5 e (0,m)

1 2r
o P 2
The principal value of cos [ ﬁj Is —

Ex.(2) Find the values of the following
i in?t (sins—nj i) tan™? (tcmzj
(i) sin 3 (i) tan .
(i) sin [cosl{—in

V2

4 5
i in lcos'=+tan"' —
(iv) sin ( 5 B

Solution = (i) sin (sin( 5?” D = sin™? (sin(%r—%j]
= sint (sin(—%n = —% , as —% € [—%,%}




(ili)) We have cos™ (-x) = n-cos™x

oo ) oot
(ool -

o (o (5%

5
—eandtanl—: )

(iv) Letcos™
cos® = 4 and tan¢ = %)
5
3 S 12
sin® = = andsing = 75, coOso= —
5 *= 1 "=

. 4 5 .
sin (cos1 g+tan*l Ej =sin(0+ ¢)

= sinBcos ¢ +cosOsin ¢

— +tan”' =
12) 65

Ex.(3) Find the values of the following :

(i) sin {sin1 (Ej+cos1 (Eﬂ
5 5

(i) oS {cos_1 (—%j + tan™ \/5}

Solution : (i) We have if -1 < x < 1 then

( L, 4 15} 56
Sin | COS

. T
sin”! x + cos! X:E

Here —1 <% <1




(i)

-1

cos™

1 2 r Vs
—— =22 and tan" 3 = =
( 2} 3 3

cos {cosl (—%j+tanl ﬁ}

COosS (

COS T

2w
_+_
3 3]

Ex.(4) If |x| < 1, show that
sin (cos™x) = cos(sin~x).
Solution :
We have for |x| < 1.

. T
sin™! x+ cos™ X:E

T .o
cost X:E —sin' X,

Now using sin (%—9) =cos 0

T .
We have sin (cosx) = sin (5 —sin”' Xj

Solution :

; 2tant (lj =tan”' (l}rtan"l [lj — l % !
0] tan 3 3 3 ’asxy—3 3

tan?

= ¢0s (sin*x)
sin (cos?x) = cos(sin-x)
Ex.(5) Prove the following

(i) 2tan? (—%} cos* Gj = %

I 1
i_l’_i
3 3

1

33

tan ™!

1)2

(i) 2tan? Gj+ tan™ (;

AW

NG




T
w0<0< 7

tan 6 =— 2
H 0= E 0= iRl —
sin = ¢ SO =sint ¢
2t -11_:[ -12_ '-12
an' —=tan’ =sin? g
2tant l +cos™ E =sin™ 2 +cos™ E T
5 5 5 2
.. 1 713 . .
(i) 2tan? gztm 4 asseenin 0]
| 230 1 3,1.3
2tan'1§+t0ln ;Ztﬂn —+tan ;andxy:4 77978 <1
3 1
- T
= tant| 4 7 | =tanil=—
=31 4
47

Ex.(6) Prove thattan® 1 + tan? 2 +tan* 3 ==
Solution: We use the result:

+

tantx +tanty =t + tan™! (f y] ifxy>1
—X

Herexy=1%x2=2>1 Y

1+2
tan*l +tan' 2 = + tan?! (—j

1-(1)(2)
m +tan? (ij
1-2

7+ tan-! (=3)
n—tan3 (As, tan(-x) = —tan™ x)
tantl+tant2+tan?t3=n

4 12 33
Ex.(7) Prove that cos® —+cos™' — =cos™' —
5 13 65
) .4
Solution: Letcos™ — =0
5
P 4
Then0<H6< = andcosb=—
2 5
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sin @ =

| W

12
Let cos 13—¢

12

T
Theno<q><2 and cos ¢ = 3

, 5
sing = —
¢ 13

cos(O+¢)=cos0Ocosd-sinbsin ¢

SR

8 _1s 3
65 65 65
33
cos(0+¢)= 65 (1)
T T
AIsoO<9<E and0<¢< o
0<0 +¢<m.
from (1) 6+¢-cos4£
’ 65
cos™ 4 + cos? 2 = cos? 33
5 13 65

@ Exereise 3.3 )

1)  Find the principal values of the following :

(i) sin?t (%} (i) cosec™(2) (i) tan"(-1)

wan (5w (5] st ()

2)  Evaluate the following :

(i) tan”(1) +cos™ (%j +sin (%)
(ii) cos® (%) +2sint (%)

(iii) tan /3 —sec? (-2)




(iv) cosect (—\/E ) + cot? (\/5)

3) Prove the following :

0  sin (%}-3 sin L?) - —37”
(i)  sin? (—%j + cos’t (—?] = cos? (—%)
(i) sin® @j + cos’ (_ij = sint ( j

(iv) cosl( =5
1 1 V4
1 12 = =
tan- (2j+tan (3) 2
(vi) 2tan? (l) =tan? [gj
3 4
(vii) tan? {—“’59”?“9}:5% if0 c (—1,5]
cosf—sinf | 4 4 4
1-cos6 6
i) tans| if 6 < (0,
(viii) tan\Toop T 2" € (0, 7)

* An equation involving trigonometric function (or functions) is called a trigonometric equation.

* A value of o variable in a trigonometric equation which satisfies the equation is called a solution
of the trigonometric equation.

* Asolution o of a trigonometric equation is called a principal solution if 0 < a < 2.

* The solution of a trigonometric equation which is generalized by using its periodicity is called the
general solution.

* The general solution of sin6 =sinaisO=nmn+ (-1)" o, wheren € Z.

* The general solution of cosd = cos a is 6 =2nnt + o, where n € Z.

* The general solution of tan 6 =tan a is ® = nn + o, wheren € Z.

* The general solution of sin? 6 =sina is® = nn + a, where n € Z.

* The general solution of cos?0 =cos? ais® =nm + o, wheren € Z.

* The general solution of tan?6 =tan? o is® =nn + o, wheren e Z.

Let’s remember!
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a b c

* The Sine Rule : In AABC, — =— =—
sinA sinB sinC

= 2R, where R is the circumradius of AABC.

Following are the different forms of the Sine rule.
_ a b ¢
(0 sinA sinB sinC

=2R

(i) a=2RsinA,b=2RsinB, ¢ =2RsinC
i sinA_sinB _sinC
(i) a b C

=k

(iv) bsinA=asinB, csinB=bsinC, csinA=asinC
W) a_sinA b _sinB

b sinB'c sinC

* The Cosine Rule : In AABC,
a?=Db?+c?-2bccos A
b?=c?+a?- 2cacos B
c2=a?+b?-2abcosC

*  The Projection Rule : In AABC.
a=bcosC+ccosB
b=ccos A+acosC
c=acosB+bcosA
* Half angle formulae : In AABC , ifa+ b + ¢ = 2s then

(1) sin §= %ﬁs_c),sin%: /Wﬁin%: %t()s_b)

(i) cos A [S6=8) o B_ [S(7b) (, C_ [s(=C)
2 bc =2 ac = 2 ab

i) tan Ao [6=D)G-0) B _ [(s-a)s—c) ,,.C_ |(s-a)(s—b)
2 s(s—a) = 2 s(s-b) 2 s(s—c)

* Heron's Formula : If a,b,c are sides of AABC and a+ b + ¢ =2s then

A(AABC) = |/s(s—a)(s —b)(s —c)

«  Napier's Analogy : In AABC , tan (B_Cj— (b=¢) . A

2 ) (b+c) 2

* Inverse Trigonometric functions :
(1) sin(sinx) = x, for x € [-1,1]




(i) sin}(siny) =y, fory e [_Z,E}
2 2

(iii) cos(cos?x) =x, for x € [-1, 1]

(iv) cos?(cosy) =y, fory e [0, n]

(v) tan(tanix)=x,forx e R

(vi) tan-i(tany) =y, fory e (—%%)

(vii) cosec(cosec x) = x, forx eR —(-1,1)

(viii) cosec*(cosecy) =y, fory e [—%%} — {0}

(ix) sec(sec*x) =x, forx e R— (-1, 1)

(x) sec*(secy) =y, fory € [0, n] — {%}
(xi) cot(cot* x) =x, forx e R
(xii) cot*(coty) =y, fory e (0, =)

* Properties of inverse trigonometric functions :

1
(i) sin" x = cosec * (;) if-1<x<landx=0

. 1) .
(ii) cos ! x = sec? (;) if-1< x<landx=0

(iii) tan* x = cot™ (%) ifx>0

(iv) If =1 <x<1thensin?(-x) =-sin? (x)
(v) If =1 < x<1then cos*(—x) =t —cos*(x)
(vi) For all x € R, tan’}(x) = -tan *(x)

(vii) If |x| > 1 then cosec™(—x) = —cosec™(x)
(viii) If |x| > 1 then sec*(x) = = —sec(x)

(ix) For all x € R, cot*(—x) = m —cot*(x)

T
(X) If =1 <x<1thensinx +cos'x= )

T
(xi) Forx € R, tan* x + cot® x = )

(xii) Forx>1, cosec' x +sec' x = %
X+y
(xiii) Ifx >0,y >0andxy <1thentan®x+tan'y =tan? 1—xy
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X+
(xiv) Ifx >0,y >0and xy >1thentan’x +tanty=r+tan? - le

(xv) Ifx> 0,y >0andxy =1 then tan'1x+tan'ly:%

(xvi) If x >0,y >0thentan’ x-tan'y = tan’ (X—yj
1+xy

Miscellaneous Exercise 3

I)  Select the correct option from the given alternatives.

1) The principal of solutions equation sinf = _71 are

St & Tr 1lx 7 I iz

)?'E b)6'6 C) 5' 6 d) 56
2) The principal solution of equation cot 6 =+/3

T 1 T 57w

—, — b) —, —

6 6 6 6

r 8rx T x
9% 6 V%%

3) The general solution of sec x = V2 s
a) 2n7ri%, neZ b Znﬂ'i%, neZz

C) nﬂi%,nez, d) Znﬁi%,nez

4) If cos p 6 =cosg0, p = q rhen

_ 20z B
a)o= Eq b)6=2nn
c)b=2nm+p dnr +q

5) If polar co-ordinates of a point are (2, %j then its cartesian co-ordinates are

a) (2, v/2) b) (v2 ,2)
c) (2,2) d) (v2, v2)
6) If \/3 cosx —sin x = 1, then general value of x is
a) 2nz J_r% b) 2nz i%
¢) 2nr +2-2 d) nz +(-1)'Z
3 6 3
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7) In AABC if ZA=45° ~B =60° then the ratio of its sides are

a) 2:42:4/3+1 b) V2:2:3+1
c) 242:42:\3 d)2:242:3+1

8) INnAABC, ifc?+a?-b?=ac,then £ B=
T T T T
a)— b= ¢)= d)=
)4 )3 )2 )6

9) InABC,accosB-bccosA=

a) a?-b? b) b? - ¢?
c) c?-a? d) a?-b?-c?
10) Ifinatriangle, the arein A.P.and b :c = /3:,/2 then
a) 30° b) 60°
c) 75° d) 45°
14
11)  cos? [COS —j =
6
14 S
a) o b) 5
3z
72- E—
c) 5 d -
11) The value of cot (tan™ 2x + cot? 2x) is
a)0 b) 2x
C) m+ 2X d) m - 2x

12) The principal value of sin* (—?J is

_2r 4
2 ( 3) Ly
51 T
c) — d) ——
) 3 ) 3
13 If"1£+ P th =
) If sin s CcoS 13 =sin? a, then a =
a) 63 b) 62
65 65
61 60
%) &5 9 &5

14) Iftan (2x) + tan (3x) = %  then x =
1 2

a)-1 b) = c) — d

) ) 5 ) 5 )

Alis equal to




1 (1
15) 2tant |=|+tan"| = |= .
) 2tan (3] (7) e

A4 z
a) tan (5) b) >

T
c) 1 d)
16) tan (Ztan1 (Ej—ﬁjz :
5) 4
17 17
a) — b) - —
) 7 ) 7
7 7
c) — ) -
) 17 ) 17

17) The principal value branch of sec? x is

NEEETe

c) (O, d —1, z
) (07) )[(-2.2]
18) cos tan’11+tan*13 =
3 2
a) 1 b)ﬁ C)i )
J2 2 2 4
19) Iftan 6 + tan 20 + tan 36 = tanO tan 20 tan36, then the general value of the 0 is
a)n by
- -
6
7 nz
C) nﬂ'iz d) 2

20)  Ifany AABC, if a cos B = b cos A, then the triangle is
a) Equilateral triangle b) Isosceles triangle
c) Scalene d) Right angled

I1: Solve the following

1) Find the principal solutions of the following equations :

(i)sin206= —% (i) tan36 =-1 (iii)cotO6 =0

2) Find the principal solutions of the following equations :

(i) sin2 0 = —% (ii) tan5 0 = -1 (iii) cot20 = 0
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3) Which of the following equations have no solutions ?

1
(i)cos26 = 3 (if) cos?0=-1 (iii)2sin®=3 (iv)3sin6=5

4) Find the general solutions of the following equations :

i) tan 6 =3 ii) tan?6 =3 iii) sin 6 - cos 6 = 1 iv) sin?6 - cos? 6 =1

5) In AABC prove that cos (A;sz (a:bj sin %

. . sin(A-B)  a?-b?
6) With usual notations prove that — =—
sin (A+B) c

7) In AABC prove that (a—b)2 cos? %+(a+b)zsin2% =c?
8) In AABC if cosA = sin B — cos C then show that it is a right angled triangle.

sinA _sin(A-B) o .
sinC_ sin (B_C)then show that a?, b?, c?, are in A.P.

9) If

10) Solve the triangle in which a = V3+1-b=+/3-1and C =60°
11) In AABC prove the following :
()asin A-bsinB =csin (A-B)

c—bcosA cosB
b—-ccosA cosC

(i)
(iif) a?sin (B - C) = (b?>-c?) sinA

(iv) ac cos B - bc cos A = (a2 - b?)
cosA  cosB  cos C _ a’+b’+c’

v
V) a b C 2abc
_ C0s2A cos2B 1 1
M) e e e
B tanB—tancz:
(vii) . =

tan—+tan9
2 2
) . A B C .
12) In AABC ifa?, b?, c?, are in A.P. then cotE, cotE, cotE are also in A.P.

2 K2
13) In AABC if C = 90° then prove that sin(A - B) = :2 b
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cos A cos B

14) In AABC if then show that it is an isosceles triangle.

15) In AABC if sin2 A + sin2 B = sin2 C then prove that the triangle is a right angled triangle.
16) In AABC prove that a? (cos? B - cos? C) + b? (cos? C - cos? A) + ¢2 (cos? A-cos?B) =0

17) With usual notations show that (c? - a> + b?) tan A= (a?-b?>+c?) tan B = (b*-c?+a?) tan C

18) In AABC if ac052%+c coszgz% then prove thata , b ,c are in A.P.

. 13
19) Show that 25|n‘1g_tan =

20) Show that tan™' 1 + tan”' 1 + tan”' l+tcm‘1 1z
5 7 3 8 4
-1 l -1 1_ X -
21) Prove that tan™ +/x ZECOS Ty if xe[0,1]
_l_

22) Show that gl_gsin—llz_y - 2\/_
5 4 3 4 3

\/1+—x—\/1——xJ 7 1

=cos X, for——<x 1
V1+x+/1-x

7S

23) Show that tan‘l(

24) If sin(sin‘1%+ cos*x)=1 then find the value of x.

25) If tan™ Xl [ XL then find the value of x .
X—2 X+2) 4

26) If 2 tan (cos x ) = tan(cosec x) then find the value of x.
e (IEXY 1
27) Solve: tan™'| —— |=—tan™ X,forx >0
I+x) 2

28) If sin™'(1—x) —2sin" x :% then find the value of x .

29) If tan™ 2x +tan"* 3x =% then find the value of x.

30) Show that tan*11 —tanfll = tan*lg
2 4 9
31) Show that cot™ 1 tan* 1 =cot™ 3
3 3 4
32) Show that tgnt= 1 1tan’111
2 3 2



33) Show that cos™ £+ 2sin™! ﬁ _o7
2 2 6
34) Show that 2cot™ 3 +sec™t B_z
2 12 2
35) Prove the following :
[ 2 2
(i) cos'x = tan* 1-X ifx<0. (ii) cos'x = + tan* 1-x ifx<0
X X
g2
36) If |x| < 1, then prove that 2tan™ x = tan™ 2X2 =sin™ 2X2 =cos™ . Xz
1-x 1+x 1+x
X— —Z Z—X
37) If x, y, z, are positive then prove that tan A X2y +tan™ y-z +tan™! =0
1+ xy 1+yz 1+ 2zx

38)If tan~' x+tan y+tan~ z :% then, show that xy + yz + zx =1

39) If cos™ x + cos'y + cos z = m then show that x* + y* + 2% + 2xyz = 1.
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4 Pair of Straight Lines

Let's Study ~
4.1 Combined equation of a pair lines.
4.2 Homogeneous equation of degree two.
4.3 Angle between lines.
\4.4 General second degree equation in x and y. )

41 INTRODUCTION

We know that equation ax + by + ¢ =0, where a, b, ¢,€, R, (a and b not zero simultaneously),
represents a line in XY plane. We are familiar with different forms of equations of line. Now let's
study two lines simultaneously. For this we need the concept of the combined equation of two lines.

Eﬁ; Let’s learn.

4.1 Combined equation of a pair of lines :

An equation which represents two lines is called the combined equation of those two lines. Let
u=a x+b y+c andv=a,x+b,y+c, Equation u =0 and v = 0 represent lines. We know that
equation u + kv =0, k € R represents a family of lines. Let us interpret the equation uv = 0.

Theorem 4.1:

The equation uv = 0 represents,the combined equation of linesu=0andv =0
Proof : Consider the lines represented by u=0andv =0
ax+b y+c =0anda,x+b,y+c,=0.

Let P(x,, y,) be a point on the line u = 0.
(x,,y,) satisfy the equationa, x + b, y +¢, =0
ax+b y+c=0
To show that (x,, y,) satisfy the equation uv = 0.
(al X+ bl .t Cl) (az X+ bz . t Cz)
=0 (a2X1+ bz y. t Cz)
=0
Therefore (x_, y,) satisfy the equation uv = 0.
This proves that every point on the line u = 0 satisfy the equation uv = 0.
Similarly we can prove that every point on the line v = 0 satisfies the equation uv = 0.
Now let R(x',y") be any point which satisfy the equation uv = 0.
(@x +b y+c)@x+hb,y+c) =0
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(@ x+b,y+c)=0or(@ax+b,y+c) =0
Therefore R(x', y') lies on the lineu=0o0rv =0.
Every points which satisfy the equation uv = 0 lies on the line u = 0 or the line v =0.

Therefore equation uv = 0 represents the combined equation of linesu =0 and v = 0.
Remark :
1)  The combined equation of a pair of lines is also called as the joint equation of a pair of lines.

2) Equationsu=0and v = 0 are called separate equations of lines represented by uv = 0.

@ Solved Examples : )

Ex. 1) Find the combined equation of lines x+y—-2=0and2x-y+2=0

Solution : The combined equation of linesu=0andv =0isuv =20
The combined equation of linesx +y—-2=0 and2x-y+2=01s
(x+y-2)(2x-y+2)=0
X(2x-y+2)+y(2x-y+2)-2(2x-y+2)=0
2 =Xy +2X+2xy —y? + 2y —4x+ 2y -4 =0
2C+Xy—-y?=2x+4y-4=0

Ex. 2) Find the combined equation of linesx-2=0andy +2=0.

Solution : The combined equation of lines u=0andv=0isuv =0.
.. The combined equation of linesx-2=0andy+2=0is
(x=2)(y+2)=0
XY+ 2x-2y-4=0
Ex. 3) Find the combined equation of linesx -2y =0and x +y =0.

Solution : The combined equation of lines u=0andv=0isuv=0.
.. The combined equation of linesx—-2y=0andx+y =0is
(x-2y)(x+y)=0
X=Xy =2y?=0
Ex. 4) Find separate equation of lines represented by x?—y?+x+y=0.

Solution : We factorize equation x2—y?>+x+y =0 as
x+y) (x-y)+(x+y)=0
L(x+y)(x=-y+1)=0
Required separate equationsare x+y =0 and x—-y+1 =0.
4.2  Homogeneous equation of degree two:
4.2.1 Degree of a term:
Definition: The sum of the indices of all variables in a term is called the degree of the term.

For example, in the expression x? + 3xy — 2y? + 5x + 2 the degree of the term x?is two, the
degree of the term 3xy is two, the degree of the term —2y?is two, the degree of 5x is one. The degree
of constant term 2 is zero. Degree of '0" is not defined.

4.2.2 Homogeneous Equation :
Definition: An equation in which the degree of every term is same, is called a homogeneous
equation.
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For example: x2 + 3xy =0, 7xy —2y? =0, 5x? + 3xy — 2y? = 0 are homogeneous equations.
But 3x? + 2xy + 2y?+ 5x = 0 is not a homogeneous equation.
Homogeneous equation of degree two in x and y has form ax? + 2hxy + by?= 0.

Theorem 4.2 :

The combined equation of a pair of lines passing v
through the origin is a homogeneous equation of degree
two inx andy.

Proof: Letax+b y=0and a,x+b,y=0 be any two
lines passing through the origin.

Their combined equationis (ax +b,y) (a,x +b,y) =0
a a,x*+ab,xy+ab xy+bhb,y> =0 .
(a,a,) X2 +(ab, +ab)xy+ (b,b)y> =0 X O X

In this if we put aa, = aa, b,+ab, = 2h,

b.b, =b, we get, ax* + 2hxy + by> = 0, which is a

homogeneous equation of degree two in x and y. Y

ax+hy=0

ax+hby=0

Figure 4.2

Ex.1) Verify that the combined equation of lines 2x + 3y =0 and x — 2y = 0 is a homogeneous equation
of degree two.

Solution :

The combined equation of lines u=0andv=0isuv=0.
.. The combined equation of lines 2x + 3y=0and x -2y =01is
(2x+3y)(x=2y) =0
2x% — xy — 6y?= 0, which is a homogeneous equation of degree two.
Remark :

The combined equation of a pair of lines passing through the origin is a homogeneous equation
of degree two. But every homogeneous equation of degree two need not represent a pair of lines.

Equation x?+y? =0 is a homogeneous equation of degree two but it does not represent a pair
of lines.

How to test whether given homogeneous equation of degree two represents a pair of lines or

not?
Let's have a theorem.

Theorem 3 : Homogenous equation of degree two in x and
y, ax> +2hxy + by? = 0 represents a pair of lines passing
through the originifh?—ab > 0.

Proof : Consider the homogeneous equation of degree two
inxandy, ax? +2hxy + by? =0 - (1)

Consider two cases b = 0 and b == 0. These two cases are
exhaustive.

Case 1: If b =0 then equation (1) becomes ax? +2hxy =0

x(ax +2hy ) =0, which is the combined equation of
lines
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x =0 and ax+2hy = 0.
We observe that these lines pass through the origin.
Case 2: If b == 0 then we multiply equation (1) by b.
abx? + 2hbxy + b%? =0
b%y? + 2hbxy = - abx?
To make L.H.S. complete square we add h2x? to both sides.
b%y? + 2hbxy + h2x? = h*x?— abx?
(by + hx)?=(h? —ab)x?

(by +hx)2:( hz—ab)zxz, ash?—ab>0

(by +hxp— (ViZ—ab) ¢ =0

(by +hx + A —ab x )by +hx— 2 —abx) =0
[(h+ Nn? —ab) x +by] x [(h— /A" —ab ) X +by] = 0

Which is the combined equation of lines (h + \/4* —ab ) x +by =0 and (h— /4% —ab ) X +by = 0.

: o —h—h* —ab
As b # 0, we can write these equations in the formy =m,  x andy = m.x, where m_ = —

_ —h+~h —ab .

and m, =
b
We observe that these lines pass through the origin.

Therefore equation abx? + 2hbxy + by? = 0 represents a pair of lines passing through the origin
ifh2—ab > 0.

Remarks:

1) If h?—ab > 0 then line represented by (1) are distinct.

2) Ifh?—ab =0 then lines represented by (1) are coincident.

3) Ifh?—ab <0 then equation (1) does not represent a pair of lines.

4) If b =0 then one of the lines is the Y - axis, whose slope is not defined and the slope of the

other line is —Z—C;l ( provided that h == 0).

~h—~h* —ab

5) Ifh*-ab>0andb == 0 then slopes of the lines are m = — and
—~h+h* —ab
m=——
b 2h a
Theirsumism +m, = s and product is m m, = 5

The quadratic equation in m whose roots are m, and m, is given by
m?—(m+m,) m+m,=0

mz—(—%jm+2:0




bm?+2hm+a=0 ... (2)

Equation (2) is called the auxiliary equation of equation (1). Roots of equation (2) are slopes of lines
represented by equation (1).

@ Solved Examples )

Ex. 1) Show that lines represented by equation x? — 2xy — 3y? =0 are distinct.
Solution : Comparing equation x?—2xy — 3y? = 0 with ax? + 2hxy + by? =0, we get
a=1,h=-1and b=-3.

he—ab = (17 - (1) (-3)
=1+3
=4>0
As h?—ab > 0, lines represented by equation x? — 2xy — 3y? = 0 are distinct.
Ex. 2) Show that lines represented by equation x2 — 6xy + 9y? = 0 are coincident.
Solution : Comparing equation x2—6xy + 9y? =0 with ax®> + 2hxy + by> =0, we get
a=1,h=-3andb=09.
h?—ab=(-3)*-(1) (9)
=9-9=0
As h?—ab > 0, lines represented by equation x> — 6xy + 9y? = 0 are coincident.
Ex. 3) Find the sum and the product of slopes of lines represented by x? + 4xy — 7y? = 0.
Solution : Comparing equation x2 + 4xy — 7y?> =0 with ax®? + 2hxy + by> =0,wegeta=1,h=2
and b =-7.
If m, and m, are slopes of lines represented by this equation then

2h _a
m,+m, :—7 and m,m, = b

. _ T4 _4 _ L1
. m+m, =75 —;andmlmz—— =

=7 7

: .4 1
Their sum is 7 and products is — 5

Ex. 4) Find the separate equations of lines represented by
i) x2—=4y? =0
i) 3x2—7xy+4y> =0
i) x*+2xy-y?=0
iv) 5x2—3y?=0
Solution i) x*—4y? =0
So(x=2)(x+2y)=0
Required separate equations are
X—-2y=0andx+2y=0
i) 3x2—7xy+4y?2 =0




. 3X>=3xy —4xy + 4y =0
SoX(X=y)—4y(x-y)=0
o (x=y)(3x-4y)=0
Required separate equations are
Xx—-y=0and3x-4y=0
i) x>+ 2xy —y>=0
The corresponding auxiliary equation is bm?+ 2hm+a =0
o -m2+2m+1=0
m>—2m-1=0
248 2+2\2
m== "2
=1+2
Slopes of these lines are
m=1++2 andm,=1- 2
. Required separate equations are
y=m xandy=m,x
Ly=(1+J2)xandy=(1- 2)x
L+ 2)x-y=0and(1- /2 )x-y=0
iv) 5x2-3y*=0
. (VBX)?-(V3y)*=0
n(WBx=3y) (WBx+ \3y)=0
.. Required separate equations are
J5x- /3y =0 and /5x+ /3y =0
Ex. 5) Find the value of k if 2x +y = 0 is one of the lines represented by 3x? + kxy + 2y = 0.
Solution : Slope of the line 2x +y=0is -2
As 2x +y =0 is one of the lines represented by 3x? + kxy + 2y? = 0, -2 is a root of the auxiliary
equation 2m? + km +3 =0
5o 2(-22+k(-2)+3=0

. 8-2k+3=0
s =2k+11=0

11
so2k=11 o k= EX

Alternative Method : As 2x +y =0 is one of the lines represented by 3x2 + kxy + 2y? = 0, co-ordinates
of every point on the line 2x + y = 0 satisfy the equation 3x? + kxy + 2y? = 0.

As (1, -2) is a point on the line 2x +y = 0, it must satisfy the combined equation.
oo 3(1)2 +k(1)(-2) +2(-2)2=0
so—=2k+11=0

so2k=11 k= —.




Ex. 6) Find the condition that the line 3x — 2y = 0 coincides with one of the lines represented by
ax? + 2hxy + by? = 0.
Solution : The corresponding auxiliary equation is bm? +2hm + a = 0.

As line 3x — 2y = 0 coincides with one of the lines given by ax? + 2hxy + by? = 0, its slope 3 is a root
of the auxiliary equation. 2

3
" 5 is a root of bm? + 2hm+a=0

(zj 3,
.b2+2h2+a—0

. 2b+3n+a=0
4

- 4a+ 12h + 9b = 0 is the required condition.

Ex.7) Find the combined equation of the pair of lines passing through the origin and perpendicular
to the lines represented by 3x? + 2xy —y? = 0.
Solution : Let m.and m, are slopes of lines represented by 3x* + 2xy —y* = 0.

a 3
andm m,= 7 = 3
Now required lines are perpendicular to given lines.

. 1
. Their slopes are L and - —

1 m,

And required lines pass through the origin.

. Their equations are y = _1 xandy= _mi X
my=-xandmy=-x ' ?
wx+my=0and x+m,y=0
Their combined equation is (x +m_y) (x+m,y)=0
X+ (MmAm)xy +mm,y>=0
L2 (2)xy + (-3)y? =0
X2+ 2xy—3y?=0
Ex.8) Find the value of k, if slope of one of the lines represented by 4x? + kxy + y2 = 0 is four times
the slope of the other line.
Solution : Let slopes of the lines represented by 4x? + kxy + y? = 0 be m and 4m,
their sumism + 4m =5m
-k

But their sum is_TZh =7 =-k
. Bm=-k

—k
~m=— .. (1

- -




Now their product is (m) (4m) = 4m?

. a4
But their product is »=71° 4
Sodm?i=4
m?=1...(2)

oo ke=25
o k=415

@ Exercise 4.1)

1)  Find the combined equation of the following pairs of lines:
)2x+y=0 and3x-y=0
)x+2y-1=0andx-3y+2=0
iii) Passing through (2,3) and parallel to the co-ordinate axes.
iv) Passing through (2,3) and perpendicular to lines 3x + 2y —1=0andx-3y +2 =0
V) Passsing through (-1,2),one is parallel to x + 3y — 1 = 0 and the other is perpendicular to
2x-3y-1=0.
2)  Find the separate equations of the lines represented by following equations:
i) 3y2+7xy =0
i) 5x2-9y?2=0
i) x> —4xy =0
iv) 3x?—10xy —8y?=0
V) 3x2—23xy-3y?=0
Vi) X2 + 2(cosec a)xy +y>=0
vii) x>+ 2xytana—y?=0
3) Findthe combined equation of a pair of lines passing through the origin and perpendicular
to the lines represented by following equations :
i) 5x2—8xy + 3y =0
i) 5x2 + 2xy - 3y?=0
i) xy+y> =0
iv) 3x*—4xy =0

4)  Find k if,
i) the sum of the slopes of the lines represented by x? + kxy — 3y? = 0 is twice their product.
ii) slopes of lines represent by 3x? + kxy — y? = 0 differ by 4.
iii) slope of one of the lines given by kx? + 4xy — y? = 0 exceeds the slope of the other by 8.
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5)

6)
7)
8)

9)

Find the condition that :

i) the line 4x + 5y = 0 coincides with one of the lines given by ax? + 2hxy + by? = 0.

ii) the line 3x +y = 0 may be perpendicular to one of the lines given by ax? + 2hxy + by? = 0.
If one of the lines given by ax? + 2hxy + by? = 0 is perpendicular to px + gy = 0 then show that
ap? + 2hpq + bg? = 0.

Find the combined equation of the pair of lines passing through the origin and making an
equilateral triangle with the line y = 3.

If slope of one of the lines given by ax? + 2hxy + by? = 0 is four times the other then show that
16h? = 25ab.

If one of the lines given by ax? + 2hxy + by? = 0 bisects an angle between co-ordinate axes then
show that (a +b)? = 4h2,

4.3 Angle between lines represented by ax? + 2hxy + by? = 0:

If we know slope of a line then we can find the angles made by the line with the co-ordinate

axes. In equation ax? + 2hxy + by? = 0 if b = 0 then one of the lines is the Y - axis. Using the slope of
the other line we can find the angle between them. In the following discussion we assume that b = 0,
so that slopes of both lines will be defined.

If m,and m, are slopes of these lines then m m,= ¢
b
We know that lines having slopes m, and m, are perpendicular to each other if and only if
m,m,=-1.
a

oy -1

La=-=b

a+b=0

Thus lines represented by ax? + 2hxy + by? = 0 are perpendicular to each other if and only if
a+b=0.
If lines are not perpendicular to each other then the acute angle between them can be

obtained by using the following theorem.
Theorem 4.4 : The acute angle 6 between the lines represented by ax? + 2hxy + by? = 0 is given by

2\ h* —ab

tand = a+h

Proof : Let m and m, be slopes of lines represented by the equation ax® + 2hxy + by = 0.

. __2h _a
. m+m, ——7 and m,m,= b

so(mp=m)?=(m +m)*—4m m

oR

4h*  4ab

b b

2




y=mx

X A
@]

As 0 is the acute angle between the lines,
m —m,

tan 0 =
I+mm,

><\l

2 Figure 4.4
+ 2\h" —ab

b

1+4
b

2N h* —ab

a+b

Remark : Lines represented by ax? + 2hxy + by? = 0 are coincident if and only if m,=m,
S m,—m,=0
- 2h —ab -0
' b
S h—ab=0
s h=ab

Lines represented by ax? + 2hxy + by? = 0 are coincident if and only if 4* =ab.

@ Solved Examples)

Ex.1) Show that lines represented by 3x? — 4xy — 3y? = 0 are perpendicular to each other.
Solution : Comparing given equation with ax? + 2hxy + by’ =0we geta=3,h=-2and b = -3.
Asa+b=3+(-3) =0, lines represented by 3x? — 4xy — 3y? = 0 are perpendicular to each other.
Ex. 2) Show that lines represented by x2 + 4xy + 4y? = 0 are coincident.
Solution : Comparing given equation with ax? + 2hxy + by? =0, we geta=1,h=2and b = 4.
As, h? —ab = (2)? — (1)(4)
=4-4=0
.. Lines represented by x? + 4xy + 4y? = 0 are coincident.




Ex.3) Find the acute angle between lines represented by:
i) x2+xy=0
i) x¥*—4xy+y>=0
i) 3x2+2xy-y?=0
V) 2x2—6xy +y?2=0

V) xy+y*=0
Solution :
1

i)  Comparing equation x? + xy = 0 with ax? + 2hxy + by? =0, wegeta=1,h= 5 andb=0.

Let © be the acute angle between them.

1
Vi —ab| 2570
tan 6 = T atb |7 1 =1
= ° = i
0 = 45 1

i) Comparing equation x? — 4xy + y? = 0 with ax® + 2hxy + by?=0, wegeta=1,h=-2and b =1.
Let 0 be the acute angle between them.

2\ h* —ab

s tan 0 = a+h
_ 2#4—1:=J§
2
.0 =60°=7%

-3
iii) Comparing equation 3x* + 2xy — y> = 0 with ax? + 2hxy + by =0, wegeta=3,h=1and b = -1.
Let 0 be the acute angle between them.

2N W —ab

tan 0 = ath
_ 24143 _9
2
6 =tan? (2)

iv) Comparing equation 2x? — 6xy + y? = 0 with ax? + 2hxy + by? =0, wegeta=2,h=-3andb=1.
Let 6 be the acute angle between them.

2\h? —ab

Stan 0 = ath
2J9-2| 247 [ﬂ]
3| 3 3




1
v) Comparing equation xy + y? =0 with ax? + 2hxy + by?=0, wegeta=0,h = > andb=1.
Let © be the acute angle between them.

2\ h* —ab

sotan 0= ath

S0 =45°=1
4

Ex.4) Find the combined equation of lines passing through the origin and making angle % with the
line3x+y-6 =0.
Solution : Let m be the slope of one of the lines which make angle % with the line 3x+y—6 = 0. Slope
of the given line is 3.

_ o m-—(-3)
o tang = —1+m(_3)
_ L_‘m+3
3 |1-3m

2(1=3m)? =3(m +3)?
29m?—6m+ 1=3(m2+6m +9)
-.9m2 —6m + 1 =3m2+ 18m + 27
5.6m?2—-24m-26=0
~3m?2-12m-13=0
This is the auxiliary equation of the required combined equation.
The required combined equation is —13x? — 12xy + 3y? =0
2 13x%2+ 12xy — 3y?=0
Ex. 5) Find the combined equation of lines passing through the origin and each of which making

angle 60° with the X - axis.
Solution :

Let m be the slope of one of the required lines.
The slope of the X - axis is 0. As required lines make angle 60° with the X - axis,

o m-0
tan 60° = —1+(m)(0)
o A3 =m|
Som2=3

.. m2+0m - 3 =0 is the auxiliary equation.
.. The required combined equation is
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—3x2+ 0xy +y2=0

32 —y?=0
Alternative Method: As required lines make angle 60° with the X - axis, their inclination are 60°
and 120°. Hence their slopes are /3 and —+/3..
Lines pass thorugh the origin. Their equations arey = \/3xandy = — \/3x

. J3x-y=0and 3x+y=0

Their combined equation is ( \/3Xx—Y)(\/3Xx+Yy)=0

L3 —-y2=0

@ Exercise 4.2 )

1)  Show that lines represented by 3x? — 4xy — 3y?= 0 are perpendicular to each other.
2)  Show that lines represented by x2 + 6xy + gy?= 0 are coincident.
3) Find the value of k if lines represented by kx? + 4xy — 4y?= 0 are perpendicular to each other.
4)  Find the measure of the acute angle between the lines represented by:
i) 3x2—4/3xy+3y?=0
i) 4x2+5xy +y?=0
iii) 2x2 + 7xy + 3y?=0
iv) (a2 — 3b%)x? + 8abxy + (b? - 3a?)y?=0
5) Find the combined equation of lines passing through the origin each of which making an angle
of 30° with the line 3x + 2y—11 =0
6) Ifthe angle between lines represented by ax? + 2hxy + by? = 0 is equal to the angle between lines
represented by 2x? — 5xy + 3y? = 0 then show that 100(h? — ab) = (a + b)2.
7)  Find the combined equation of lines passing through the origin and each of which making
angle 60° with the Y- axis.

4.4  General Second Degree Equation in x and y:

Equation of the form ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, where at least one of a,b,h is not
zero, is called a general second degree equation in x and y.

Theorem 4.5 :The combined equation of two lines is a general second degree equation in x and y.

Proof: Letu=ax+b,y+candv=ax+h,y+c, Equationsu=0and v = 0 represent lines. Their
combined equation is uv = 0.
s(ax+by+c)(@x+by+c)=0
aax>+abxy+acx+baxy+bby +bcy+cax+chy+cc,=0
Writing a,a,=a, b,b,=b,ab,+ab =2h,ac,+ac =2g,bc,+bc =2fcc,=c,
we get, ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, which is the general equation of degree two in x and y.

Remark : The converse of the above theorem is not true. Every general second degree equation in x
and y need not represent a pair of lines. For example x? + y>= 25 is a general second degree equation
in x and y but it does not represent a pair of lines. It represents a circle.
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Equation x?+y?—4x + 6y +13 = 0 is also a general second degree equation which does not represent
a pair of lines. How to identify that whether the given equation represents a pair of lines or not?

4.4.1 The necessary conditions for a general second degree equation.
ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 to represent a pair of lines are:
i) abc + 2fgh —af 2— bg? — ch?=0 ii)hz—ab> 0
Remarks :
If equation ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of lines then
1) These lines are parallel to the line represented by ax? + 2hxy + by? =0
2\Nh* —ab
a+b
3) Condition for lines to be perpendicular to each otherisa + b =0.
4) Condition for lines to be parallel to each other is h? —ab = 0.
5) Condition for lines to intersect each other is h? — ab > 0 and the co-ordinates of their point

of intersection are (hf —bg gh—af )

2) The acute angle between them is given by tan 6 =

ab—h*" ab—h’
a h g
6) The expression abc + 2fgh — af > bg? — ch? is the expansion of the determinant |2 b f
g f ¢

7) The joint equation of the bisector of the angle between the lines represented by
ax?+2hxy+by?= 0 is hx>—(a—b) xy — hy?= 0. Here coefficient of x?>+ coefficient of y?= 0.
Hence bisectors are perpendicular to each other

@ Solved Examples )

Ex.1) Show that equation x? — 6xy + 5y? + 10x — 14y + 9 = 0 represents a pair of lines. Find the acute
angle between them. Also find the point of their intersection.

Solution: We have x? — 6xy + 5y>= (X — 5y)(x — y)
Suppose x? — 6xy + 5y2+ 10x — 14y + 9= (x =5y + ¢) (x -y + k)
oo X2—6xy +5y?+ 10x — 14y + 9 =x?— 6xy + 5y?+ (c + K)x — (¢ + 5k)y + ck
.. c+k =10,c+5k=14andck=9
We observe that ¢ = 9 and k = 1 satisfy all three equations.
.. Given general equation can be factorized as (x -5y +9) (x -y +1) =0
.. Given equation represents a pair of intersecting lines.

The acute angle between them is given by

_|2Vh’—ab| |2 (—3)2—(1)(5)‘ 2
tan 6 = —a+b = 125 =3
S B=tant [Ej

3




Their point of intersection is given by

(hf—bg gh—afJ_ 21-25 —15+7
ab—h*"ab-1*) \ 5-9 ° 5-9

j =(1.2)

Remark :
Note that condition abc + 2 fgh — af 2~ bg? — ch? = 0 is not sufficient for equation to represent
a pair of lines. We can't use this condition to show that given equation represents a pair of lines.
Ex.2) Find the value of k if the equation 2x? + 4xy — 2y? + 4x + 8y + k = 0 represents a pair of lines.
Solution: Comparing given equation with ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 we get
a=2,b=-2,c=k,f=4,g=2,h=2.
As given equation represents a pair of lines, it must satisfy the necessary condition.
.. abc + 2fgh —af2— bg? — ch?=0
- (2)(=2) (k) +2(4)(2)(2) - 2(4)* - (-2)(2)* - (K)(2)* =0
-4k +32-32+8-4k=0
. 8k=8
k=1,
Ex.3) Find p and q if the equation 2x?+ 4xy — py? + 4x + qy + 1 =0 represents a pair of perpendicular
lines.
Solution: Comparing given equation with ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 we get

a=2,b=-p,c=1, f= g g=2,h=2

Ea
As lines are perpendicular to each other, a + b=0
L 2+(-p)=0
L p=2

As given equation represents a pair of lines, it must satisfy the necessary condition.
.. abc + 2fgh —af 2— bg? —ch?=0

~en w22 (gj - (PP -1(2F =0

2
—2p+4q—q?+4p_4:0

2

2p+4q—q?—4 =0 ..(1)

substituting p=2in (1), we get
2

~2Q)+49-9 —4=0
2

2

4q—q? =0..8q-0¢°=0

5 q@8-0q)=0
... g=0o0rgq=38




Ex.4) A OAB is formed by lines x? — 4xy + y?=0 and the line x + y — 2 = 0. Find the equation of the

median of the triangle drawn from O.

Solution : Let the co-ordinates of Aand B be (x,, y,) and (x,, y,) respectively.

The midpoint of segment AB is

P m’ Yit),

2 2
The co-ordinates of A and B can be obtained
by solving equations x +y — 2 =0 and
X2 — 4xy + y? = 0 simultaneously.
puty=2-—xinx%—4xy +y2=0.
X2—4x(2-x)+(2-x)?=0

S 6P —12x+4=0
s3X—-6x+2=0
x, and x, are roots of this equation.
X + X = ___6 =
1 2 3
X +X,

2
The x co-ordinate of P is 1.
AsP liesonthelinex+y—-2=0

L1l+y-2=0 ~y=1
.. Co-ordinates of P are (1,1).

The equation of the median OP is y=0 =—

x—0
1-0 1-0

Ly =x o x=y =0.

@ Exercise 4.3)

1)

2)
3)
4)

5)

6)

Find the joint equation of the pair of lines:

YA

Figure 4.5

i) Through the point (2, —1) and parallel to lines represented by 2x? + 3xy — 9y? = 0
ii) Through the point (2, —3) and parallel to lines represented by x> + xy —y?2 =0

Show that equation x2 + 2xy + 2y? + 2x + 2y + 1 = 0 does not represent a pair of lines.

Show that equation 2x? — xy — 3y? — 6x + 19y —
Show the equation 2x? + Xy —y2 + x + 4y - 3 =

angle between them.

20 = 0 represents a pair of lines.
0 represents a pair of lines. Also find the acute

Find the separate equation of the lines represented by the following equations :

) (x=2P-3(x-2)(y+1) +2(y+1)*=0
i) 10(x + 1>+ (x + 1)(y-2) -3(y-2)*=0

Find the value of k if the following equations represent a pair of lines :

i) 3x>+ 10xy + 3y?+ 16y +k =0
i) kxy +10x+6y +4 =0
i) x>+ 3xy+2y?+x-y+k=0




7)
8)
9)
10)

11)

W Let’s remember!

Findpandqiftheequation px?—8xy + 3y2+14x+ 2y + =0 representsapair of perpendicular lines.
Find p and q if the equation 2x? + 8xy + py? + gx + 2y — 15 = 0 represents a pair of parallel lines.

Equations of pairs of opposite sides of a parallelogram are x> — 7x + 6 = 0 and y>~14y + 40 = 0.
Find the joint equation of its diagonals.

AOAB is formed by lines x? — 4xy + y? = 0 and the line 2x + 3y — 1 = 0. Find the equation of the
median of the triangle drawn from O.

Find the co-ordinates of the points of intersection of the lines represented by x?—y?—2x + 1 =0.

An equation which represents two lines is called the combined equation of those two lines.
The equation uv = 0 represents the combined equation of linesu =0 and v = 0.

The sum of the indices of all variables in a term is called the degree of the term.

An equation in which the degree of every term is same, is called a homogeneous equation.

The combined equation of a pair of lines passing through the origin is a homogeneous equation
of degree two in x and y.
Every homogeneous equation of degree two need not represents a pair of lines.
A homogeneous equation of degree two in x and y, ax?> +2hxy + by? = 0 represents a pair of lines
passing through the origin if h? —ab > 0.
If h?—ab > 0 then lines are distinct.
If h? —ab =0 then lines are coincident.
: ~h—~h*—ab ~h+~h*—ab
Slopes of these lines are m, = — and m, = —
a
b
The quadratic equation in m whose roots are m and m, is given by bm* + 2hm + a = 0, called the
auxiliary equation.

Lines represented by ax? +2hxy + by? = 0 are perpendicular to each other if and only if
a+b=0.

Lines represented by ax? +2hxy + by? = 0 are coincident if and only if h> —ab = 0.
The acute angle 6 between the lines represented by ax? +2hxy + by? = 0 is given by
2\h* —ab

a+b

Their sumis, m +m, = —% and product is, m m_=

tan 0 =

Equation of the form ax? +2hxy + by? +2gx +2fy + ¢ = 0 is called a general second degree
equation in x and y.

The combined equation of two lines is a general second degree equation in x and y.

The necessary conditions for a general second degree equation

ax? +2hxy + by? +2gx +2fy + ¢ = 0 to represent a pair of lines are:

i) abc + 2fgh — af 2 — bg>~ch?=0 ii)h?—ab>0
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a h g
* The expression abc + 2fgh — af 2 — bg?>— ch? is the expansion of the determinant (2 b [
_ o g f c
* Ifequation ax? +2hxy + by? +2gx +2fy + ¢ = 0 represents a pair of lines then
1) These lines are parallel to the lines represented by ax®> +2hxy + by? = 0.

2\ h? —ab

2) The acute angle between them is given by tan 6 = ;
a-+

3) Condition for lines to be perpendicular to each otherisa + b =0.
4) Condition for lines to be parallel to each other is h? —ab = 0.
5) Condition for lines to intersect each other is h? — ab > 0 and the co-ordinates of their point of

hf —bg gh—afj
a1 ab— I

MISCELLANEOUS EXERCISE 4

I - Choose correct alternatives.
1) If the equation 4x? +hxy +y2 =0 represents two coincident lines, then h =

intersection are (

A)+2 B)+3
C)+4 D)+5
2)  If the lines represented by kx?— 3xy + 6y? = 0 are perpendicular to each other then
A) k=6 B)k =-6
C)k =3 D)k =-3
3)  Auxiliary equation of 2x? +3xy —9y? =0 is
A)2m*+3m-9=0 B)9m?-3m-2=0
C)2m?-3m+9=0 D)-9m?-3m+2=0
4)  The difference between the slopes of the lines represented by 3x? —4xy + y> =0 is
A) 2 B) 1
C)3 D) 4
5)  Ifthe two lines ax? +2hxy + by? = 0 make angles a and 3 with X-axis, then tan (a+ ) =
h h
A) a+b B) a—b
C) 2h D) 2h
a+b a-b
. x> 2xy P .
6)  If the slope of one of the two lines o +T+ e 0 is twice that of the other, then ab:h?>=__
A)l:2 B)2:1




7)

8)

9)

10)

11)

12)

13)

14)

C)8:9 D)9:8
The joint equation of the lines through the origin and perpendicular to the pair of lines
32 +4xy—-5y?=0is

A) 5x% +4xy —3y?=0 B) 3x2 +4xy —5y?=0
C)3x2 —4xy+5y?=0 D) 5% +4xy + 3y?=0

If acute angle between lines ax? +2hxy + by? =0 is, % then 4h? =
A) a2 + 4ab + b? B) a? + 6ab + b?

C) (a + 2b)(a + 3b) D) (a — 2b)(2a + b)

If the equation 3x? — 8xy + qy?+ 2x +14y +p = 1 represents a pair of perpendicular lines then
the values of p and q are respectively

A) -3 and -7 B) -7 and -3

C)3and7 D) -7and 3

The area of triangle formed by the lines x? +4xy +y2=0andx—-y—-4=01s
4 : 8 .

A) E Sq. units B) f Sq. units
16 . 15 .

C) ﬁ Sg. units D) E SQ. units

The combined equation of the co-ordinate axes is

A x+y=0 B)xy=k

C)xy=0 D)x—-y=k

If h?2= ab, then slope of lines ax? +2hxy + by? = 0 are in the ratio

A)l:2 B)2:1

C)2:3 D)1:1

If slope of one of the lines ax? +2hxy + by? = 0 is 5 times the slope of the other, then 5h? =

A) ab B) 2ab

C)7ab D)9ab

If distance between lines (x — 2y)? + k(x — 2y) = 0 is 3 units, then k =
A+ 3 B)+ 5,5

C)0 D)+ 3.5

Solve the following.

1) Find the joint equation of lines:

)x—y=0andx+y=0

i)x+y—-3=0and 2x+y-1=0

iii) Passing through the origin and having slopes 2 and 3.

iv) Passing through the origin and having inclinations 60° and 120°.
v) Passing through (1,2) amd parallel to the co-ordinate axes.

vi) Passing through (3,2) and parallel to the linex=2 and y = 3.
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2)

3)

4)

5)

6)
7)
8)

9)

vii)Passing through (-1,2) and perpendicular to the linesx + 2y + 3=0and 3x —4y -5 =0.
viii) Passing through the origin and having slopes 1 + \/3and 1 —/3
iX) Which are at a distance of 9 units from the Y - axis.

x) Passing through the point (3,2), one of which is parallel to the line x — 2y = 2 and other is
perpendicular to the liney = 3.

xi) Passing through the origin and perpendicular to the lines x + 2y = 19 and 3x + y = 18.
Show that each of the following equation represents a pair of lines.

i) x2+2xy—y*=0

i) 42+ 4xy +y>=0

i) x? —y>=0

iV) X2 +7xy —2y?=0

V)2 —2./3xy—y?=0

Find the separate equations of lines represented by the following equations:

i) 6x2 —5xy — 6y>=0

i) x> —4y?=0

i) 3x2 —y?2=0

iv) 2x2 +2xy —y?=0

Find the joint equation of the pair of lines through the origin and perpendicular to the lines
given by :

i)x2 +4xy —5y?=0

i) 2x2 —=3xy —9y?=0

i) x> +xy—-y>=0

Find k if

i) The sum of the slopes of the lines given by 3x? + kxy —y? = 0 is zero.

ii) The sum of slopes of the lines given by 2x? + kxy — 3y? = 0 is equal to their product.
iii) The slope of one of the lines given by 3x? — 4xy + ky? =0 is 1.

iv) One of the lines given by 3x?— kxy + 5y? = 0 is perpendicular to the 5x + 3y = 0.

v) The slope of one of the lines given by 3x? + 4xy + ky? = 0 is three times the other.

vi) The slopes of lines given by kx? + 5xy + y? = 0 differ by 1.

vii) One of the lines given by 6x2 + kxy +y?=01is2x +y =0.

Find the joint equation of the pair of lines which bisect angle between the lines given by
X2 +3xy+2y2=0

Find the joint equation of the pair of lies through the origin and making equilateral triangle
with the line x = 3.

Show that the lines x> — 4xy + y?> =0 and x + y = 10 contain the sides of an equilateral triangle.
Find the area of the triangle.

If the slope of one of the lines represented by ax? + 2hxy + by? = 0 is three times the other then
prove that 3h? = 4ab.




10)

11)
12)

13)

14)
15)
16)
17)
18)
19)

20)

21)

22)
23)

24)
25)

26)

Find the combined equation of the bisectors of the angles between the lines represented by
5x2 + 6xy — y? = 0.
Find a if the sum of slope of lines represented by ax? + 8xy + 5y = 0 is twice their product.

If line 4x — 5y = 0 coincides with one of the lines given by ax® + 2hxy + by? = 0 then show that
25a + 40h + 16b = 0.

Show that the following equations represent a pair of lines, find the acute angle between them.
i)9x2 —6xy +y2+18x— 6y +8=0

i) 2x% +xy —y?+x+4y-3=0

i) (x—=3)>+(x—3) (y—4) - 2(y—4)°’=0

Find the combined equation of pair of lines through the origin each of which makes angle of
60° with the Y-axis.

If lines represented by ax? + 2hxy + by? = 0 make angles of equal measures with the co-ordinate
axes then show that a==+b.

Show that the combined equation of a pair of lines through the origin and each making an
angle of o with the line x +y =0 is x*+ 2(sec 2a) xy + y? =0.

Show that the line 3x + 4y + 5 = 0 and the lines (3x + 4y)? — 3(4x — 3y)? =0 form an equilateral
triangle.

Show that lines x2 — 4xy + y>=0and x +y = /g form an equilateral triangle. Find its area and
perimeter.

If the slope of one of the lines given by ax® + 2hxy + by? = 0 is square of the other then show
that a*b + ab? + 8h*® = 6abh.

Prove that the product of lengths of perpendiculars drawn from P (x,, y,) to the lines repersented
ax’ +2hx,y, +by?

by ax? + 2hxy + by? =0 is -
J(a-b)’ +4n’

Show that the difference between the slopes of lines given by
(tan?0 + cos?0)x? — 2xy tan O + (sin? B)y? = 0 is two.
Find the condition that the equation ay? + bxy + ex + dy = 0 may represent a pair of lines.

If the lines given by ax?+ 2hxy + by? = 0 form an equilateral triangle with the line
Ix + my = 1then show that (3a + b)(a +3b) = 4h,

If line x + 2 = 0 coincides with one of the lines represented by the equation
X2 + 2xy + 4y + k = 0 then show that k = —4.

Prove that the combined equation of the pair of lines passing through the origin and perpendicular
to the lines represented by ax?+ 2hxy + by? = 0 is bx?2— 2hxy + ay? =0

If equation ax?—y? + 2y + ¢ = 1 represents a pair of perpendicular lines then find a and c.
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5 Vectors

» Let's Stud
/ y

Vectors and their types.
Section formula.
Dot Product of Vectors.

Cross Product of Vectors.

Triple Product of Vectors.

(5w o

4

"\ Let’s recall.

Scalar quantity : A quantity which can be completely described by magnitude only is called
a scalar quantity. e.g. mass, length, temperature, area, volume, time distance, speed, work, money,
voltage, density, resistance etc. In this book, scalars are given by real numbers.

Vector quantity : A quantity which needs to be described using both magnitude and direction is
called a vector quantity. e.g. displacement, velocity, force, electric field, acceleration, momentum etc.

A& |et’s learn.

5.1 Representation of Vector :

\ector is represented by a directed line segment. Support

If AB is a segment and its direction is shown with an arrowhead asin | . . Lingofaction
figure, then the directed segment AB has magnitude as well as direction. This i
is an example of vector.

The segment AB with direction from A to B denotes the vector AR
read as AR read as 'AB bar' while direction from B to A denotes the vector

BA - Fig. 5.1
In vector AB, the point A is called the initial point and the point B is called the terminal point

‘é. Initial Point

The directed line segment is a part of a line of unlimited length which is called the line of
support or the line of action of the given vector.

If the initial and terminal point are not specified then the vectors are denoted by @ b, ¢ or
a, b, ¢ (bold face) etc.




5.1.1 Magnitude of a Vector :

The magnitude (or size or length) of AR is denoted by ‘E‘ and is defined as the length of

segment AB. i.e. ‘E‘ = |(AB)

Magnitudes of vectors @ b, ¢ are |a],[b,|¢| respectively.

The magnitude of a vector does not depend on its direction. Since the length is never negative, |§| >0

5.1.2 Types of Vectors :

D)

vi)

vii)

Zero Vector : A vector whose initial and terminal points coincide, is called a zero vector (or
null vector) and denoted as 0. Zero vector cannot be assigned a definite direction and it has

zero magnitude or it may be regarded as having any suitable direction. The vectors AA, BB

represent the zero vector and ‘AA‘ =0,

Unit Vector : A vector whose magnitude is unity (i.e. 1 unity)
is called a unit vector. The unit vector in the direction of a given a
vector a is denoted by &, read as 'a-cap’ or 'a-hat'. b A’xd
Co-initial and Co-terminus Vectors : Vectors having same

initial point are called co-initial vectors, whereas vectors having Fig. 5.2

same terminal point are called co-terminus vectors. Here & and are b co-initial vectors. T
and d are co-terminus vectors.

Equal Vectors : Two or more vectors are said to be equal vectors if they have same magnitude
and direction.

. Aslal= ‘b‘ , and their directions are same regardless of initial «d

point, we writeas @ = b . c P
« Here |a| :|E|, but directions are not same, so 3 # ¢ . \\
« Here directions of @ and d same but [a| = ‘cﬂ soa =d. b

: _ . . . . Fig5.3 .
Negative of a Vector : If @ is a given vector, then the negative of & is vector Whoge magnitude
is same as that of & but whose direction is opposite to that of & . It is denoted by —a .
Thus,if@zé,thenQ_P:—E:—ﬁ. PO
Here ‘IY)‘ = ‘—@‘. Pe—<——Q

QP
Fig. 5.4
Collinear Vectors : Vectors are said to be collinear vectors if they are parallel to same line or

they are along the same line.

Free Vectors : If a vector can be
translated anywhere in the space T @ 3
without changing its magnitude / b —> 5
a
a 2 - -
b w

and direction then such a vector is
called free vector. In other words, | Free Vectors p
the initial point of free vector can be

taken anywhere in the space keeping
magnitude and direction same.

Fig. 5.5




viii) Localised Vectors : For a vector of given magnitude and direction, if it's initial point is fixed

in space, then such a vector is called localised vector. DA é: b
- - @ Localised vector
For example, if there are two stationary cars A and B on (Force) —~B N
O O

the road and a force is applied to car A, it is a localised
vector and only car A moves, while car B is not affected.
Note that in this chapter vectors are treated as free vectors unless otherwise stated.
Activity 1 :
Write the following vectors in terms of vectors P, 0 and 7.
i) AB=[ | iy BA=| | i) BC=| ] -
iv) CB=| | v) CA=[ | vi) AC=| | Fig 5.7

Algebra of Vectors :

Fig 5.6

Il
<

5.1.3 Scalar Multiplication : ka (k>0)

2a has the same direction as a but is twice as long as a .

vector of a
k a have the

Let & be any vector and k be a scalar, then vector k a , the scalar multiple
is defined a vector whose magnitude is |ka|=|k| |a| and vectors & and
same direction if k > 0 and opposite direction if k < 0.

Note :
i) Ifk=0,thenka = 0.
i) & andka are collinear or parallel vectors.

ili)  Two non zero vectors @ and b are collinear
or parallel if @ =mp, where m = 0. %

Fig 5.8

. R . -=dad
iv) Let a be the unit vector along non-zero
~ o lala @ .
vector a then & = [a]a or 7 =4

v)  Avector of length k in the same direction as & iska = l{%&.

Fig 5.10

Now, consider a boat in a river going from one bank of the river to the other in a direction
perpendicular to the flow of the river. Then, it is acted upon by two velocity vectors, one is
the velocity imparted to the boat by its engine and other one is the velocity of the flow of river
water. Under the simultaneous influence of these two velocities, the boat starts travelling with
a different velocity. To have a precise velocity (i.e. resultant velocity) of the boat we use the
law of addition of vectors.

5.1.4 Addition of Two Vectors : If & and b are any two vectors then their addition (or resultant)
is denoted by & + b .
There are two laws of addition of two vectors.

1 o)
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Parallelogram Law : Let 3 and f be two vectors. Consider AB and Do o .
AD along two adjacent sides of a parallelogram, such that AB=3 -

_ n
and AD =5 then @ + b lies along the diagonal of a parallelogram
with & and p as sides. A q B
AC=AB+ADie.CT=a+h. Fig 5.11

Triangle Law of addition of two vectors : Let @, b be any two vectors then consider triangle ABC

as shown in figure suchthat AB =3 and BC=b then & + b is given by vector AC along the third
side of triangle ABC.

Thus, & + b = AB+BC=AC-
This is known as the triangle law of addition of two vectors

a and b . The triangle law can also be applied to the AADC.

Here, AD=BC=5h, DC=AB=a
Hence, AD+DC=5h+a=AC
Thus, AC=b+a=a+h

5.1.5 Subtraction of two vectors : If @ and b are two vectors,then & — b =& + (-b ), where —b
is the negative vector of vector b . Let AB =7, BC = b, Now construct a vector BD such that its
magnitude is same as the vector BC, but the direction is opposite to that of it.
ie. BD =- BC. C
.. BD =-b.
Thus applying triangle law of addition.
We have
.. AD = AB + BD
AB - BC
a-b

Note :
i)  If(velocity)vectors & and b areacting simultaneouslythenweuseparallelogramlawofaddition.
ii)  If (velocity) vectors & and b are acting one after another then we use triangle law of addition.
iii) Adding vector to its opposite vector gives 0

As PQ+QP=PP=0 or o

As ﬁ=—Q_P, then ITQ+(§3=—Q_13+@=6_ Fig 5.14

Y3

Q

iv) In AABC, AC=-CA,s0 AB+BC+CA = AA =0 . This means that when the vectors along
the sides of a triangle are in order, their resultant is zero as initial and terminal points become
same.

v)  The addition law of vectors can be extended to a polygon :

(M1on)
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=PQ+QR +RS+ST

~(PQ+QR)+RS+5T

_(PR+RS)+ 5T

—PS+ST
=PT
Thus, the vector PT represents sum of all vectors @ b, ¢ and d .

Thisis also called as extended law of addition of vectors or polygonal law of addition of vectors.
vi) @+ b =b +a (commutative)

iX) a +(-a)=0 (-a isadditive inverse)
x) If @ and b are vectors and m and n are scalars, then
i) (m+n)a =ma +na (distributive)
i) m(@ +b)=ma +mb (distributive)
i) m(na)=(mn)a =n(ma)

Xi) ‘E+ l;‘ < |E|+‘E‘ , this is known as "Triangle Inequality".
This is obtained from the triangle law, as the length of any side of triangle is less than the sum
of the other two sides. i.e. in triangle ABC, AC < AB + BC,
where, AC = |a+5|, AB=[a], BC=|b|

xii) Any two vectors & and b determine a plane and vectors & + b and & — b lie in the same
plane.

Activity 2 :

In quadrilateral PQRS, find a resultant vector

) QR+RS=[ | iy PQ+QR=[ |

jiiy PS+SR+RQ=[ | iv) PR+RQ+QS=| |
g WEAL] ow aws]
Theorem 1:

Two non-zero vectors & and b are collinear if and only if there exist scalars m and n, at least
one of them is non-zero such thatma +nb = 0.
Proof : Only If - part :

Suppose @ and b are collinear.

. There exists a scalar t = 0 such that @ =th

(1 n7)
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. a-th =0
i.e.ma +nb =0,wherem=1andn=-t.

If - part :
Conversely, suppose ma +nb = 0 and m 0.
s ma =-nb
n\- ni.
~a=|—-—|b,Where t=| —— | isascalar.
m m
ie.a =tb,

. & is scalar multiple of b .
. & and b are collinear.

Corollary 1 : If two vectors & and b are not collinearandma +nb = 0, thenm =0, n = 0. (This
can be proved by contradiction assuming m = 0 or n = 0).

Corollary 2 : If two vectors & and b are not collinearandma& +nb =pa +qb,thenm=p,n=nq.
For example, If two vectors @ and b are not collinear and 3@ +yb =xa& +5b,
then3=x,y=5.

5.1.6 Coplanar Vectors :

Two or more vectors are coplanar, if they lie
in the same plane or in parallel plane.
Vector & and b are coplanar.

Vector & and T are coplanar.

Are vectors a and & coplanar ? Fig 5.17

Remark : Any two intersecting straight lines OA and OB in space determine a plane. We may
choose for convenience the coordinate axes of the plane so that O is origin and axis

OX is along one of OA or OB.

Theorem 2 : Let @ and b be non-collinear vectors. A vector T is coplanar with & and b if and
only if there exist unique scalarst , t, suchthat T =t & +t,b.

Proof : Only If-part : B
Suppose r is coplanar with a and b .To_show that their exist N P
unique scalarst andt, suchthat T =t & +tb. Ny
Let & bialong OA and b be along OB. Given a vector T, with initial /Z z
point O, Let OP =1, draw lines parallel to OB, meeting OA in M and parallel o & > A
to OA, meeting OB in N. t,a
Then ON=t,b andOM =t g forsomet,t, € R. By triangle law or Fig 5.18

parallelogram law, we have T =t & +t,b
If Part : Suppose T =t a +t25 , and we have to show that T , & and b are co-planar.
As @, b are coplanar, t &,t,b arealso coplanar. Thereforet @ +t,b, &, b are coplanar.

Therefore &, b, T are coplanar.

M1n0)
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Uniqueness :

Suppose vector T =t & +t,b .. (1)

can also be writtenas F =s a+s,b .. (2)

Subtracting (2) from (1) we get,

0=(t,-s)a +(t,-s,)b B

But, @ and b are non-collinear, vectors N/ Q

By Corollary 1 of Theorem 1,
St=s,=0=t-s,
st=sandt,=s,

. Fig 5.19
Therefore, the uniqueness follows. ¢
Remark :
Linear combination of vectors : If a ,a,,a, ..., a arenvectors and m, m, m,...., m_are n

scalars, then the vector m @ + m,a,+m.a,+..+m a iscalled a linear combination of vectors
a,a,a,..,a_ Ifatleast one m is not zero then the linear combination is non zero linear
combination

For example : Let @, b be vectors and m, n are scalars then the vector T =ma + nb is called a
linear combination of vector @ and b . Vectors @, b and T are coplanar vectors.

Theorem 3 : Three vectors a ,_5 and C are coplanar, if and only if there exists a non-zero linear
combination xa +yb +2zT = 0 with (x,y, z) # (0, 0, 0).
Proof : Only If - part :
Assume that &, b and T are coplanar.
Case - 1 : Suppose that any two of &, b and T are collinear vectors, say & and b .
. There exist scalars x, y at least one of which is non-zero such that x& +yb =
ie.xa +yb +0CT =0 and (x, y, 0) is the required solution for x& +yb +zC =
Case - 2 : No two vectors @, b and T are collinear.
As T is coplanar with & and b,
.. we have scalars x, y such that © =xa +yb (using Theorem 2).
;. Xa +yb - € =0 and (x, y, —1) is the required solution forxa +yb +zCT = 0.
If - part : Conversely, suppose xa +yb +zC = 0 where one of X, y, z is non-zero, say z # 0.
_ X5 Y5
z z
. € is coplanar with @ and b .
. @, b and T are coplanar vectors.

3l

Corollary 1 : If three vectors @, b and T are not coplanar and xa& +yb +zC = 0, then x = 0,
y =0and z = 0 because if (x,y, z)#(0,0,0)thena, b, T are coplanar.

Corollary 2 : The vectors @, b and x& +yb are coplanar for all values of x and y.




5.1.7 Vector in Two Dimensions (2-D) :
The plane spanned (covered) by non collinear vectors
aand b is {xa +yb|x,y e R}, where @ and p

have same initial point. %
Thisi§2-D space where generatorsare & and b oritsbasisis :\5
{a.b}
For example, in XY plane, let M = (1, 0) and N = (0, 1) 14 P
be two points along X and Y axis respectively. f L5 )
Then, we define unit vectors i and j as OM =1, ON=. 4A ) rg\xb%
Given any other vector say OP, where P = (3, 4) then / 1
OP =3i +4] TAVARY
RN IR S
5.1.8 Three Dimensional (3-D) Coordinate System : 14 3; """"
Any point in the plane is represented as an ordered pair Fig 5.20

(a, b) where a and b are distances (with suitable sign) of point (a, b) from Y-axis and X-axis
respectively.

To locate a point in space, three numbers are required. Here, we need three coordinate axes
0OX, OY and OZ and to determine a point we need distances of it from three planes formed by these
axes.

We represent any point in space by an ordered triple (a, b, c) of real numbers.

O is the origin and three directed lines through O that are perpendicular to

each other are the coordinate axes.

Label them as X-axis (XOX'), Y-axis (YOY') and Z-axis (ZOZ'). The

v direction of Z-axis is determined by right hand rule i.e. When you hold
Fig 5.21 your right hand so that the fingers curl from the positive X-axis toward the

positive Y-axis, your thumb points along the positive Z-axis, as shown in

figure.

Co-ordinates of a point in space :

Let P be a point in the space. Draw perpendiculars PL, PM, PN
through P to XY-plane, YZ-plane and XZ-plane respectively, where
points L, M and N are feet of perpendicularls in XY, YZ and XZ planes
respectively.

For point P(x, y, 2), X, y and z are x-coordinate, y-coordinate and z-coordinate respectively.

Point of intersection of all 3 planes is origin O(0, 0, 0).

Z
Jewoa . M(Oyz) Co-ordinates of points on co-ordinate axes :
(r0.9).*° Points on X-axis, Y-axis and Z-axis have coordinates given by
N; I P<x»;%Z> , Ax0,0), B(0,y,0)and C(0,0,2).
e B0 o ordinates of points on co-ordinate planes
» A(XOO) Hea0) Points in XY-plane, YZ-plane and ZX-plane are given by
Fig 5.23 L(x, Y, 0), M(0, y, ), N(x, O, ) respectively.

A0
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Distance of P(x, y, z) from co-ordinate planes :
i)  Distance of P from XY plane = |PL| = |z].
i)  Distance of P from YZ plane = |PM| = |x].
iii)  Distance of P from XZ plane = |PN| = |y|.

Distance of any point from origin :
Distance of P (x, y, z) from the origin O(0, 0, 0) from figure 5.23 we have,

| (OP) —+OL2 +LP? (AOLP right angled triangle)

—JOA? + AL* + LP?

=OA?+0B’ +0C?
=x*+y*+2°
Distance between any two points in space

Distance between two points A(x,, y,, z,) and B(x,, y,, z,) in space is given by distance formula

[(AB)=(x,~x,) + (3= 3.) +(2,-2)

Distance of a point P(x, y, z) from coordinate axes.

In fig. 5.23, PAis perpendicular to X-axis. Hence distance of P from X-axis is PA.
- PA= \/(x—x)z +(y—0)2 +(Z—0)2

_ /y2+zz
iv) In a right-handed system. Octants Il, Il and 1V are found by rotating anti-clockwise around

the positive Z-axis. Octant V is vertically below Octant I. Octants VI, VII and VIII are then found
by rotating anti-clockwise around the negative Z-axis.

Signs of coordinates of a point P(x, y, z) in different octants :

(1 (11) (11) (V)
Octant 0-XYZ 0-X'YZ 0-XY'Z 0-X'Y'Z
(x,y,2) (+, +, +) (= + +) (+, -, +) (= — +)

(V) (V1) (V11) (V1)
Octant 0-XYZ' 0-X'YZ' 0-XY'Z' 0-X'Y'2'
(X’ Y, Z) (+! +, _) (_1 +, _) (+’ o ) (_! o _)




Point in Octants Various shapes inb space

Various Points in Octants 7 Z
T ) . < —
. _ : / O v
- S S {7 ST X Y p
3

Plane z=5 Circle x> +y?=1,z=7

Plane x+y+z=2 Sphere (x-2)+(y-3)+(z-4)’=5"
Fig 5.25

5.1.9 Components of Vector :

In order to be more precise about the direction of a vector we can represent a vector as a linear
combination of basis vectors.

Take the points A(1, 0, 0), B(0, 1,0) and C(0, 0, 1) on the X-axis, Y-axis and Z-axis, respectively.
Then ‘O_A‘ :‘O_B‘ :‘O_C‘ =1
The vectors OA, OB, OC €ach having magnitude 1 are called unit vectors along the axes

X, Y, Z respectively. These vectors are denoted by i, ] " respectively and also called as standard
basis vectors or standard unit vectors.

Any vector, along X-axis is a scalar multiple of unit vector i, along Y-axis is a scalar multiple of ]
and along Z-axis is a scalar multiple of k . (Collinearity property).

e.g.i) 3i is a vector along OX with magnitude 3.
i) 5 ] is a vector along OY with magnitude 5.

iii) 4K is a vector along OZ with magnitude 4.
Theorem 4 :

If &, b, T are three non-coplanar vectors, then any vector F in the space can be uniquely
expressed as a linear combinationof &, b, T .

Proof : Let A be any point in the space, take the
vectors &, b, T and T, so that A becomes their
initial point (Fig.5.27).

Let AP = F.As &, b, T are non-coplanar
vectors, they determine three distinct planes
intersecting atthe point A. Through the point P, draw
the plane parallel tothe plane formed by vectors b , T .

This plane intersects line containing & at point
B. Similarly, draw the other planes and complete the
parallelopiped.

Sl




Now, AR and a are collinear.

“. AB =xa, where x is a scalar.

Similarly, we have E =yb and AS =zT, where y and z are scalars.
Also, by triangle law of addition of vectors,

AP=AC+CP (1n AACP)

=(AB+BC)+CP (In A ABC)
— AB+BC+CP
AP = AB+BC+CP
. T =xa +yb +zC. (- AQ=BC and AS=CP)
Therefore, any vector T in the space can be expressed as a linear combination of &, b and €.
Uniqueness :
Suppose T =x,& +X,b +x,C andalso T =y a +y,b +y,C for some scalars x, X,, X, and
Yo Yo Ya
We need to prove x, =y,, X, =y, and X, = y..
Subtracting one expression from the other we have (x, —y,)a + (x,-VY,) b + (X,—y,)C = 0.
By Corollary 1 of Theorem 3

As &, b, T are non-coplanar we must have x, -y, =X, - y,=X, - y,= 0 thatisx, =y,, X, = Y,
X, =Y,, as desired.

5.1.10 Position vector of a point P(x, y, z) in space :

Consider a point P in space, having coordinates (x, y, z) with respect to the origin O(0, 0, 0).
Then the vector OP having O and P as its initial and terminal points, respectively is called the posi-
tion vector of the point P with respect to O.

Let P (X, Y, z) be a point in space.
.. OA=PM=x,0B=PN=y, OC=PL =1z 7
i.e. A=(x,0,0),B=(0,y,0)and C= (0, 0, 2).

Let i, ] k be unit vectors along positive directions of . I 7
X-axis, Y-axis and Z-axis is respectively. 4

.. OA :xf, OB :y] and OC =zk

OP is the position vector of point P in space with respect
to origin O.

A

Representation of QP in terms of unit vector i, ] : k.
In AOLP we have (see fig. 5.28)

OP=OL+LP
=OA+AL+LP (from AOAL)

~0A+0B+0C (- AL=0B)
=xi+yj+zk .. (1)




Magnitude of QP

Now, OP? =QL?+ LP? (In right angled AOLP)
= OA? + AL? + LP? (In right angled AOAL)
= OA?+ 0B?+ 0C?
=X2+ Yy + 22 (-~ AL=0B)

l(OP) =\Jx’+y +2’
(@) =X’ +y +z°

5.1.11 Component form of T :

If T is a position vector (p.v.) of point P w.r.t. O then 7 = Xi + yj + 2Kk
In this representation x, y, z are called the components of T along OX, OY and OZ.

Note that any vector in space is unique linear combination of i, ] and k .

Note : Some authors represent vector ¥ = Xi + y] +zk using angle brackets as F = (x,y,Z> for
the point (x, y, 2).
5.1.12 Vector joining two points :
Let O be the origin then OA and OB are the position vectors of points A and B w.r.t. origin 'O".
In AAOB, we have by triangle law.

_ R - N\ B
AB=AO+O0B -
R &
=-0A+0B (~AO0=-0A) A
- b
=0B-0A g
= position vector of B — position vector of A
Thatis, AB = b —a ‘OV -
If A= (Xl’ Yo Z1) and B = (Xz’ Y Zz) Fig 5.29
Then OA = x1§+yl}'+zll€ and OB = x2;+y2}'+22;c
. AB=0B-0A

=i+ 242k} (mi4ni+ak)
= (= 0)i+ (=) T+ (2,2

A =\, —x) + (5 -3) +(z-2)

In general, any non zero vector a in space can be expressed uniquely as the linear combination of

A

i, j,k asa=aji+a,j+ak where a,, a,, a, are scalars.

~lal=a’+a,’ +a’




Note
(i)
(i)

(iii)

(iv)
(v)

(vi)

(vii)

(viii)

If E:alf+az}+a3/; and I;:blf+b2}+b3]; thena = b if a=b,a,=b,,a,=0,.
If a:a1§+az}'+a3l; and E:b]§+b2}+b3/; then
a+p-= (alf+a2}‘+a3l§)+(blf+b2}+b312) = (a1+b1)f+(az+b2)}‘+(a3+b3)l€.

If k is any scalar then ka :k(alf+az}'+a3lg) :kalf+kaz}'+ka3l€

Also if b and & are collineari.e. p =ka then —=—=—=k

a _ a1;+az}+a3l€
al \/alz +a,’+a’’

(Collinearity of 3-points) Three distinct points A, B and C with position vectors @ , b and
C respectively are collinear if and only if there exist three non-zero scalars X, y and z such
that Xxa +yb +2C =0 and x+y+2z=0. (Use Theorem 1 and the fact that A and

BC are collinear).

Let a be a unit vector along a non zero vector & in space, Then @ =

(Coplanarity of 4-points) Four distinct points A, B, C and D (no three of which are collinear)
with position vectors &, b, C and d respectively are coplanar if and only if there exist four

scalars x, y, z and w, not all zero, such that xa +yp +zC +wd = 0,

where x +y +z +w = 0. (Use Theorem 2 and the fact that AB, ACand AD are coplanar).

Linearly dependent vectors : A set of non-zero vectors &, b and T is said to be linearly
dependent if there exist scalars x, y, z not all zero such that xa +yb +zC = 0.

Such vectors @, b and C are coplanar.

Linearly independent vectors : A set of non-zero vectors @, b and T is said to be linearly
independent if xa +yb +zC = 0,thenx=y=z=0.

Such vectors @, b and C are non-coplanar.




@) Solved Examples )

Ex.1. State the vectors which are :
(i) equal in magnitude %’ 3
(i) parallel /
(iii) in the same direction

(iv) equal d ’
(v) negatives of one another _’-)
. Fig 5.30
Solution :
() @a,cand€; b and d (iv) none are equal
(|)§56anda (vy @aandT, b and d
(iii) @ and b; T and d

Ex. 2. Inthe diagram KL =4, LN=b, NM=¢ and KT=d.Findintermsof &, b, ¢

and d . (i) LT (||) KM (i) TN (iv) MT
Solution :
(i) In AKLT, using triangle law
KL+ LT =KTiea+LT=d
LT =d -a
(if) Using polygonal law of addition of vectors for polygon KLNM Fig 5.31
KM = KL + LN + NM.
=a+b+cC
(iif) Using polygonal law of addition of vectors for polygon TKLN
TN = TK + KL + LN
—_d+a+b=a+b-d
(iv) Using polygonal law of addition of vectors for polygon TKLNM
MT = MN+NL+LK+KT
-t-b-a+d
= J -a-b-rt.
Ex.3. Find the magnitude of following vectors :
() a=i-2j+4k (i) b=4i-37-7k
(iii) a vector with initial point : (1, — 3, 4); terminal point : (1, 0, — 1).
Solution :

(i) [a]=y1? +(-2) +4* =21
(i) [b] =4 +(=3) +(=7)
b]=16+9+49 =74




(iii) |e| = (i—k)—(i-3)+4k)=3]-5k
o] =y0+3%+(=5) =34
Ex. 4. A(2,3),B(-1,5),C(-1,1)and D (-7, 5) are four points in the Cartesian plane.
(i)  Find AB and CD.
(i)  Check if, CD is parallelto AB.
(iii)  Eis the point (k, I) and AC is parallel to BE. Find k.
Solution : (i) a@= 2;+3},I; = —;+5}',E :—;+}',c7 = —7;+5}'
E:B—a=(—§+5})—(2§+3})=—3§+2}
CD=d -7 =(~7i+5])~(-i+])=—6i+4]
(ii) C_D=—6i+4j=2(—3f+2j =2 AB therefore CD and AB are parallel.
(iii) ﬁﬁ:(k§+})—(—;+5}):(k+l)§—4]'
KE:(—?+})—(2§+3})=—3§—2}
BE = mAC
(k+1)i=4j=m(-3i-2])
So — 4 therefore 2 =m
and k+1=-3m
k+1=-3(2)

k=-6-1
k=-17

Ex. 5. Determine the values of ¢ that satisfy |c|=3,u —i+2j+3k
Solution : |CL_l| =Jc* +4c*+9¢° = |C|\/ﬁ =3

S.C=

I+

S‘w
n

Ex. 6. Find a unit vector (i) in the direction of T and (ii) in the direction opposite of U . where
u=8i+3j-k
i N~ u 8§+3}'—11Ac
Solution : (i) u= =m==—7F7
A T N

u
I (2~ 7). . o
H 8i+3j—k) is the unit vector in direction of T .

~ L (h 4% 7). : . e
(i) -u= —ﬁ(& +3J —k) is the unit vector in opposite direction of T .
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Ex. 7. Show that the vectors 2?—3}‘+4l§ and —4?+6}‘—81€ are parallel.
Solution : @=2i-3j+4k
h=—4i+6)—8k =—2(2§—3}+41§):—2a

As b is scalar multiple of &
- b and @ are parallel.

Ex. 8. The non-zero vectors @ and b are not collinear find the value of A and p :
(i) @ +3b =208 —pb
(i) (1+21)a +20b =pa +4ub
(iii) 3r+5)a +b =2ua +(A-3)b

Solution: (i) 242 =1,3=—pn .. A =%, u=-3
(i) 1+A=p, 20=4p, A =2p
1+2u=p 1=—p
su=-1, A=-2
@iii) 3A+5=2u,1=A-3, . A=1+3=4
and 3(4) +5=2u

17
£2u=17.80 H =

Ex. 9. Are the following set of vectors linearly independent?
() a=i-2j+3k, b=3—6;+9%
(i) a:—2§—4l€, 5:2—2}‘—12, 6:2—4}4312. Interpret the results.
Solution : (i) @=i-2j+3k,b=3i—-6]+9%
E=3(§—2}+31€)
b =3g Here @ and b linearly dependent vectors. Hence @ and b are collinear.
(i) G=-—2i—4f. b=i-2j—k c=i-4j+3k
Let xa+ yb+zc=0
~.x(—2§—41€)+y 2—2}—/2)+z(2—4}+31€):6
2x+y+z=0
2y—4z=0
—4x—-y+3z=0

.x=0,y=0,z=0 .Here &, b and T are linearly independent vectors.

Hence & ,b and T are non-coplanar.
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Ex.10.1f & = 443k and b = —2i+j+5k find (i) [a], (i) & + b, (iii) & - b, (iv) 3b,
(v) 2a +5b

Solution : (i) [a]=v4?+0%+3* =4/25=5
(ii) 5+5=(4§+3l€)+(—2§+}'+51}): 2i+j+8k

(i) @—b = (4E+31})—(—2§+}+51})= 6i— -2k
(v) 3b=3(-2i+ j+5k)=—6i+3j+15k
(v) 2a+5D = 2(4i+3k)+5(-2i+]+5k)
~ (8i+6k)+(~10i+5] +25k) = ~2i +5 + 31k
Ex. 11. What is the distance from the point (2, 3, 4) to (i) the XY plane? (ii) the X-axis?
(iii) origin  (iv) point (-2, 7, 3).
Solution :
() The distance from (2, 3, 4) to the XY plane is |z| = 4 units.
(b) The distance from (2, 3, 4) to the X-axis is /}? + 7> =/3> +4> =/25 =5 units.
(c) The distance from (x, y, z) = (2, 3, 4) to origin (0, 0, 0) is
J 412+ =22 +3 44 =449 416 =29 units.
(d) The distance from (2, 3, 4) to (-2, 7, 3) is
J(2+2) +(3-7) +(4-3)" =16+16+1 =33 units.

Ex. 12. Prove that the line segment joining the midpoints of two sides of a triangle is parallel to and
half of the third side.

Solution : Let the triangle be ABC. If M and N are the midpoints of AB and AC respectively, then
AM =% AB and AN =% AC. Thus by triangle law C

AN = AM *+ MN

. . . AC-AB BC N
~MN=AN-AM=AC-AB_BC
2 2
Thus, MN is parallel to and half as long as BC. A B
Fig 5.32
Ex. 13. Inquadrilateral ABCD, M and N are the mid-points of the diagonals AC and BD respectively.
Prove that AB + AD + CB + CD =4MN A D
Solution: AB = AM + MN + NB - (1)
AD = AM + MN + ND - (2
CB=CM + MN + NB .. (3
M MN I\E ©) - .
CD = CM + MN + ND .. (4) Fig 5.33




Add (1), (2), (3), (4) to get

AB * AD + CB + CD =2AM +2CM +4MN +2NB +2ND
=2(AM + CM)+4MN +2(NB + ND)
=2(AM - AM) +4MN +2(NB - NB) (* MC = AM and DN = NB)
= 2x(0)+4MN +2x (0)
=4MN
Ex. 14. Express —i—3;+4k as the linear combination of the vectors 2i + j—4k , 2i— j+3k
and 3i+ j—2k.
Solution : Let 7:—2—3}441; E=22+}'—4I€, 5=2§—}'+3l€, E:3f+}'—212
Consider 7 =xa+ yb +z¢c
—2—3}+41Ac=x(2§+}'—412)?+<2§—}'+3fc)+z<3§+}—2/2)
—;—3}'+4/Ac:(2x+2y+3z);+(x—y+Z)}'+(—4x+3y—22)/;
By equality of vectors, we get -1 =2x + 2y + 3z, -3 =X -y + 7, 4 = -4x + 3y — 2z,
Using Cramer’s rule we get, x =2,y =2,z =3. Therefore F=2a+2b - 3T

Ex. 15. Show that the three points A(1, -2, 3), B(2, 3, —4) and C(0, -7, 10) are collinear.
Solution: If @, b and T are the position vectors of the points A, B and C respectively, then

a =i-2j+3k
b =2i+3j-4k
¢ =0i—7j+10k
AB=bh-a =i+5/-7k (1) and
AC=¢-a
=—i-5j+7k
= (-1)|i+5j-7k]|
A_C:(—I)A_B ..from (1)

That is, AC is a scalar multiple of AB. Therefore, they are parallel. But point A is in common.
Hence, the points A, B and C are collinear.




Ex. 16. Show that the vectors 4;+13—18k, i—2 + 3k and 2;+3;—4f are coplanar.
Solution: Let, a=4i+137—18k, b=i-2j+3k,c =2i+3]—4k
Consider @ = mb +ne
4§+13}—18£::m(§—2}+3£)+n(2?+3}—4£)
414137 —18k = (m+2n)i +(-2m +3n) j + (3m —4n)k
By equality of two vectors, we have
m+2n=4 (1
“2m+3n=13 A
3m—4n=-18 (3)

=

Solving (1) and (2) we get, .. m=-2, n=3
These values of m and n satisfy equation (3) also.
s.a=-2b+3C

Therefore, & is a linear combination of b and T. Hence, @, b and C are coplanar.

@ Exercise5.1)

1.  Thevector a is directed due north and |§| = 24. The vector b is directed due west and ‘5‘ =T.
Find |a+5)|.

2. In the triangle PQR, IT@ =2a and QR =2b. The mid-point of PR is M. Find following
vectors in terms of @ and b .
() PR (i) M (i) QM

3. OABCDE s aregular hexagon. The points Aand B have position vectors & and b respectively,
referred to the origin O. Find, in terms of & and b the position vectors of C, D and E.

4.  If ABCDEF is a regular hexagon, show that
AB + AC + AD + AE + AF =6 A0, where O is the center of the hexagon.

5. Check whether the vectors 2;+ 2+ 3k, —3i +3/+2k and 3;+4% form a triangle or not.

6.  Inthe figure 5.34 express Tand d intermsof & and b .

Find a vector in the direction of a :2—2}' that has
magnitude 7 units.
7. Find the distance from (4, -2, 6) to each of the following : _07' g ’aT R

(a) The XY-plane (b) The YZ-plane Fig 5.34
(c) The XZ-plane (d) The X-axis
(e) The Y-axis (F) The Z-axis
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10.
11.

12.
13.

14.

5.21

Find the coordinates of the point which is located :

(a) Three units behind the YZ-plane, four units to the right of the XZ-plane and five units
above the XY-plane.

(b) Inthe YZ-plane, one unit to the right of the XZ-plane and six units above the XY -plane.
Find the area of the triangle with vertices (1, 1, 0), (1, 0, 1) and (0, 1, 1).

If AB=2i-4,+7k and initial point A =(1,5,0). Find the terminal point B.

Show that the following points are collinear :

(i) A(3,2-4),B(9,8,-10),C(-2,-3,1).

(i) P@4,52), Q(3,2,4),R(5,8,0).

If the vectors 2§—q} +3k and 4i—5j+6k are collinear, then find the value of g.

Are the four points A(1, -1, 1), B(-1, 1, 1), C(1, 1, 1) and D(2, -3, 4) coplanar? Justify your
answer.

Express —i—3)+4k as linear combination of the vectors 2i+j—4k, 2i—j+3k and

3f+}‘—2l§-

Section Formula :

Theorem 5 : (Section formula for internal division) Let A(a) and B(b ) be any two points in the
space and R(T) be a point on the line segment AB dividing it internally in the ratio m : n.

Then 7 =

mb +na

m+n

Proof : As R is a point on the line segment AB (A-R-B) and AR and RB are in same direction.

Note :

1.

‘%:ﬂ son (AR) =m (RB)

n

As m( B)‘md”( )have same direction and magnitude,
(RB) - (AR ey,
n(08-0 > #(OR 0% )

m(b ~7)=n(r -a) e
mb —mrF =nr —na Fig 5.35
mb +nd =mr +nr = (m+n) 7

_ mb+na
=

m+n
If A=(a,,a,,a,),B=(b,b,,b,)andR =(r,r,r,) divides the segment AB in the ratio m : n,
mb, +na

then m=——-—-+,i=1,2, 3.

m+n




2. (Midpoint formula) If R(T) is the mid-point of the Iline segment AB then
m=nsom:n=1:1,
1 +1a ___a+b
1+1 that is » =,
Theorem 6 : (Section formula for external division) Let A(a) and B(b ) be any two points in the
space and R(T) be the third point on the line AB dividing the segment AB externally in the

. 7=

ratiom : n. Then 5 _ Mb —na

m-—n
Proof : As the point R divides line segment AB externally, we have either A-B-R or R-A-B.
Assume that A-B-Rand AR : BR =m:n

= SON(AR) =m (BR) Ao Ben—p
As n(/ﬁ)andm(ﬁ) have same magnitude and direction, E g
.n (ﬁ) =m (ﬁ) a ‘F\\ ,7( L. r
~n(F-a)=m(F-b)

S.NF —nd = mF —mb Fig 5.36

.'.ml?—nﬁzm?—n?z(m—n)?

_ mb—-na
ST =

m-—n
Note : 1) Whenever the ratio in which point R
divides the join of two points A and B is required,
it is convenient to take the ratio as k : 1.

Then, 7 =2+ it division is internal,
k+1

= _ kb —a if division is external.
k-1

2. In AABC, centroid G divides the medians internally in
ratio 2 : 1 and is given by (see fig. 5.37)

G- i;g (Verify).

3. In tetrahedron ABCD centroid G divides the line
joining the vertex of tetrahedron to centroid of
opposite triangle in the ratio 3 : 1 and is given by

a+b+c+d

g= 4




@) Solved Examples )

Ex.1.Find the co-ordinates of the point which divides the line segment joining the points
A(2, -6, 8)and B(-1, 3, -4). (i) Internally in the ratio 1 : 3. (ii) Externally in the ratio 1: 3.

Solution : If @ and b are position vectors of the points A and B respectively, then
a=2i—6j+8k and b=—i+3j—4k -
Suppose R(T) is the point which divides the line segment joining the points A(a ) and B(b)
internally in the ratio 1 : 3 then,
_1(b)+3(a) —1(i+3)—4k)+3(2i—6)+8k
-_1(B)+3(a) _~1(i+37-4k)+3(2i-67+8k)
1+3 4
. 5 _ Si-15)+20k

. . 5 -15
.. The coordinates of the point R are [Z’T’Sj .

Suppose S(§) is the point which divides the line joining the points A(a ) and B(b ) externally
in the ratio 1 : 3 then,
p-3a (-i+3)-4k)-3(2i-6]+8k)
1-3 -2
~7i+217-28k
-2

s =

. 8=

. . 7 21
.. The coordinates of the point S are (5,7,14] .

Ex. 2. If the three points A(3, 2, p), B(q, 8, -10), C(-2, -3, 1) are collinear then find
(1) the ratio in which the point C divides the line segment AB,  (ii) the vales of p and g.

solution : Let g =3i+2+ pk, b=qi+8—10k and ¢ =—2i —3j +k.
Suppose the point C divides the line segment AB in the ratiot: 1,
th+1a

t+1
t(q§+8}—10/€)+1(3§+2}+p1€)

r+1

(<2i-37+k)(e+1)=(tg+3)i+(8t+2) j+(~10+ p)k
2(t+1)i=3(t+1)j+(e+1)k = (tg+3)i +(8+2) j+(~10¢+ p)k

then by section formula, ¢ =

A~

2i-3j+k=

Using equality of two vectors _z(t + 1) =tq+3 .. (1)
S3(t+1)=8t+2 ()
t+1=-10t+p .. (3)
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5
Now equation (2) gives =13

5
Put t=—ﬁ in equation (1) and equation (3), we getg =9 and p = -4.

The negative sign of t suggests that the point C divides the line segment AB externally in the
ratio 5:11.

4 1
Ex.3. If A(5, 1, p), B(1, q, p) and C(1, -2, 3) are vertices of triangle and G(r,—g,gj is its centroid,
then find the values of p, gand r.

Solution : Let @=5i+ j+ pk, b=i+qj+pk
— % AN a7 I X
c=i-2j+3k and g=ri——j+—-k

3 3

By centroid formula we have g = a +g +e

3§:c_z+l_9+c_:

~ 41 o W Lo L W L S
3(r1A—§JA+gkji(51+]+Apk)+(l+q]A+pk)+(z—2]+3k)
(3r)i—4j+k=Ti+(q-1)j+(2p+3)k
3r=T7,-4=q-11=2p+3

7
3)

=

q:—3, p:—l

Ex4. If &, b, C are the position vectors of the points A, B, C respectively and
58 —3b —-2T = 0, then find the ratio in which the point C divides the line segment BA.

Solution: As 5@ —-3b —-2€ =0

2¢ =5a —-3b
_ 5a-3b
c:

2
_ 5a-3b
c:

5-3

.. This shows that the point C divides BA externally in the ratio 5 : 3.
Ex.5. Prove that the medians of a triangle are concurrent.
Solution : Let A, B and C be vertices of a triangle. Let D, E and F be the mid-points of the sides

BC, AC and AB respectively. Let @, b, T, d, € and f be position vectors of points A, B,
C, D, E and F respectively.

Therefore, by mid-point formula,

- b+c _ a+c a+b

sod = , €=
2 2

2
~2d=b+c¢,2e=a+cand 2f =a+b

and f =
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s2d+a=a+b+c, similarly 2e + b=2f+c = a+b+c
. 2d+a 2e+b 2f+c¢ _a+b+c _
S R S S )
Then we have g = a+b+c = (2)d+(1)5 = (2)E+(1)b = (2)f+(1)6
3 2+1 2+1 2+1
If G is the point whose position vector is g, then from the above equation it is clear that the
point G lies on the medians AD, BE, CF and it divides each of the medians AD, BE, CF inter-

nally in the ratio 2 : 1.
Therefore, three medians are concurrent.

Ex. 6. Prove that the angle bisectors of a triangle are concurrent.
Solution :

Let A, B and C be vertices of a triangle. Let AD, BE and CF be the angle bisectors of the
triangle ABC. Let @, b, T, d, € and f be the position vectors of the points A, B, C, D, E and F
respectively. Also AB =z BC =x AC =y. Now, the angle bisector AD meets the side BC at the point
D. Therefore, the point D divides the line segment BC internally in the ratio AB : AC, thatisz:y.

Hence, by section formula for internal division, we have d = e+ yb

z+Yy

Similarly, we get

E:xa+zc and —:yb+xa
X+z y+x
As 3=2c+yb
z+y
(z+y)d =zC +yb
ie. (z+y)d +x& =xa +yb +zT
_ =T Fig 5.40
similarly (x+2z)g +yb =xa +yb +zC
and (X+y)f +2zC =xa +yb +zCT
(z+y)c7+xc_1_(x+z)€+y5_(x+y)j7+25_xa+y];+zz_g (say)
Xx+y+z X+y+z Xx+y+z X+y+z y

Then we have
= (y+z)c7+x5 B (x+z)€+yl; B (x+y)f+zE
- (y+z)+x B (x+z)+y B (x+y)+z
That is point H(h ) divides AD in the ratio (y + z) : X, BE in the ratio (x + z) : y and CF in the
ratio (x +vy) : z.
This shows that the point H is the point of concurrence of the angle bisectors AD, BE and CF of

the triangle ABC, Thus, the angle bisectors of a triangle are concurrent and H is called incentre
of the triangle ABC.




Ex. 7. Using vector method, find the incenter of the triangle whose vertices are A(0, 3, 0),
B(0, 0, 4) and C(0, 3, 4).

Solution :
Let a=3/,b=4k and ¢=3)+4k

|AB|=5,|AC| = 4,[BC| =3
If H (h) is the incenter of triangle ABC then,
. [BC|a+|AC|b +|AB|e
 [BC]+[ac|+[aB]
- 3(3/)+4(4k)+5(3)+4k)
- 3+4+5
_9j+16k+15;+20k
12
7 24 +36k
12
- h=27+3k
And H=(0,2,3)
Note : In AABC,
1) P.V. of Centroid is given by a+b+c
o ‘E‘a‘ﬁ:‘m AC|b
2) P.V. of Incentre is given by —
AB|+[BC|+[AC
3) P.V. of Orthocentre is given by tan Ag +tanBb + tan Ce (\erify)

tan A+tanB+tan C

Ex. 8. If 4§+7}‘ +8k,2i + 3}' +4k and 2i+ 5}' +7k are the position vectors of the vertices A, B and
C respectively of triangle ABC. Find the position vector of the point in which the bisector of
ZA meets BC.

Solution: a=4i+7j+8k, b=2i+3j+47, c=2i+5j+7k
A C(2,5,7)

~.|AB|=v4+16+16 =6 units
A (4,7,8) (2,3,4)B
Fig 5.41

- |AC|=v4+4+1=3 units
Let D be the point where angle bisector of ZA meets BC.
D divides BC in the ratio AB : AC




|AB|z+[AC|b
‘AB ‘AC
6(2| +5] +7IZ)+3(2?+3]+4I2)
6+3
_(12§+30}+42£)+(6ﬁ+9}+1z£)
9

ie d=

18i+39 + 54k
9

.-.a:z;+§}-+6;;

Ex.9. If G(a, 2, -1) is the centroid of the triangle with vertices P(1, 3, 2), Q(3, b, -4) and R(5, 1, ¢)

then find the values of a, b and c.

Solution : As G(g) is centroid of APQR g

OOQI

a;+2}_]€:(;+3}+2i€) (3l+bJ 4k) (51+J+Ck) (143+45)i+(3+b+1)j+(2-4+c)k

3
_ 14345 9 _
by equality of vectors a= 3 =§=3 na=3
23Dl aih b2
3
a—1=2_:+c . 3=-24c cc=-1

Ex. 10. Find the centroid of tetrahedron with vertices A(3, -5, 7), B(5, 4, 2), C(7, -7, -3), D(1, 0, 2) ?
Solution : Let @=3i-5/+7k,b =5i+4;+2k,c=7i—7;-3k,d =i+2k be position vectors of
vertices A, B, C & D.

By centroid formula, centroid G(g) is given by

_ a+b+c+d

9= 1

(32—5}‘+7l€)+(5§+4}'+21€)+(7§—7}'—3l§)+(§+2]§)

4

(3+5+7+1)i+(-5+4-7+0)j+(7+2-3+2)k _16i-8)+8k
4 B 4

= 4i—2j+2k
Therefore, centroid of tetrahedron is G = (4, -2, 2).




Ex. 11. Find the ratio in which point P divides AB and CD where A(2, -3, 4), B(0, 5, 2), C(-1, 5, 3)
and D (2, -1, 3). Also, find its coordinates.

Solution : Let point P divides AB inratiom : 1 and CD inration : 1.
By section formula,

p= 2 S5Sm-3 2m+4 _ 2n—1 n+5 3n+3
Am+1U" m+1" m+1 ) Un+l ' n+l’ n+l
Equating z-coordinates
2m+4 3n+3

m+1 n+1
2m+4 3(nid)

m+1 _/Lﬁil)
2m+4=3(m+1)
2m+4=3m+ 3

1=m
Also, by equating x-coordinates
b -1 Fig 5.42

m+1  n+l
i:2n—1(m:1)
I+1 n+l
n+1=2n-1
2=n
P divides ABinratiom:1lie.1l:1andCDintheration:lie.2: 1.

PE 2 ’5_3,2+4 5(1,1’3).
1+1 1+1 1+1

Ex. 12. Inatriangle ABC, D and E are points on BC and AC respectively, such that BD =2 DC and
AE =3 EC. Let P be the point of intersection of AD and BE. Find BP/PF using vector methods.

Solution : Let @, b, T be the position vectors of A, B and C respectively with respect to some
origin.
D divides BC in the ratio 2 : 1 and E divides AC in the ratio 3 : 1.
- d = b+2c g— a+3c .
3 4
Let point of intersection P of AD and BE divides BE

in the ratio k : 1 and AD in the ratio m : 1, then position

G Ay Fig 5.43
b k(az CJ a+m( +3 cj
vectors of P in these two cases are and and respectively.
k+1 m+1




Equating the position vectors of P we get,
ko _ 1 B 3k _ 1 _ m - 2m

a+ = b
a0+ Tk k)T Tt 3w 3(me)

Lk 1 ()
4(k+1) m+1
1 m

k+1 3(m+1) @
3k _ 2m e

4(k+1) 3(m+1)
Dividing (3) by (2) we get,
3k .8

BP
_° —=k:1=8:3
1 2z,e,k_3 therefore I

@ Exercise 5.2 )

1.

10.

11.

12.

Find the position vector of point R which divides the line joining the points P and Q whose
position vectors are 2; — j + 3%k and —5i+2j— 5k in the ratio 3 : 2 (i) internally (ii) externally.
Find the position vector of mid-point M joining the points L (7, -6,12) and N (5, 4, -2).

If the points A(3, 0, p), B (-1, g, 3) and C(-3, 3, 0) are collinear, then find

(i) The ratio in which the point C divides the line segment AB.

(i) The values of p and g.

The position vector of points Aand B are 6& +2b and & - 3b . If the point C divides AB in
the ratio 3 : 2 then show that the position vectorof Cis3a - b .

Prove that the line segments joining mid-point of adjacent sides of a quadrilateral form a
parallelogram.

D and E divide sides BC and CA of a triangle ABC in the ratio 2 : 3 respectively. Find the
position vector of the point of intersection of AD and BE and the ratio in which this point
divides AD and BE.

Prove that a quadrilateral is a parallelogram if and only if its diagonals bisect each other.

Prove that the median of a trapezium is parallel to the parallel sides of the trapezium and its
length is half the sum of parallel sides.

If two of the vertices of the triangle are A(3, 1, 4) and B(-4, 5, -3) and the centroid of a triangle
is G(-1, 2, 1), then find the coordinates of the third vertex C of the triangle.

In AOAB, E is the mid-point of OB and D is the point on AB such that AD : DB =2: 1. If OD
and AE intersect at P, then determine the ratio OP : PD using vector methods.

If the centroid of a tetrahedron OABC is (1, 2, -1) where A = (a, 2, 3), B = (1, b, 2),
C = (2, 1, c) respectively, find the distance of P (a, b, c) from the origin.

Find the centroid of tetrahedron with vertices K(5, -7, 0), L(1, 5, 3), M(4, — 6, 3), N(6, -4, 2) ?
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5.3 Product of vectors :

The product of two vectors is defined in two different ways. One form of product results in a
scalar quantity while other form gives a vector quantity. Let us study these products and interpret
them geometrically.

Angle between two vectors :

When two non zero vectors & and b are placed such that their initial points coincide, they
form an angle 6 of measure 0 <6 <.
_/\_
Angle between @ and b isalso denotedas a b .
The angle between the collinear vectors is 0 if they point

. L . . LT Fig 5.44
in the same direction and = if they are in opposite directions. 9>

5.3.1 Scalar product of two vectors :
The scalar product of two non-zero vectors & and b is denoted by 7.5, and is defined as
E-B:|EHE‘ cos 0, where 0 is the angle between & and b .

a-b is areal number, that is, a scalar. For this reason, the dot product is also called a scalar
product.

Note :
1)  Ifeither a=0 or b=0 then 0 is not defined and in this case, we define a-5=0.

2) 1f0=0,then g-b= ‘E‘ ‘[;‘ cos0 =|al ‘5‘ In particular, a-a =|af’, as6=0.
3) If6=m, then 5-5=‘5‘ ‘5‘ cosz = —[a |5|
4) If @ and b are perpendicular or orthogonal then 6 = /2
Conversely if .5 =0 theneither @ = 0 or b = 0 or 6 = /2.
Also, 5-5:|5HE‘0050 :‘5H5|cos0 =b-a
5) Dot product is distributive over vector addition. If @, b, T are any three vectors, then
a-(b+c)=a-b+a-c.
6) If a and b are vectors and m, n are scalars, then
(i) (ma)-(nb)=mn(a-b)
() (ma)-b=m(a-b)=a-(mb)
7y |a-b|<[al[b| (This is known as Cauchy Schwartz Inequality).

5.3.2 Finding angle between two vectors :

_ e ab .
Angle 6, (0 < 6 < 1) between two non-zero vectors @ and b is given by cos0 = |(_1H5‘ , that is
— a
0 =cos™ [ ‘j[Z J
alh)




Note :

a-b — -
1) If 0<6<Z thencosd=2=—>0, thatis a-5>0.
7 alP
2) If ezz,thencosezgzo,thatis a-b=0.
2 |a||b|

Vi3 a-b R
3) If —<0<m,then cos@ =——=<0 thatis g-b<0.

2 |a”b

4)  In particular scalar product of i, ],k vectors are

) ii=7 =k k= ini-j=j-k=k-i=0.
M) i-i=j-j=k-k=Lland(ii)) 1-])= i iy 5.45

The scalar product of vectors @ =a,i+a, j+a,k and b =bi+b, j+ b,k

a-b :(alf+az}+a3l§)-(blf+b2}+b3l€) =ab +ab, +ab,

oS 0= a-b B ab +a,b, +ahb,

a a +a; +al b} +b3b;
|a| |b| \/2 2\/b12 b2h2

5.3.3 Projections :

ﬁ and PR represent the vectors & and b with same initial point P. If M is the foot of per-
pendicular from R to the line containing PQ then ‘P_S‘ is called the scalar projection of b on a. We
can think of it as a shadow of b on a, when sun is overhead.

3 o _ |EHE‘ cos@
Scalar Projection of p on a = ‘PS‘ = MCOSQ = —|5|
Scalar Projection of b on @ = % )
a
Vector Projection of p on & = ps
= ‘P_Sé . where @ is unit vector along &
_|ab ),
“\ fal
_ £_b]_
al )lal
Vector Projection of b on @ = (5 b )%
a
Fig 5.46




5.3.4 Direction Angles and Direction Cosines :

The direction angles of a non-zero vector a are the angles o, 3,and y (e [O,n]) that @ makes
with the positive X-, Y- and Z-axes respectively. These angles completely determine the direction
of the vector a .

The cosines of these direction angles, that is cos a, cos 3, cos y are called the direction cosines
(abbreviated as d.c.s) of vector a

As o is angle between i (unit vector) along X-axis and @ = alf+ a2}+a3l; then.

— A

(ali+azj+a3k)-i

_ai_ _4Y% L a, a,
cosa == = = =71=> Similarly cos f == and cosy ==,
‘a i ‘a‘(l) ‘a ‘a‘ ‘a
where ‘a‘ =ya’+a, +a,’.
a’ a’ a
. . 2 2 2 | 2 3
By squaring and adding, we get cos” a +cos” B+cos” y = —5+—>+——,
a ‘a a
—2
As ‘a =a’+a,’ +a; A
V4

".|cos® a +cos® B+cos’y =1

Also, a=aji+a,j+ak

:|5|cosaf+|5|cosﬁ}+|E|cosyl€ ‘(2;,a2,a3)

=|E|(cosa;+cos[3}'+cosy1€)

\ Y

a A A A A
That is, Hzcosai+cosﬁj+cosyk =a

Which means that the direction cosines of a, are A
components of the unit vector in the direction of &

Direction cosines (d.c.s) of any line along a vector & has same direction cosines as that of a .

Direction cosines are generally denoted by /,m,n, where | = cos a,, m = cos 3, n = cos y.

. RIS 2 . . T
As the unit vectors along X, Y-and Z- axesare i, J, k. Then i makes the direction angles O’E’E

so its direction cosines are cos0, cos% , cos% thatis 1,0,0. Similarly direction cosines of Y-and
Z-axesare 0,1,0 and 0,0,1 respectively.

Let OL and OL' be the vectors in the direction of line LL". If «, p,and vy are direction angles of
OL then the direction angles of OL' are © — a, © — p,and = — y. Therefore, direction cosines of OL
are cos o, cos B, cos y i.e. |, m, n whereas direction cosines of OL' are cos(rt — o), cos(t — ) and
cos (m — y). i.e. -cos a, -cos B and -cos y. i.e. -I,-m,-n. Therefore direction cosines of line LL'

Man)
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are same as that of vectors OL or OL' in the direction of line LL'. i.e. either I, m,n or -I,-m,-n.
As cos? o + cos?3 + cos?y =150 2+ m?+n?=1.

Direction ratios : 7

Any 3 numbers which are proportional to direction T L
cosines of the line are called the direction ratios M
(abbreviated as d.r.s) of the line. Generally the direction
ratios are denoted by a, b, c. I/ . 7 L

If I, m, n are the direction cosines and a, b, c are [o)nit B oy
direction ratios then L e

Lo

a=Al,b=Am,c=2Axn, forsomei € R.
For Example.: If direction cosines of the line are X

o,%,g then 01,43 or 0,4/3,3 or 0,24/3,6 Fig 5.48

are also direction ratios of the same line.
Note : Aline has infinitely many direction ratios but unique direction cosines.
Relation between direction ratios and direction cosines :

Let a,b,c be direction ratios and /,m,n be direction cosines of a line.

By definition of d.r.s, ! = % =T giel= Aa, m=2Ab, n=Ac.
C

Q

ButlP+m2+n?=1
(Aa)?+ (Ab)2+ (Ac)?*=1

A(az+ b*+c?=1

P S
Ja' + b+ ¢’
[ <

2 2 2’ - 2 2 2 and n =1 2 2 2 "
Na'i+b +c¢ Na'+b* +c Na“+b +c

Note that direction cosines are similar to the definition of unit vector, that is if ¥=ai+bj+ck be any
ai+ b}' +ck

x| Jar b+

vector (d.r.s) then x=1 is unit vector (d.c.s) along x.




@ Solved Examples)

Ex.1. Find a-5 if |Z|=3,

Solution = a- b =d[b[ cos = (3)(V/6) cos 45° = 3 /6 {%] = % 2J3=33

b| =6 , the angle between a and b is 45°.

Ex.2. If a=3i+4j-5kandb = 3i - 4j-5k

(i) finda-b

(i) the angle between aand b .

(iii) the scalar projection of a in the direction of b .
(iv) the vector projection of b along a.

Solution - Here =371 475k and b=3i—4 5k

i) a-b=(3)(3)+(4)(-4)+(-5)(-5)=9 - 16 + 25 =18

i) [a]=v9+16+25 =50, |b|=9+16+25=+/50

ab 18 ,1(18]
_ _ . cosf= =— 0=cos | —
The angle between 3 and b is laf [p] 50 50

iii)  The scalar projectio of a in the direction of b is "‘7"1’:%:%-

iv)  The vector projection of b along is 3 is = (a'b)k}‘;i(ﬁ”} —5’9):29*5(3?+4} ~sk)

Ex.3. Find the value of a for which the vectors 3i + 2] + 9k and i + a] + 3k are

(1) perpendicular (ii) parallel

Solution : Let p=3i + 2] + 9k andg=1 + aj + 3k

(i) The two vectors are perpendicular if -3 =0 ie. (3i+2j+9%)-(i+aj+3k) = 0
ie. 3(1)+2(a)+9(3)=0.i.e.2a+30=00ra=-15.

2

:2 ie 3a:2i.e.a:%.
a 3 3

N .3
(if) The two vectors are parallel if 1=
Ex.4. If g=7+27 —3k and b = 3i — j + 2k find the angle between the vectors 2a+5 and a + 2b.
Solution: 2a+b= 2(i+2]—3|2) + (3i -+ 2|2) — 51 + 3j — 4k ='m’ (say)

a+2b= (2+2}'—31€)+2(3§ —j+2k) = Ti +k ="' (say)

men = (25 + I;) . (ZI + 21_9) = (5} + 3} - 41Ac) . (72 + IAc)

=@ M+E O+ (-4 (1)=31

(165)
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m| = J5) +(3) +(-4) =50

A =(7)" +(0)" +(1)" =50

If © is the angle between m and n then

31 31

m-n _ 2L
i V50 <50 50

-.0=cos™ (ﬂ)
50

Ex 5. : If a line makes angle 90°, 60° and 30° with the positive direction of X, Yand Z axes respec-
tively, find its direction cosines.

cosO =

1
Solution : Let the d.c.s. of the lines be |, m, nthen | = cos 90° = 0, m = cos 60° =3

1 3

n = cos 30°= ﬁ Therefore, I, m,nare 0, 7> -
2 27 2
Ex. 6 : Find the vector projection of PO on 4B where P, Q, A, B are the points (-2, 1, 3), (3, 2, 5)
(4, -3,5) and (7, -5, -1) respectively.
Solution : Let the position vectors of P, Q, A, B are p,g,a,b respectively
p= —2§+}+31Ac, 67=3§+2}'+51Ac
G=4i-3j+5k,b=Ti-5)—k
P@:g—ﬁ:(3§+2}+51€) - (—2§+}'+31€) =5i+j+2k
and AB=b —a= (72—5}—1})—(42—3}+51€) =3i-2j-6k

.. Vector Projection of P_Q on AB
PGB 4 ()0)+()(2)+2)(6) 77

48[ (3 +(-2) +(-6)
1/~ o~ = 34 2~ 6~
IR C I S A W RS e S
49(3l / 6k) 491 49] 49k

Ex. 7 : Find the values of A for which the angle between the vectors

a=22"1+4Aj+k and b =7i - 2] +2k is obtuse.

I}

S

Solution : If @ is the angle between a and b, then cos 6 =

Q!

S

If Oisobtusethencos® <0




ﬁ <Oie ah<0 |4} > 0]

(2/122 +4l}'+lAc)- (72—2}'+M§) <0
. 1427 =81+ A<0 ie 1417 =71 <0
w TA(22-1) <0 ie. ﬂ,(l—%j<0 ie. 0< A <%
_ = . . 1
Thus the angle between @ and b is obtuse if 0 <A < 5

Ex. 8 Find the direction cosines of the vector 2i + 2Ai —k
Solutions :  Let ‘5‘ = 2i + 2] -k

\5\2\/(2)2 () +(-)? =9 =3

~ a 2i+2j+k 22 2+ 1n
a=—=——""——=—i+—j—=Kk
‘a 3 3 33

The direction cosines of a are %

w|F

2
13’

Ex. 9 : Find the position vector of a point P such that AB is inclined to X axis at 45° and to
Y axis at 60° and OP = 12 units.

1

. . .1
Solution :  We have ! =cos 45" = Nk m = cos 60° = 5
Now I+ m2+n?2=1

" l+l +cos’y =1, ie. coszyzl, ie.n=cosy =%
2 4
= = 1z r ~ n N A S
Now I’=‘I"I’=M(|I+mj+nk)=12[—l+§ji5k]

Hence 7 = 6v2i+6+6k

Ex. 10 A line makes angles of measure 45° and 60° with the positive direction of the Y and Z axes
respectively. Find the angle made by the line with the positive directions of the X-axis.

Let , B, 7y bethe angles made by the line with positive direction of X, Y and Z axes respec-
tively. Given B =45°and y =60°.
Now cos B =cos45° and cosy =co0s60°= %

cos’o + cos® B +cos?y =1




2 1 lz
cosca + — + 1
2 4

Cos? oL =

n—

coso = +.1
2

. o = 60°or 120° There are two lines satisfying given conditions. Their direction
angles are 45°,60°, 60° and 45°, 60°, 120°

Ex. 11. A line passes through the points (6, -7, —=1) and (2, -3, 1). Find the direction ratios and the
direction cosines of the line so that the angle o is acute.

Solution - Let A(6, -7, -1) and B(2, -3, 1) be the given points. So @ =6i—7j—k,b =2i—3j+k

AB=ph—q=(2-6)i+(-3+7)j+(1+1)k=—4i+4)+2k
the direction ratios of AB are -4, 4,2 .
Let the direction cosines of 48 be -4k, 4k, 2k. Then

(—4k)” +(4k)* +(2k)* =1

ie. 16k>+16k*>+4k®=1ie. 36k’=1ie. k= +6

Since the line AB is so directed that the angle o which it makes with the x-Axis is acute,

cosa =—4k>0

Ask<0 .'.k:—%
the direction cosines of 43 are _4(_1}4(_1),2(_1) el 2.
6 6 6 37373

Ex. 12 Prove that the altitudes of a triangle are concurrent.
Solution : Let A, B and C be the vertices of a triangle
Let AD, BE and CF be the altitudes of the triangle ABC, therefore AD 1L BC, BE 1L AC, CF L AB.

Let a,b,¢c,d,e, f be the position vectors of A, B, C, D, E, F respectively. Let P be the point of
intersection of the altitudes AD and BE with p as the position vector.

Therefore, 4P 1 BC,BP L AC ... (1)

To show that the altitudes AD, BE and CF are concurrent, it is sufficient to show that the altitude CF

passes through the point P. We will have to prove that CF and CP are collinear vectors. This can
be achieved by showing cp L 4B




Now from (1) we have
AP 1 BC and BP L AC
AP1BC=0 and BPLAC=0
~(p—a).(c=b) = 0 and (p—b).(c—a) = 0
s pc—pb—actab=0 . ()

pc—pa—bc+ba=0 ... 3)

Therefore, subtracting equation (2) from equation (3), we get

—pa+pb-bc+ac=0 (Sinceab=b.a)
p(b—a)—c(b—a)= 0
(p-c)-(b-a)= 0
CP-AB= 0
. CPLAB
Hence the proof.

@ Exercise 5.3 )

1. Find two unit vectors each of which is perpendicular to both
u and v ,where u=2i+j-2k,v=i+2j-2k

2. If aandb are two vectors perpendicular to each other, prove that (a +b)? = (a —b)?

3. Find the values of ¢ so that for all real x the vectors xci — 6}‘ + 3k and xi + 2}‘ +2cxk
make an obtuse angle.

4. Show that the sum of the length of projections of pi+¢j+rk on the coordinate axes, where
p=2,qg=3andr=4,is9.

5. Suppose that all sides of a quadrilateral are equal in length and opposite sides are parallel.
Use vector methods to show that the diagonals are perpendicular.

6.  Determine whether aandb are orthogonal, parallel or neither.
ia=-9i+6j+15k,b=6i-4j—10k  ii)a=2i+3j—k,b="5i—2j+4k
iii)Ez —%?+%}'+%l§,5=5?+4}+3]€ iv)c_z :42—}'+612,5 = 52—2}'+4l€

7. Find the angle P of the triangle whose vertices are P(0, -1, -2), Q(3, 1, 4) and R(5, 7, 1).

8. If p,gandr are unit vectors, find i)p-q i) p-r (see fig.5.50)
9.  Prove by vector method that the angle subtended on
semicircle is a right angle.
10. If a vector has direction angles 45°%nd 60° find the third direction angle.

11. If a line makes angles 90°, 135°, 45° with the X, Y and Z axes respectively, 7
then find its direction cosines. Fig.5.50
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12. If aline has the direction ratios, 4, -12, 18 then find its direction cosines.

13. The direction ratios of 4B are -2,2, 1. If A= (4, 1, 5) and | (AB) = 6 units, find B.

14. Find the angle between the lines whose direction cosines I, m, n satisfy the equations
5l+m+3n = 0 and 5mn - 2nl + 6lm = 0.

5.4.1 Vector Product of two vectors

In a plane, to describe how a line is tilting we used the notions of slope and angle of inclination. In
space, we need to know how plane is tilting. We get this by multiplying two vectors in the plane to-
gether to get the third vector perpendicular to the plane. Third vector tell us inclination of the plane.
The product we use for finding the third vector is called vector product.

Let aandb be two nonzero vectors in space. If
aandp are notcollinear, they determine a plane. We
choose a unit vector n perpendicular to the plane

by the right-hand rule. Which means N points in the
way, right thumb points when our fingers curl through
the angle from (See fig 5.51). Then we define a new

vector axh as axb = |5| |5| sind n
The vector product is also called as the cross product
of two vectors.

Remarks :

(i) ’ZIXB‘:‘EHE‘sinQ as |n|=1 Fig.5.51

(i) axb is perpendicular vector to the plane of a and b .

(iii) The unit vector

;Amlongaxl_)is given by;a = (_]L]f
‘axb‘

iv) If aand b are any two coplanar (but non collinear) vectors then any vector T in the space can
be given by ¢ = xa + yb + z (ExE) This is because axb is perpendicular to both a and b and thus
a, b and axEspan the whole space.

v) If 5,1_9,;:1 form a right handed triplet, then I;,E, _nalso form a right handed triplet and
bxa=|al[p|sin6 (_;1) = —|al|b|sin6 (;1) =—axb Thus vector product is anticommutative.
vi) |If a and b are non zero vectors such that a is parallel to b.
0=0iesin0=0iecaxb=0
Conversely if gxp =0, then either =0 or 5=00r sin®=0thatis 6 =0.

Thus the cross product of two non zero vectors is zero only when a and b are collinear. In particular

17Nn)
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if @=4kb then axb=kb xb =k(0)=0

4)If ZI,Z_),E are any three vectors, then

i) ax(b+c)=axb+axc Left disributive law
(ii) (g;+ ;) xa=bxa+cxd Right disributive law
viii) If a and bare any two vectors and m, n are two scalars then

Q) m(axl_y) = (m?z)xl_)zax(ml;)

(i) maxnl_) :mn(axl_y)

ix) If j, 7 k are the unit vectors along the co-ordinate axes then !
() ixi=jxj=kxk=0
ixj=k jxk=ikxi=] 5 ~
oER R J k
(i) jxi=—k,kxj=—i,ixk=—]
Fig.5.52

(Since f, f k froma right handed triplet)

) If g= alf+ az}'+ a3]} and b = b1;+bz}'+b3i€ are two vectors in space then
szl_az(alg+ az}+a3/;)x(bl;+b2}'+b3l€)
ik
This is given using determinant by axb= a a, a

>
S
s

Angle between two vectors: Let 6 be the angle between aand b (so0< 6 < m),
B ax]
then ‘axb‘ - ‘a‘ ‘b‘ sin0,sosin® = W

Geometrical meaning of vector product of a and b :

If a and b are represented by directed line segments with the same
initial point, then they determine a parallelogram ;
with base ‘a‘ , height [b| sin ® and area of parallelogram b E\E\sin@

hoa
Fig.5.53

A = (Base) (Height) = [d] (b[sin0) = [a x b)

Ex. 1 Find the cross product a x band verify that it is orthagonal (perpendicular) to both aand b
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C) Solved Examples)

a—z+] k b = 21+4]+6k (ii) a=i+3j-2k b=—i+5k
: } € 1 1 1 1 I 1
Solution: (i) gxp={1 1 =1/= i i+ i
) 4 4 6 2 6 2 4

=[6-(-4)]i - [6-(-2)] j+(4-2)k=10i-8;+2k
Now 55 @ =(10i-8j+2k)-(i+j-k)=10-8-2=0 and
axb b =(10i-87+2k)(2i+4)-6k)=20-32+12=0

so ax b is orthogonal to both @ and b .

O

= (15-0)i—(5-2) j+[0—(-3)]k = 15i-3+3k
Now (axb) a= (152—3}+31€).(§+3}—2l}) =15-9-6=0,
and  (axb)- b= (152—3}'+3l€)~(—§+51€) = 15+0+15=0, axb is orthogonal to both @and 5
Ex.2: Find all vectors of magnitude 104/3 that are perpendicular to the plane of

§+2}+1Acand —§+3}'+4l€

Solution : Let a = §+2}+1Ac and b= —§+3}+41Ac. Then

A

i
axb =1 =i (8-3) —j(4+1)+k(3+2) = 5i-5/+5k = m(say)

-1

W N~
A = S

Jaxt] = (5 +(=5) +(5)° ={3(5) =53 =|m|




Therefore, unit vector perpendicular to the plane of a and b is given by
E a xb 5?—5] +5Kk _i—]+l2

= B |5><5| B 5\/§ - \/§

m

Hence, vectors of magnitude of 10+/3 that are perpendicular to plane of aand b are

11043 f=+103 (I_\EKJ’ ie. +10(i-j+k).

Ex.3: If y+v+w=0, show that UXV=vxw=wxu.

Solution : Suppose that %+v+w=0. Then
(L_t+\_/+v_v)><\_/=(_)x1_/

uxv+vxv+wxy=0.

But vxv=0

Thus uxv+wxv=0.

Thus uxv=—wxv=vxw.

Similarly, we have vxw =wxu.

Ex4. Ifa =3i—]j+2k,b=2i+]—k, c=i-2j+2k , find (ZxB) x¢ and ax(bxc)and hence show

that (lel;) xc # ZIX(BXE).

Solution : i j k

axb=3 -1 2|=-i+7j+5k
2

i j ok
(axﬁ)xez(—?+7]+5ﬁ)x(i—2j+2|2)=—1 7 5
2

1 -2
= 24i+7j -5k (D)
ik
Now, bxc=2 1 —ll=-57-5k
1 2 2




i gk
ax(bxc)=3 -1 2|=15G+j—k) @)
0 -5 -5
from (1) and (2), we conclude that
(axz)xziax(zxz)

Ex. 5 Find the area of the triangle with vertices (1,2,0), (1,0,2), and (0,3,1).
Solution : IfA=(1,2,0),B=(1,0,2)and C=(0, 3, 1), then 4B = —2j+2k, AC=—i+ j+k and

A A ~

P oK

s = = — N

the area of triangle ABC is §|ABXAC| and ABxAC=|0 -2 2/=—4i-2]-2k
-1 1 1

‘Ex]@‘ |-4i-2j-2k| Ji6+4+ :_Vz“:&:\/gsq.units
2

2 2

Ex. 6 Find the area of the parallelogram with vertices K(1, 2, 3), L(1, 3, 6), M(3, 8, 6) and N(3, 7,3)

Solution :The parallelogram is determined by the vectors KL = j+ 3k and KN =2i +5], S0 the area
of parallelogram KLMN is

ik
[KLxKN|=]0 1 3 =|(-15)i—(-6)]+(~2)k|=|-15i+6] - 2k| = v265 square units
2 50

Ex. 7 Find |z xV] if

Fig 5.54

Solution : i) We have ‘;x;‘ = M M sin@ = (4)(5)sin45° = 20 Lz =10v2

NG




i) If we sketch g ang v starting from the same initial point, we see that the angle between

NG

them is 60°. we have [uxv| = lu [v] sin® = (12)(16)sin 60° = 192 = 96+/3 .

Ex. 8 Show that (E—B)x(ZHE):Z(ExE)
Solution : Using distributive property (a=b)x(at+b)=axa+ axb-bxa=bxb (~axb=~bxa)
=(_)+szl_7+5xl_)—(_)(-.-5x5=6)

= 2(axb)

Ex. 9 Show that the three points with position vectors 3] —27+4k, i+ J+k and —i+4]—2k
respectively are collinear.

Solution : Let A, B, C be the given three points.
a=3]-2]+4k, b

i+ ] +k and c=—i+ 4] — To show that points A, B, C are collinear.

Now AB =b-a=-2{+3]-3k, AC=c—-a=-4i+6]—6K.

ik
ABxAC=|-2 3 -3
4 6 -6

=(-18+18)i —(12-12) j+(-12+12)k
=0?—0] +0k
-0
Vectors 4B and AC are collinear, but the point A is common, therefore points A, B, C are collinear.

Ex. 10 Find a unit vector perpendicular to P_Q and PR where P = (2,2,0), Q = (0,3,5) and
R =(5,0,3). Also find the sine of angle between PO and PR

Solution :@:5_1_7 = —22+}'+5/A€
and PR=r—p=3i-2j+3k
Now [PQ| = /4+1+25 =30

and |PR| =9 +4+9 =22

i j k
~POxPR=|-2 1 5
3 -2 3




=(3+10)i—(—-6-15)7+(4-3)k
=13i+21)+k

.-.|%xﬁ| —J169 + 441+1 = /611

If n is a unit vector perpendicular to PO and pR, then
PQxPR 13i+21j+k

%xﬁ| J611

n=

_| QxPR|_ NGT

If © is the angle between PQ and PR then sin6 HPQ| |PR” V3022

Ex. 111f |a] =5, b| =13 and |a x| =25, find a - b.
Solution : Given ‘axb‘ =25
|a] - |b] sin =25 (6 is the angle between & and b )
5x13sin6=25

+
Thus a-b =60 if 0 < 6° < /2 and
a-b=-60if0/2<0<m.

Ex. 12.: Direction ratios of two lines satisfy the relation 2a-b+2c = 0 and ab+bc+ca =0. Show that
the lines are perpendicular.

Solution : Given equations are 2a-b+2c = 0 i.e b = 2a+2c .... (I) and ab+bc+ca = 0....(1I)
Put b = 2a+2c in equation (I1), we get

a(2a+2c) + (2a+2c)c+ca=0

2a*+2ac+2ac+2c*+ac =0

2a*+bac+2c¢?=0

. (2at+c) (a+2c)=0




Case | :i.e. 2a+c=0 .. 2a=—c...(lll)
Using this equation (I) becomes b=-c+2c=cie.b=c..... (IV) from (1l1) and (IV) we get,

a b ¢ 1 _
j = 1 = 1 Direction ratios of 1st line are i.e. —5,1,1 ie. —1,2,2 = p(say)
2

Case ll:i.e.a+2c=0, .. a=-2C ..... (V)
Using this equation (1) becomes
b=2(-2c)+2c=-2ci.e.b=-2c...(VI)
From (V) and (VI), we get

a b

a._2._.¢
-2 21

. Direction ratios of second line are -2, -2, 1i.e. 2,2 -1 = T (Say)
Now p-q= (—1f+2] +2|Z) : (2f+2] —12)=—2+4—2=0
.. The lines are perpendicular.

Ex. 13 Find the direction cosines of the line which is perpendicular to the lines with direction ratios
-1,2,2and0, 2, 1.

Solution : Given -1, 2,2 and 0, 2, 1 be direction ratios of lines L, and L..

Let I, m, n be direction cosines of line L. As line L is perpendicular to lines L, and L.

Then -1+2m+2n=0 and 2m+n=0
2m+n =0
2m= -n
m-n
-1 2 ...(I)and
-1+2m+2n =0  becomes
-l-n+2n =0
-l+n =0
I =n
l_ n i 1 n
1_ 1 l.e. 525 ..... (”)
I m n
from (1) and (1) 51 2
The direction ratios of line L are 2, -1, 2 and the direction cosines of line L are % _?1 %

Ex. 14 If M is the foot of the perpendicular drawn from A(4, 3, 2) on the line joining the points
B(2, 4, 1) and C (4, 5, 3), find the coordinates of M.

Let the point M divides BC internally in the ratio k:1
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M= 4k+2’5k+4,3k+1 _____ 0
k+1 k+1 k+1

.. Direction ratios of AM are

4k+2_ 5k+4_33k+1_2_p
k+1 k+1 T k+l = P (say)

-2 2k+1 k-1

i.e. , , and direction ratios of BC are 4-2, 5-4, 3-1 i.e.2,1,2 = U (say)
K+1 k+1 k+1

since AM is perpendicular to BC, Ea =0

o 2(—2)+1(2k+1)+2(k—1) o
k+1 k+1 k+1
i.e. 442k + 1+2k-2=0

4k-5=0

k=2

4
from (1) M= ﬁ,ﬂ,g
999

@ Exercise 5.4 )

1. Ifa=2{+3j-k b=i-4]+2k find (a+b)x(a-b)

2. Find a unit vector perpendicular to the vectors J+2kandi+ J

3. Ifa-b=+3andaxb= 21 + ]+ 2Kk , find the angle between aand b.

4. Ifa=2i+]-3kand b=1i-2]+Kk, find a vector of magnitude 5 perpendicular to both
aand 1_7

5. Findi) wevif Ju| =2, = 5. [uxy| =8 i) jux V] if [u] = 10,[v]=2, u-v =12

6. Provethat2(a-b)x2(a +b)=8(a x b)
7. Ifa=i-2j+3K b=4i-3j+K and c={-j+2k verifythat ax (b + T)=axb+axT
8. Find the area of the parallelogram whose adjacent sides are the vectors a=2; -2 + &

and b=1-3]-3k.

9.  Show that vector area of a quadrilateral ABCD is 1 (E X E),Where AC and BD are its

diagonals. 2
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10.  Find the area of parallelogram whose diagonals are determined by the vectors
a=3i—]-2k, and b= +3]-3k

11. If a,b,c and d are four distinct vectors such that axb=cxd and axc=bxd , prove that
a—d isparallelto h—c
12. If a=i+j+kandc=j—k, find avector bsatisfying axbs=c and q-b=3

13. Find @, if @ xi +22 -5J =0,
14, If ‘5-5‘ = ‘Exl;‘ and a-b <0, then find the angle between a and b
15.  Prove by vector method that sin (o + 3) = sina cos 3 +cos a. sin 3.

16. Find the direction ratios of a vector perpendicular to the two lines whose direction ratios are
() -2,1,-1and -3,-4,1

(i) 1,3,2and-1,1,2
17.  Prove that two vectors whose direction cosines are given by relations al+bm+cn=0 and

fmn+gnl+hlm=0 are perpendicular if i+£+ﬁ =0

a c

18. IfA(Z, 2, 3) and B(4, 5, 6) are two points, then find the foot of the perpendicular from the
point B to the line joining the origin and point A.

5.5.1 Scalar Triple Product :
We define the scalar triple product of three vectors a,b,c (Order is important) which is denoted by
[C’ b CJ and is defined as 6_7'(1;><Z’)

a=ai+a,j+ak b=bi, bj+bk ;o4 c=ci+c,j+ck

For
a a, a
labc|=|b b b
(N

Scalar triple product is also called as box product.

Properties of scalar triple product:
Using the properties of determinant, we get following properties of scalar triple product.

(1) Acyclic change of vectors a,b,c¢ in a scalar triple product does not change its value

e [abc|=[cab]=[pca]
This follows as a cyclic change is equivalent to interchanging a pair of rows in the determinant two
times.




(2)  Asingle interchange of vectors in a scalar triple product changes the sign of its value.
This follows as interchange of any 2 rows changes the value of determinant by sign only.

(3) If a row of determinant can be expressed as a linear combination of other rows then the
determinant is zero. Using this fact we get following properties.

The scalar triple product of vectors is zero if any one of the

following is true.

(i)  One of the vectors is a zero vector.

(i) Any two vectors are collinear.

(iii) The three vectors are coplanar.

(4)  Aninterchange of 'dot’ and ‘cross' in a scalar triple product does not change its value

i.e. ZI(I_)XZ‘) = (be)-é

This is followed by property (1) and the commutativity of dot product.

Theorem 7 : The volume of parallelopiped with coterminus edges as a,band c is [a b E}
Proof: Let O4=a, OB =b and OC =c be coterminus edges of parallelopiped.

Let AP be the height of the parallelopiped.

VVolume of Parallelopiped = (Area of base parallelogram OBDC) (Height AP)

o L (bxc)-a Pd
But AP = Scalar Projection of a on (b % T) ZW -~ scalar projection ofponqls
- - xc q
and area of parallelogram OBDC = ‘bXC‘
(bxc)-a - -
volume of parallelopiped = ~—=—%5— ‘bxc‘
‘b X c‘
:E-(E><E)=[Zz b E]
Theorem 8. The volume of a tetrahedron with coterminus A
edges abandcis<[a b c] e /)
PR —_ — — R — a, '
Proof : Let O4=a, OB =b and OC =c be coterminus edges of
tetrahedron OABC. e S e
Let AP be the height of tetrahedron ) Z ~5
Volume of tetrahedron —1 (Area of base AOCB) (Height AP) Fig. 5.57
3 _
o (bxe)a P
But AP = Scalar Projection of a on (b x T) :W " scalar projection 0fp0nq18
Xc q

180



Area of AOBC = % ‘I_JXE‘

Volume of tetrahedron = 1 X 1 b xc | (Bfg)_.a_
3 2 | b xC |

10,z _

=% [(bxc)-aJ =g[a b c]|

5.5.2 : Vector triple product :

For vectors a, band T in the space,

we define the vector triple product without proof as
ax(bxc)=(ac)b-(a-b)c

Properties of vector triple product

1) le(l_yx Z‘) :—(l;x E)xa(':;xc_]:—gx;)
3) ZIX(E xg)i(axg)xg

5) Ex(l;xé) is linear combination of b and T, hence it is coplanar with b and T.

@ Solved Examples )

Ex. 1 Find the volume of the parallelepiped determined by the vectors a,b and T

() 5zf+2]+3l2,5z—f+]+2l2, Ez2f+]+4l€

(“) ZI=§+}, B=}+l/€, Z‘Z/l:+}+/€
Solution (i) The volume of the parallelepiped determined by a,b and T is the magnitude of their
scalar triple product a-(bxc)

1 2 3

and @ (bxc)=|-1 1 2 Y B P 1(4-2) -2(-4-4)+3(-1-2) = 9

a-(bxc)=|- = - =1(4-2) -2(-4- -1-2) =9.
D 4 4l T2 o4 T2 1

Thus the volume of the parallelepiped is 9 cubic units.

0 1

1
_ 11 0 1

iy a-(bxc)=10 -1
(u)a(xc)1 ‘ ‘ ‘ O

+ 0‘ ‘= 0+1+0=1.
So the volume of the parallelepiped is 1 cubic unit.

Ex. 2. Find the scalar triple productfz v w| and verify that the vectors
u=i+5j—-2k,v=3i—j and w =5i+9 j—4k are coplanar.

ion - 15 =2
Solution : o 1 0l B o 3
u-(vxw)=3 -1 0]=1 -5 +(-2) =4+60-64=0
o 4 19 ATk 59

i.e. volume of the parallelepiped is 0 and thus these three vectors are coplanar.
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Ex. 3. Find the vector WhICh IS orthogonal to the vector 3; +2] + 6k and is co-planar with the
vectors 21+]+k and i —j+k

Solution : Let, 5—3z+2]+6k, b —21+}+l€, E:f—}+l€

Then by definition, a vector orthogonal to z and co-planarto b and T is given by

ax(bxc)=(a-c)b-(a-b)e
= 7(2;+}‘+l;)—14(§+}'+l€):21}'—712

—

Ex. 4. Ifa=i+j+k a-b= 1ad5 b=j—k thenprovethat b = i.

a-
Solution:As(axb)xa( ) (

aa= \5\2 “1+1+1=3 and a-H=1

(j 12) (+]+I2)z3(5)—(i+]+l2)
i)k
ie|0 1 -1 :3(5)—(?+]+I2)
11 1

Ex. 6. Show that the points A(2,-1,0) B(-3,0,4), C(-1,-1,4) and D(0,-5,2) are non coplanar

Solution: Let @=2i—j,b=-3i+4k,c=—i— j+4k, ¢ =i+ j+4k, d =5i+2k
AB=b-c=-5i+i+4k

n
(@)

—C—a=-3i+4k
AD=d -a=-2i—4j+2k




-5 1 4
Consider : (AB)‘(AC)X(AD) =-3 0
-2 -4 2
=-5[0 + 16) -1 [-6 + 8] + 4 [12]
=-80-2+48
=34+0
Therefore, the points A, B, C, D are non-coplanar.

Ex. 7:. If a, b, T are non coplanar vectors, then show that the four points
2a+b,a+2b+c,4a—2b ¢ and 3a+4b —5c are coplanar.
Solution : Let 4 prints be, P (P), Q (T), R(T) and S(5)
P :25+5,q:5+25+5,
r =4a-2b-c,s=3a+4b-5c
Let us form 3 coinitial vectors
P_ng—;:(a+2l;+5) —(221+5):—21+13+E
PR =r—-p=(4a-2b—c)—(2a+b)=2a-3b—c

PS

I
“ |

—p =(3a+4b-5c)—(2a+b) =a+3b-5c

IfP, Q, R, S, are coplanar then these three vectors @, PR and PS are also coplanar this is possible
only if PO- (ﬁ X P_S) =0
-1 1 1

P_Q-(ﬁxp_s)zz 3 -] =-1(15+3)-1(-10+1)+1(6+3)=-18+9+9=0
1 3 -5

@ Exercise 5.5)

1. Find @-(bxz),ifa=3—j+4k,b=2i+3j—k and c=-5i+2;+3k

2. Ifthe vectors 3; 4 5k, 4i+2j -3k and 3i + j + 4k are to co-terminus edges of the
parallelo piped, then find the volume of the parallelopiped.

3. Ifthevectors _3;+4;—2k,i+2k and i— pj are coplanar, then find the value of p.
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4. Prove that :
(i) [ab+ca+b+z]=0 ji (E+25—5)[(5—5)x5—5—5]=3[5—5—5}

5. If g=3g-2p and[a b+ a+b+CT]|=0 then prove that [abe|=0
6. I y=i-2j+k v=3i+k and w= j—k are given vectors, then find
(1 [E+W]'[(Wx?)x(7xv7)]

7. Find the volume of a tetrahedron whose vertices are A( -1, 2, 3) B(3, -2, 1), C(2, 1, 3) and
D(-1, -2, 4).

8. If @=i+2j+3, b=3i+2j+andc=2i+ j+3 then verify that
ax(bxc)=(a-c)b—(a-b)e

9. If,@a=i-2j, b=i+2j and c=2i+ j—2 then find
(i) ax(bxz) (ii) (@ xb)xz Are the results same? Justify.

10.  Show that C_IX(Z;XE)-FbX(EXE)-I—EX(C_IXb):O




W Let’s remember!

If two vectors & and b are represented by the two adjacent sides of a parallelogram then the
diagonal of the parallelogram represents a + b.

If two vectors @ and b are represented by the two adjacent sides of a triangle so that the

initial point of b coincides with the terminal point of @ , then the vector @ + b is represented
by the third side.

. ~ a
Unit vector along z is denoted by a and is given by a = ﬂ
a

The vector 0P where the origin O as initial point and P terminal point, is the position vector
(P, V) of the point P with respectto O. OP = P.

AB=b -1
Unit vector along positive X-axis, Y-axis and Z-axis denoted by i : ] : K respectively.
If P=(X,y, z) is any point in space and O is the origin then.

OP:x;+y}'+Z/€ and ‘@‘ =X’ +y +2°

Two non zero vectors & and b are said to be collinear if & =k b (k= 0)

Three non zero vectors &, b and T are said to be coplanar if & =mb +nt (m,n=0)
Section formula for the internal division : If R(T) divides the line segment joining the points

o ) _ mb +na
A(@) and B(b) internally in the ratio m: nthen 7 = ———

m+n
Section formula for the external division.

If R(T) is any point on the line AB such that points A(E),B(Z;),R(;) are collinear (i.e. A-B-R
nr

AR m mb —na
or R-A-B) and — =—,and where m, n are scalars the :
BR n B m-—n
Mid Point Formula : If M(m) is the mid-point of the ine segment joining the points A(a2) and
_ _ (a+b)
B(b )then m =~——+-.

Centroid Formula : If G (g ) is the centroid of the triangle whose vertices are the point A(a),

_ _ -\ a+b+c

B(p),C(c) then (g): ‘”3“.
If H(H) is incenter of A ABC then /; = ‘BC‘_E+‘A£‘Z; +‘iB‘E
[BC|+|AC|+|AB]

IfG (5) is centroiod of tetrahedron whose vertices are A(a ), B(b ),C(T) and D(d ) then
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§_5+E+E+J
4
The scalar product of two non-zero vectors and b denoted by a - b,is given by
a.b -4 ‘5‘cose
Where 6 is the angle between & and b,0<0<nx
If a is perpendicular to b then @b =0

A ~ A A

I?:JJ:[(\E:]_IJ:]E:QI:O

A

The angle 6 between two non-zero vectors @ and b is given by cos 6 =

If a = alf +a2] +a3l2 and b = bli +sz +b3I2 then & b =ab+a,b+ab
_— ~ E.o.a-b
Scalar projection of a vector & on vector b is given W

Vector projection of @ on b is given by [%j(i})
The vector product or cross product of two non-zero vectors @ and 5, denoted by @ x b is
givenby @ x b =1a|:|b| sine n

where 0 is the angle between 3 and b,0 <6 <nand n is a unit vector perpendicular to both

a and b.
axb=0ifandonlyif @ and b are collinear.
axb=-bxa

_ _ ‘Ex 5‘
The angle between two vectors & and b may be given as |5HE‘

For a plane containing two vectors @ and b the two perpendicular directions are given by
+(a xb),

A

o L ik
If & =ai+a)+ak and b =bi+b,J] +bk then axb=la, a, a,
bl bZ b3

For & and b represent the adjacent sides of a parallelogram then its area is given by ‘5 xb ‘ :
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For & and b represent the adjacent sides of a triangle then its area is given by % ‘5><5‘ .

If OP makes angles a, B, y with coordinate axes, then a, B, y are known as direction angles
COos a,, CoS 3, cos y are known as direction cosines.

Thus we have d.c.s of OPare |=cosa, m=cosf, n=cosy.i.e. l,mn

. Direction cosines of PO are -I,-m, -n

If I, m, n are direction cosines of a vector T,
Then (i) I2+m2+n?=1

(ii) P H(Z;+ m} + nlAc)
(i)  r=li+mj+nk

] } ] _ [ m
Ifl, m, nare direction cosines of a vector T and a,b,c are three real numberssuchthat — = — = —
then a,b,c are called as direction ratios of vector T and a b

a b c

—_—m= n=
Jat +b* + ¢ Ja? +b* + ¢ Ja? + 0% + &

Scalar Triple Product (or Box Product): The dot product of a and bxcis called the scalar
triple product of @ , b and T . It is denoted by a.(zxz)or[a BE]

[abe|=[bza]=[cab].
|abe|=-|bac|=-[ach |=-|cha |

Scalar Triple product is zero, if at least one of the vectors is a zero vector or any two vectors
are collinear or all vectors are coplanar.

[ =

Four points A(a ), B(b ),C(T)and D(d )are coplanar if and only if E.(A_CXA_D) -0

The volume of the parallelopiped whose coterminus edges are represented by he vectors &, b
and T is given by ‘E-(Exz)‘.

The volume of the tetrahedron whose coterminus edges are given by &, bandT is

é[al?z]

Miscellaneous Exercise 5

I)  Select the correct option from the given alternatives :
1) If ja =2, ‘5‘:3|5|:4then[§+ b b +c ©- a]Jisequalto
A) 24 B) -24 C)o0 D) 48
{187)
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2) If [a] =3, ‘5‘ = 4, then the value of A for which @ + A b is perpendicularto @ —A b ,is

9 3 3 -
A) 16 B) 4 C) > D) 3
3)  If sum of two unit vectors is itself a unit vector, then the magnitude of their difference is
A) V2 B) V3 o)1 D) 2
4 If [ =3, ‘5‘ =5 [c|=7and & + b + T =0, then the angle between @ and b s
Az BT  ofF Dy
2 4 4 6

5)  The volume of tetrahedron whose vertices are (1, -6, 10), (-1, -3, 7), (5, -1, A) and (7, -4, 7)
is 11 cu. units then the value of A is
T
A)7 B) 3 C)1 D)5
6) If a, B,y are direction angles of a line and o = 60°, B = 45°, the y =
A) 30°0r90° B)45°0r60° C)90°0r30° D) 60°or 120°
7)  The distance of the point (3, 4, 5) from Y- axis is
A)3 B) 5 C) V34 D) V41
8)  The line joining the points (-2, 1, -8) and (a, b, c) is parallel to the line whose direction ratios
are 6, 2, 3. The value of a, b, c are
-13
A)4,3,-5 B) 1,2,7 C)10,5,-2 D) 3,5,11
9) If cos a, cos B, cos y are the direction cosines of a line then the value of sin? a + sinp + sin?y is

A) 1 B) 2 C)3 D) 4

10) If I, m, n are direction cosines of a line then 1i +m ] +nk IS
A) null vector B) the unit vector along the line
C) any vector along the line D) a vector perpendicular to the line
11) If |5| =3and-1<k<2, then ‘ka‘ lies in the interval
A) [0, 6] B)[-3.6] C)[3 €] D) [1.2]

12) Leta, B, y be distinct real numbers. The points with position vectors al + Bl +yk
Bi+y] +0LQ, y’i\+ocj +BQ
A) are collinear B) form an equilateral triangle

C) form a scalene triangle D) form a right angled triangle
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13)

14)

15)

16)

17)

18)

19)

20)

Let Pand T be the position vectors of P and Q respectively, with respect to O and

|E| =p, |G| = @. The points R and S divide PQ internally and externally in the ratio 2 : 3
respectively. If OR and OS are perpendicular then.

A) 9p*=4g*  B)4p*=9¢* C)9%p=4q D) 4p=9q

The 2 vectors ] +k and 3? — 0 +4k represents the two sides AB and AC, respectively
of a AABC. The length of the median through A is

V34 Ja8

A) 5 B) — C) V18 D) None of these

If a and b are unit vectors, then what is the angle between a and b for J3a-b to be a unit
vector ?

A) 30° B) 45° C) 60° D) 90°

If © be the angle between any two vectors @ and b | then ‘5-5‘ = ‘Zx B‘ , When 6 is equal to
T T

A)0 B) ©) 5 D) n

The value of 1 (1 xk) + J (i xky+k-(ix1])

A) 0 B) -1 o)1 D)3

Let a, b, ¢ be distinct non-negative numbers. If the vectors ai +al + clz, i +Kk and

ci +cl +bk lieinaplane, then cis
A) The arithmetic mean of aand b~ B) The geometric mean of a and b

C) The harmonic man of aand b D) 0
Letd =i J,b=1k T=k i ifdisaunitvectorsuchthata .d =o=[b ¢ dJ,
then d equals
i+ -2k i+]+k i+j+k K
A) * B) + C) +7J D) £k
v NE 3
=~ (5+E)

If 2 b C are non coplanar unit vectors such that ax(bxzc)= 7
then the angle between a and b is

A) 37” B) — C) % D) n




I
1)

2)

3)

4)

5)
6)
7)

8)

9)

10)

11)

12)

13)

Answer the following :

ABCD is a trapezium with AB parallel to DC and DC = 3AB. M is the mid-point of DC,
AB=P and BC =T Findintermsof P and T.

i) AM i) BD i) MB iv) DA

The points A, B and C have position vectors a , bandCT respectively. The point P is midpoint
of AB. Find interms of @ , b and T the vector PC

In a pentagon ABCDE

Show that 4B + AE + BC + DC + ED =2AC

If in parallelogram ABCD, diagonal vectors are AC = 2i +3] +4k and

BD =-6i +7 J —2 k, then find the adjacent side vectors 45 and AD

If two sides of a triangle are i +2 ] and i+k , then find the length of the third side.
If [a = [p| =1 & .b =0and & + b + ¢ =0 thenfind ||

Find the lengths of the sides of the triangle and also determine the type of a triangle.
i)A(2,-1,0),B(4,1,1,),C(4,-5, 4) i) L(3,-2,-3), M(7,0,1), N (1, 2, 1)
Find the component form of if a if

i) Itlies in YZ plane and makes 60° with positive Y-axis and [a| =4

i) It lies in XZ plane and makes 45° with positive Z-axis and |5| =10

Two sides of a parallelogram are 3i+4]) -5k and—21] + 7k . Find the unit vectors parallel
to the diagonals.

If D, E, F are the mid-points of the sides BC, CA, AB of a triangle ABC, -

prove that a
- c

AD + BE + CF =0 7
Find the unit vectors that are parallel to the tangent line to the parabolay = Fig.5.59

x?at the point (2, 4)

Express the vector i +4] -4k as a linear combination of the vectors 21 -1 + 3|2,

i _2] +4k and—i +31 5k

If O4 = & and OB = b then show that the vector along the angle bisector of angle AOB is

H\J

givenby d —){

E
o

+

S
S




14)

15)

16)

17)

18)

19)

20)

21)

22)

23)

24)

25)

26)
27)

28)

The position vectors f three consecutive vertices of a parallelogramare i + J + k|

i +3]+ 5|2 and7 i +9 J +11 k Find the position vector of the fourth vertex.
~14i +39] + 28k
A point P with p-v. 5 divides the line joining A(-1, 6, 5) and B in the ratio

3:2 then find the point B.

Prove that the sum of the three vectors determined by the medians of a triangle directed from
the vertices is zero.

ABCD is a parallelogram E, F are the mid points of BC and CD respectively. AE, AF meet the
diagonal BD at Q and P respectively. Show that P and Q trisect DB.

If aBC is a triangle whose orthocenter is P and the circumcenter is Q, then prove that

PA + PC + PB =2 @

If P is orthocenter, Q is circumcenter and G is centroid of a triangle ABC, then prove that
OP =3 0G

In a triangle OAB, E is the midpoint of BO and D is a point on AB such that AD: DB = 2:1. If
OD and AE intersect at P, determine the ratio OP:PD using vector methods.

Dot-product of a vector with vectors 3i —512, 20 +71 and i+ 4k are respectively -1, 6
and 5. Find the vector.

If a, B, C are unit vectors such that a + b+c =0, then find the value of 5,5 +5.E +E. a

If a parallelogram is constructed on the vectors a =3P -, b = P +3 T and |p|=|g|=2and
angle between P and Y is n/3 show that the ratio of the lengths of the sides is J7 V13

Express the vector a =5j —2 ] +5K as a sum of two vectors such that one is parallel to the
vector b =3i + k and other is perpendicular to b .

Find two unit vectors each of which makes equal angles with U, V and W.

N

U=2i+] 2k, v=i+2] -2k and W =2i -2 | +k

Find the acute angles between the curves at their points of intersection. y = x?, y = x3
Find the direction cosines and direction angles of the vector.

20+ +2k ()12 i+ +k

Letb=4i +3 | and C be two vectors perpendicular to each other in the XY-plane. Find
vectors in the same plane having projection 1 and 2 along b and T, respectively, are giveny.
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29)
30)

31)

32)

33)

34)

35.

36.

37.

Show that no line in space can make angle =/6 and r /4 with X- axis and Y-axis.

Find the angle between the lines whose direction cosines are given by the equation
6mn-2nl+5Im=0, 31+m+5n=0

If Q is the foot of the perpendicular from P(2,4,3) on the line joining the points A(1,2,4) and
B(3,4,5), find coordinates of Q.

Show that the area of a triangle ABC, the position vectors of whose vertices are a, b and c is
Ir- = = - - -

—[axb+bxc+cxa]

2

Find a unit vector perpendicular to the plane containing the point (a, 0, 0), (0, b, 0), and (0, 0,

c). What is the area of the triangle with these vertices?

State whether each expression is meaningful. If not, explain why ? If so, state whether it is
a vector or a scalar.

@ a-(bxe) (b)  ax(b-c)

(©) ax(bxe) d a-(b-e)

©) (a-b)x(c-a) (0 (axb)(exd)
0 (a-b)-c () (a-b)e

i (jal)(?-2) M @ (b+e)

k) a-b+c 0 |a-(p+2)

Show that, for any vectors g b,c
(§+5+6)x6+(§+5+6)x5+ 5+E)><5 =2axC

Suppose that a =0.

(@If g.hb=a-¢ thenisb=c?
(b) If @xb=TXT thenis b=z

(©)If a-b=a-.candaxb=axc thenis b=¢?

If A3, 2,-1), B(-2, 2,-3), C(3,5,-2), D(-2, 5, -4) then (i) verify that the points are the
vertices of a parallelogram and (ii) find its area.




38.

39.

40.

41.

42.

43.

44,
45.

46)

47)
48)

Let A, B, C, D be any four points in space. Prove that
Ex@#—%xﬁ—kaxﬁ‘ = 4 (area of AABC)

Let & b.¢ be unit vectors such that a-b-a-c=0 and the angle between » and ¢ be 7 /6.
Prove that a = + 2(6x6)

Find the value of ‘a’ so that the volume of parallelopiped a formed by

i+ j+k+akandagi+k becomes minimum.

Find the volume of the parallelepiped spanned by the diagonals of the three faces of a cube
of side a that meet at one vertex of the cube.

f a,b,c are three non-coplanar vectors, then show that

(bx) b-(axe)_,

cxa)b (cxa)b

Ql

/

Prove that (Exl_))-(Exd) Z:

) 9

Find the volume of a parallelopiped whose coterminus edges are represented by the vector

] +k. i+ kandi+ ].Also find volume of tetrahedron having these coterminous edges.
Using properties of scalar triple product, prove that[a + b b +T C+a ]=2[a b C].
If four points A(a ), B(b ), C(T) and D(a) are coplanar then show that

[Aabd]+[b T d]j+[cad]=[abT]

Ifa b and T arethreenoncoplanarvectors, then (a+5+5)-[(5+5)x(5+6)} =-[a b ¢]

If in a tetrahedron, edges in each of the two pairs of opposite edges are perpendicular, then
show that the edges in the third pair are also perpendicular.

L 2K 2R 2R 2N 4




Line and Plane

Let's Study
6.1 Vector and Cartesian equations of a line.
6.1.1 Passing through a point and parallel to a vector.
6.1.2 Passing through two points.
6:2 Distance of a point from a line.
6.3 Skew lines
6.3.1 Distance between skew lines
6.3.2 Distance between parallel lines.
6.4 Equations of Plane:
6.4.1 Passing through a point and perpendicular to a vector.
6.4.2 Passing through a point and parallel to two vectors.
6.4.3 Passing through three non-collinear points.
6.4.4 In normal form.
6.4.5 Passing through the intersection of two planes.
6.5 Angle between planes:
6.5.1 Angle between two planes.
6.5.2 Angle between a line and a plane.
6.6 Coplanarity of two lines.
6.7 Distance of a point from a plane.
\
ﬁ\\ Let’s recall.

Aline in space is completely determined by a point on it and its direction. Two points on a line
determine the direction of the line. Let us derive equations of lines in different forms and discuss

parallel lines.

6.1 Vector and Cartesian equations of a line:

Line in space is a locus. Points on line have position vectors. Position vector of a point
determines the position of the point in space. In this topic position vector of a variable point on line

will be denoted by 1 .




6.1.1 Equation of a line passing through a given point and parallel to given vector:
Theorem 6.1 :

The vector equation of the line passing through A(g) and parallel to vector b is ¥ =a+ Ab.
Proof:
Let L be the line which passes through A(E) and parallel to 7 / b L
vector b .
Let P( ) be a variable point on the line L.

AP isparallel to p. / AT

AP =\p,where A is a scalar . v
OP — 04 = L] 0

r-a=2xb X

T =a+\b Fig. 6.1

is the required vector equation of the line. Remark: Each real value of A

corresponds to a point on line L and conversely each point on L determines unique value of
A. There is one to one correspondence between points on L and values of L. Here A is called a

parameter and equation 7 = a + 1D is called the parametric form of vector equation of line.
Activity: Write position vectors of any three points on the line ¥ = g +Ap .

Remark: The equation of line passing through A(E) and parallel to vector b can also be expressed
as(r —a )% b = 0. This equation is called the non-parametric form of vector equation of line.
Theorem 6.2 :

The Cartesian equations of the line passing through A(x,, y,, z,) and having direction ratios
X _ V=N _Z274

a b c

X
a, b, care

Proof: Let L be the line which passes through A(x,, y,, ;) and has direction ratios a, b, c.
Let P(x, y, ) be a variable point on the line L other than A.
Direction ratios of L are x— X,y -Y,, 2 -z,
But direction ratios of line L are a, b, c.

X=X _Y=h_z2-4

L 5 are the required Cartesian equations of the line.
a C
In Cartesian form line cannot be represented by a single equation.

Remark :

« Ifp =aj +b ] +ck thena, b, c, are direction ratios of the line and conversely ifa, b,, c,

are direction ratios of a linethen h =a,i +b, | +c k is parallel to the line.
X=X _Y=-» _Z-

P Z1 =) are called the symmetric form of Cartesian equations
a C

* Theequations
of line.

» Theequations x =x, +2Aa,y =y, + Ab, z =2z, + Ac are called parametric form of the Cartesian
equations of line.

M1oc)
(195)




 The co-ordinates of variable point P on the line are (x, + Aa, y, + Ab, z, + Ac).

» Corresponding to each real value of A there is one point on the line and conversely corresponding
to each point on the line there is unique real value of A.

* Whenever we write the equations of line in symmetric form, it is assumed that, none of a, b,
c is zero. If atleast one of them is zero then we write the equations of line in parametric form
and not in symmetric form.

* In place of direction ratios a, b, ¢ if we take direction cosines I, m, n then the co-ordinates of
the variable point P will be (x, + Al, y, + Am, z + An), A(Xx,,Y,,Z,)

AP? = (x, + Al =x)?+ (y, + Am =y )* + (z, + \n =2 )?
= (L2 + (um)? + (n)2 = (1) + (m)? + ()} = 22
AP2=2%2 - AP=|)Aland A=+ AP
Thus parameter of point on a line gives its distance from the base point of the line.
6.1.2 Equation of a line passing through given two points.

Theorem 6.3 : The equation of the line passing through A

— — .. — - — Az
(a)andB(b)is r =a *+A(b- a). ‘ L
Proof: Let L be the line which passes through A(a) and B P 3
(b). A _ -
Let P(7 ) be a variable point on the line L other than A. :
. 4p and L 4 are collinear. a Y
. AP =M\ AB,where  is a scalar . o
— . — _ o X
r-a=i(b-2) rT=a+r(b-a)
Fig. 6.2

—a + M b —E) is the required equation of the line.

=l

Remark: The equation of the line passing through A(g) and B(B) can also be expressed as
(r-a)x(b-a)=0.

Theorem 6.4 : The Cartesian equations of the line passing through A(x, y, z,) and B(x,, y,, Z,) is
X=X _Y=»n _Z27%

N=X% W= ZHTE4

Proof: Let L be the line which passes through A(x,, y, z,) and B(X,, Y,, Z,)
Let P(x, y, z) be a variable point on the line L other than A.
. Direction ratios of Lare x—x,y-y,,Z-2,
But direction ratios of line L are X, =X, y,-V,, Z,— Z,
X—X _Y=» _Z-%

=X M= T4

are the required Cartesian equations of the line.




@ Solved Examples )

Ex.(1) Verify that point having position vector 4] —11 ] + 2k lies on the line
T =(61-4] +5K)+1(27 +7] +3Kk).
Solution: Replacing F by 4i —11 ] +2k we get,
41 —1] +2k =(61 =4]+5k)+21 (20 +7] +3Kk)
L 6+20=4,-4+7A=-11,5+31=2
From each of these equations we get the same value of A .
. Given point lies on the given line.

Alternative Method: Equation T = a+Ap canbewrittenas T — a=ip
Thus point P(T ) lies on the line if and only if ¥ — a is a scalar multiple of b.
Equation of lineis 7 = (61 —4] +5 k) +M2i +7]+3Kk).
a=6i 4] +5kandb =21 +7]+3Kk

The position vector of given pointis 7 = 47 11 ] +2k
F-a=(@i-11] +2k)-(6i -4} +5k)=-2i -7] -3k
=—(2i+7]+3Kk)
=-1b, a scalar multiple of b .

. Given point lies on the given line.
Ex.(2) Find the vector equation of the line passing through the point having position vector

47 - ] +2k and parallel to vector —2j — | + k
Solution: The equation of the line passing through A(a) and parallel to vector b is F = a+Ap .
The equation of the line passing through 4 — ] + 2k and parallel to vector —2§ — ] + k is
F=@-]+2k)+1(=2i =] + k).

Ex.(3) Find the vector equation of the line passing through the point having position vector

21 + ] -3k and perpendicular to vectors | + J + k.and j +2] -k
Solution:

Leta=2j + ] -3k, p =i+ ] +kandc=j +2] -k

We know that b x T is perpendicular to both band T .

. bxTis parallel to the required line.
k
=-3j +2] +k

— = —.>
N — <D

-1

Thus required line passes through a = 2] + j — 3k and parallel to-3{ +2 ] + k..
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. Itsequationis F = (2§ + ] —3k) +A(=3i +2] + k)

Ex.(4) Find the vector equation of the line passing through 2§ + | — k and parallel to the line
joining points —j + J +4k and j +2] +2k.

Solution :
Let A, B, C be points with position vectors a =2j + | =k, b == + ] +4k and
C =i +2] +2k respectively.

BC =C—-p=(+2] +2k) —-(-i + ] +4k)= 27 + ] -2k
The required line passes through 2§ + | — k and is parallel to 2§ + | -2k
Its equationis ¥ = (2§ + ] — k) +A2i + ] -2k)
Ex.(5) Find the vector equation of the line passing through A(1, 2, 3) and B(2, 3, 4).
Solution: Let position vectors of points Aand Bbe @ and b .
. a=j+2] +3kandp =2} +3] +4k
b-a =(Qi+3] +4k)-(i +2] +3k) =(i + ] +k)
The equation of the line passing through A(a) andB(b) isTt =a +A(p —a).
The equation of the required lineis ¥ = (i +2] +3k)+A(T+ j+ k)

Activity: Verify that position vector of B satisfies the above equation.

Ex.(6) Find the Cartesian equations of the line passing through A(1, 2, 3) and having direction ratios
2,3, 7.

Solution:
The Cartesian equations of the line passing through A(x,, y,, z,) and having direction ratios

XY _z2m4

a b ¢

Here (x,, y,, z,) = (1, 2, 3) and direction ratios are 2, 3, 7.

x-1 y-2 z-3
37
Ex.(7) Find the Cartesian equations of the line passing through A(l, 2, 3) and B(2, 3. 4).
Solution: The Cartesian equations of the line passing through A(x,, y,, z,) and B(x,, y,, Z,) are
X=X _Y=»n _ 274

Xo=X W= Z—Z

Here (x,, ¥, z,) = (1, 2,3) and (x,, ¥,, 2,) = (2, 3, 4).

. Required Cartesian equations are > ~1_Y=2_ 273
2-1 3-2 4-3

X
a, b, care

Required equation

ox=1_y=-2 z-3
1 1 1
X=-1=y-2=7-3.




Activity: Verify that co-ordinates of B satisfy the above equation.
Ex.(8) Find the Cartesian equatlons of the line passmgthroughthe point A(2, 1,-3) and perpendicular
tovectorsp =i + | +kandtT =ji+2] -k

Solution: We know that b x T is perpendicular to both b and c.

A A ~

i J k
~pxct=[1 1 1 =_-3i +2] +kis parallel to the required line.
1 2 -1

The direction ratios of the required line are -3, 2, 1 and it passes through A(2, 1, -3).
x-2_y-1_z+3

Its Cartesian equations are
-3 2 1

Ex.(9) Find the angle between lines ¥ = (? +2] +3k)+ X(Z? 2] +k)
and 7 =(i +2] +3k )+ +2] +k)
Solution: Let p and T be vectors along given lines .
b=2i-2]+k adc =1 +2] +2k
Angle between lines is same as the angle between p and ¢ .
The angle between p and T is given by,
o _55_ :(2?—2]+12)-(i+2]+2|2)
|b|-|c| 3x3

9

.co0s0=0 .. 06=90°

Lines are perpendicular to each other.

Ex.(10) Show that lines ¥ = (=i —=3] +4k)+ % (=100 — | + k) and

F = (—10| -] +k) },t(—l — 3] +4k) intersect each other.

Find the position vector of their point of intersection.

Solution: The position vector of a variable point on the line 7 = (—? —3] +4k)+ k(—lof— ] +k)is
-1-100) ] +(3-n] + @A+ k
The position vector of a variable point on the line
F=(10] - ] + k) +u(=i =3] +4k)is(-10-1p)i + (-1 -3p)j + (1 + 4k
Given lines intersect each other if there exist some values of A and u for which
(-1-200)§i +(-3-0)] +(@+Mk =(-10-1p)i +(-1-3w ] + (1 +4p k
-1-101=-10-1p,-3-A=-1-3pand4+Ar=1+4p

10—, =9, A-3u=-2and L—4p=-3 .. ... 1)

Given lines intersect each other if this system is consistent
10 -1 9

As|1 -3 -2/ =109-8)+1(-3+2)+9(-4+3)=10-1-9=0
1 4 -3




. The system (1) is consistent and lines intersect each other.
Solving any two equations in system (1), weget. A =1, u=1
Substituting this value of A in (-1 -102)] + (-3-1) ] +(4 + A k we get,-11] —4 | +5Kk
- The position vector of their point of intersection is ~117 —4 ] +5 k.

Ex.(11) Find the co-ordinates of points on the line * 1 = Y =2 _Z*3 \vhich are at 3 unit
distance from the base point A(-1, 2, -3). 3
Solution: Let Q (2A — 1, 3 + 2, 6A — 3) be a point on the line which is at 3 unit distance from the

point A(-1,2,-3) .. AQ=3
JRAY +(32) +(62) =3 < (22) +(34) +(64))=9 - 492> =9
3 3

A=—=or—

There are two points on the line which are at a distance of 3 units from P.
Their co-ordinates are Q (2A — 1, 34 + 2, 6A — 3)
Hence, the required points are

132 3 (485 54
7 7 7 77 7

@ Exercise 6.1 )

(1) Find the vector equation of the line passing through the point having position vector
—27 + | + k and parallel to vector 4] — ] +2k.

(2) Find the vector equation of the line passing through points having position vectors
3i +4 ] -7k and6i — ] + k.

(3) Find the vector equation of line passing through the point having position vector
57 +4 ] + 3k and having direction ratios -3, 4, 2.

(4) Find the vector equation of the line passing through the point having position vector
i +2] +3k and perpendicular to vectors | + ] + k and2j — | + k.

(5) Find the vector equation of the line passing through the point having position vector
~i -] +2k and parallel tothe line 7 = (i +2] +3k)+A(3] +2] + k).

(6) Find the Cartesian equations of the line passing through A(-1, 2, 1) and having direction ratios
2,3, 1.

(7) Find the Cartesian equations of the line passing through A(2, 2,1) and B(l, 3, 0).

(8) A(-2,3,4),B(l, 1, 2) and C(4, -1, 0) are three points. Find the Cartesian equations of the line
AB and show that points A, B, C are collinear.

x+1 _ y+3 _ z—4 and x+10 _ y+1 _zZ-
-10 -1 1 -1 -3
co-ordinates of their point of intersection.

(9) Show that lines ! intersect each other. Find the

(10) Aline passes through (3, -1, 2) and is perpendicular to lines
F=(+]-k)*@i-2]+k)andr =i + ] -3k)+u(i -2 ] +2k).Findits
equation.
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x—-2 y-4 z+4
= i passes through the origin.

(11) Show that the line

12
6.2 Distance of a point from a line: -
P (o)
Theorem 6.5:
The distance of point P(a ) from the line ¥ = a+Lb is
2
.
b
o _ _ [ _
Proof: The line ¥ = @ +Ab passes through A(a). Ala) M_®
Let M be the foot of the perpendicular drawn from P to the line Fig. 6.3

F=a+ b
AM =‘m‘ = the projection of AP on the line.
= the projection of AP on b. (As line is parallel to 5)
b
2
Now AAM P is a right angled triangle. ... PM? = AP? - AM?

e e ¢ [(a-a)B]
:‘AP‘ —‘AM‘ = ‘a—a‘ - —

2
-t [

g

| o | Y o [(e-a)b]
The distance of point P(a) fromthe line v = (a+/lb) IS PM = ‘a a‘ ‘b‘

Ex.(12) : Find the length of the perpendicular drawn from the point P(3, 2,1) to the line
7 =(7§+ 7}+61€)+A(—2§+2}+3/€)

Solution:
The length of the perpendicular is same as the distance of P from the given line.

. . - . _ — . - 2 (a—a)-i;z
The distance of point P(a ) from the line 7 =a+Ab is ‘a—a‘ - T




Here o =37 +2  +k, & =7i+7 ] +6k, b =-2i +2] + 3k

a =(3j+2 ] +k)=(7i +7 ] +6 k)=-4j -5] - 5k

o

o —a]=(~4)" +(-5) +(=5)" =V16+25+25 = /66
(a-a).h =(-4i -5 ] -5 k).(-2i +2 | +3k)=8-10-15=-17
b = (-2) +(2) + (3 =17

The require length =

a_az_(a—a)ﬁzz |17
AR R

2
=66-17 =/49 =7 unit

Ex.(13) : Find the distance of the point P(0, 2, 3)from the line X3 _»=1_z+4

Solution:

5 2 3
Let M be the foot of the perpendicular drawn from the point
P(0, 2, 3) to the given line. P0.23)
M lies on the line. Let co-ordinates of M be (5A — 3, 24 + 1, 3\ — 4).
The direction ratios of PM are (54 -3) -0, (2L +1)-2, (31 -4) -3
i.e.bA =3, 2A-1, 3A-7
The direction ratios of given line are 5, 2, 3 and
PM is perpendicular to the given line .
5(5% - 3) + 2(2 - 1) + 334 - 7) = 0 y [
=1 M
Fig. 6.4

The co-ordinates of M are (2,3, -1).
The distance of P from the line is PM = \/(2—0)2 +(3—2)2 +(—1—3)2 — /21 unit

6.3 Skew lines:

If two lines in space intersect at a point then the shortest distance

between them is zero. If two lines in space are parallel to each other

then the shortest distance between them is the perpendicular distance .

between them. R
A pair of lines in space which neither intersect each other

nor are parallel to each other are called skew lines. Skew S b

lines are non-coplanar. Lines in the same plane either >

intersect or are parallel to each other. 0 B
In the figure 6.5, line CP that goes diagonally across the plane

CSPR and line SQ passes across the plane SAQP are skew lines % Q

The shortest distance between skew lines is the length of the segment  “x

which is perpendicular to both the lines. Fig. 6.5
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6.3.1 Distance between skew lines :

Theorem 6.6: The distance between lines 7 :51+).1131 and fza_2+/12132 is (@ - |_ )_b| b2|
b, xb
Proof: Let L and L, be the lines whose equations are 7 a +X b, az+k2 b,
respectively. Let PQ be the segment which is perpendicular to both L, and L,.
To find the length of segment PQ. b,
Lines L,and L, pass through pointsA(a,) and B(a,) respectively. —
- 1 2p g p_ (_1) ( 2) p y A(El) V
Lines Land L.are parallel to |y, and p, respectively. (Ll/-/q
As PQ is perpendicular to both Land L, it is parallel to b, * b, ’
The unit vector along PO = unit vector along le 52: n (say)
PQ = The projection of 43 on PO = 4g.n
— — BZ
po|@ ) (<) —
‘]; X 1;‘ ‘ B (@) . Q L
Fig. 6.6
. . - — ~ = . |(52—al)-(1;]><l;2)|
The shortest distance between lines ¥ = a, +A, p,and 7 = a,+X, p,is ‘ |13 13| ‘
X
Remark b
» Two lines intersect each other if and only if the shortest distance between them is zero.
- Linest = a +A b,and r = @, +A, b, intersect each other if and only if
(@;-2)(b, * b,) =0
- - - X=X - z—z
Lines — 1 =2"1 275 _ o4 2 Y2 _ 275 jntersect each other if and only if

b, a a, b, c,
Xo=X W=V Z,7%

a, b, ¢

Ex.(14) Find the shortest distance between lines ¥ = (2 — J) +0M27 + ] -3Kk)
and F=i-]+2k +p@i+J-5k)

Solution: The shortest distance between lines 7 :aﬂlﬁland r =a,*,b,is ‘_
Here 3, =2f - | , a,=1 - +2k, b,=2i + ] +3k. p,=2] + ] -5k

a,-a=(i-]+2k)-@i-7)=-1+2k




A A~

ik
And p,xp,=[2 1 -3|=-2i+4)
2 1 -5

b, xb,|=4+16 =20 =245

(a,-3,)(b,xb)=(-i +2k) - (-2i +4 ])=2

—-q 1
The required shortestdistance ‘5 ( l‘ )‘ ‘2\/5‘ ﬁ unit.
_ _ _ x—-1 y-2 z-3 x—2:y—4:Z—5
Ex.(15) Find the shortest distance between lines > 3 a and 3 4 5

Solution:
The vector equations of given linesare 7 = (1 +2] +3 k) +A27 +3] +4 k)
and 7 =(2§ +4] +5 k) +uGi +4] +5k)

_ _ a, —
nd F=a,+Ap is(z

Tl
QO
X |

The shortest distance between lines 7 = a, + LD,

N}
NS

Here 31:' +2 § +3Kk, a,=2i +4] +5k,p,=2] +3] +4 k. b,=3i +4] +5k)

~

La,~8,= (27 +4 J+5K) = (i +2] +3k)=1i +2] +2k

>

(@3

X

S

Il
W N =~
AW <o
[ I S

Il

|

+

[\e]

~

b

|51><52|=\/1+4+ =6

(Ez_a)(B 1X62):(?+2 j +2 iz)(—? +2i—|2):1

(a2_al)'(b_lxl;2)| 1

The required shortest distance ‘5 xl?‘ ‘ % unit.
1 2




Ex.(16) Show that lines :
F=(i+]-k)+r@i-2]+k)andr =47 -3 ] +2k) +u(i —2] +2k)
intersect each other.

Solution: Lines ¥ = & +A, p,and 7 = Ez + ), b, intersect each other if and only if

(a,- &) (b,* b,)=0

Herea =i+ j —k,a,=4i -3] +2k, b,=21-27+k, b,=i-2]+2k,
a,- 8 =31 -4] +3k
3 -4 3
(- a)(b,*b,)=|2 -2 1]=3(2)+4(3)+3(-2)=—6+12-6=0
1 =2 2

Given lines intersect each other.

6.3.2 Distance between parallel lines:
Theorem 6.7: The distance between parallel lines ¥ = a+A p and T = a,+Ap is|(a,— a) x|
Proof: Let lines represented by ¥ = & +Lp and F = a,+\p bel and |,

Lines L,and L, pass through A( a,) and
B(a,) respectively.

Let BM be perpendicularto L,. To find BM o B (a,) Lo
AAMB is a right angle triangle. Let m £~ BAM = 0 ) i’
sin@ :%
AB

BM = AB sin 0 = AB.1sin 0 = AB.|b|. sin 0 d

‘Exl;‘:‘(az—(_zl)xl;‘

The distance between parallel lines < [ 0 s> [ | =

T - o i i Al(a)) M

r=a+ip and 7 =a,+A b isgivenby

Fig. 6.7

d =BM :‘(52 —a)xb

Ex.(17) Find the distance between parallel lines 7 = (Zi -] +k)+ 7»(2? + ] —2k)and
F=(i-]+2k)+p@i+]-2k)
Solution: The distance between parallel lines ¥ = a +1b and F=a,*t A b given by

d=|@-a)xb

(@
11
N

Here a=21—-] +k, a,=1-] +2k,




az—_l:(f—}+2A)—(2;—}+lAc):—f+lg and §o2iti—2k
A I A
(@,-a)xb=|-1 0 1:%—1 0 1—1{—2—12}
I I ER
d=‘(52—al)xz)=gunit

Alternative Method:

The distance between parallel lines 7 =a,+Ab and 7 =a, +Ab is same as the distance of

point A(a, ) from the line 7 =@, + Ab . This distance is given by

=z
(@]
=
Ql
3]
|
Kl
Il
—
~.)>
|
~.>
+
[\
>
SN—
|
—
~.>
|
~.>
+
>
SN—
Il
|
~.)>
+
>

b=2i+j-2k, |6|=3

— — =77 2
d= 5152|2{%} = 2—(—%) =1/2—%=gunit

X
Ex.(18) Find the distance between parallel lines - = L2 and = =
2 -1 2 2 -1 2

Solution:
The vector equations of given lines 7 = 1(22—}4 212)
and 7:(f+}’+l;)+u(22—}‘+212)
The distance between parallel lines 7 =a, + b and 7 =a, + Ab is given by d = ‘(52

Here &, =0, a, =i+ j+k b = 21— j+2k

A

sLa,—a =i+j+k

And z}zm
3




PRk
e 1 iy a2\ 3 7
—a)x<b=|1 1 U=Zl1 1 1:5{31—3k}:z—k
ORI -

a, —a, )x b| =2 unit

&

Exercise 6.2 )

1)
(2)

(3)

(4)
Q)

(6)

(7)

(8)

1)

(2)

Find the length of the perpendicular from (2, -3, 1) to the line x;rl = y;3 = Z+11

Find the co-ordinates of the foot of the perpendicular drawn from the point 2?—}‘+51Ac to the
line 7 = (1 li— 2}' —SIQ) + A (10?—4}' -1 112) . Also find the length of the perpendicular.

Find the shortest distance between the lines 7 = (4;—})+/1(;+ 2}—31;) and
7:(;—}+2l;)+,u(§+4}—5];)

+l:y+l:Z+l a

Find the shortest distance between the lines x7 nd x—3_y-3_z-7

-6 1 1 -2 1
x—1_ y+1 z+10
2 -3 8

Find the perpendicular distance of the point (1, 0, 0) from the line
Also find the co-ordinates of the foot of the perpendicular.

A(L, 0, 4), B(0,-11, 13), C(2, -3, 1) are three points and D is the foot of the perpendicular from
Ato BC. Find the co-ordinates of D.

By computing the shortest distance, determine whether following lines intersect each other.
() 7 =(i=7)+2(2i +k) and 7 =(2-])+ u(i+5-k)
4 -5 -5 7 1 3

If lines x—1_y+l_z-1 and x—3_y—k_z intersect each other then find k.
2 3 4 1 2 1

Miscellaneous Exercise 6 A

Find the vector equation of the line passing through the point having position vector 3; + 4}- 7k
and parallel to 6i— j+k .

Find the vector equation of the line which passes through the point (3, 2, 1) and is parallel to
the vector 2;+ 2 -3k -




(3)

(4)
®)
(6)
(7)
(8)

©9)

(10)

(11)
(12)
(13)
(14)

(15)

(16)

(17)
(18)

(19)
(20)

(21)

Find the Cartesian equations of the line which passes through the point (-2, 4, -5) and parallel
x+2 y-3 z+5

5 6
Obtain the vector equation of the line

to the line

x+5 y+4 z+5
5 6
Find the vector equation of the line which passes through the origin and the point (5, -2, 3).

Find the Cartesian equations of the line which passes through points (3, -2, -5) and (3, -2, 6).
Find the Cartesian equations of the line passing through A(3, 2, I) and B(Z1, 3, 1).

Find the Cartesian equatlons of the line passmg through the point A(1, 1, 2) and perpendicular
to vectors p _,+21+k and ¢ —3z+2] k.

Find the Cartesian equations of the line which passes through the point (2, 1, 3) and perpendicular
x—lzy—222—3 and =Y _Z%

2 3 -3 2 5
Find the vector equation of the line which passes through the origin and intersect the line

to lines

Xx—1=y-2=z-3atright angle.

l-x 7y-14 z-3 7-Tx _y-5_6-z

Find the value of A so that lines and I " are at right
angle. 3 22 2 3

: . -1 y-2 z-3 - - -
Find the acute angle between lines xl =7 " =22 and x21=y12=213.

Find the acute angle between linesx=y,z=0and x=0,z=0.
Find the acute angle between linesx=-y,z=0 andx =0,z =0.

Find the co-ordinates of the foot of the perpendicular drawn from the point (0, 2, 3) to the line
x+3 y-1 z+4

5 2 3
By computing the shortest distance determine whether following lines intersect each other.

(i) 7=(§+}—l§)+i(2§—}+l€) and 7:(22+2}—3/€)+u(f+}'—2l€)

(ii) x-=5 _ Y- 7 z+3
5

x—1 y+1 z-1 and x=2 y+m z-2

2 3 4 1 2

Find the vector and Cartesian equations of the line passing through the point (-1, -1, 2) and

parallel to the line 2x-2=3y +1=6z-2.

andx—-6=y—-8=z+2.

If lines * intersect each other then find m.

. o . .- A 5A n AN
Find the direction cosines of the line » = (—21 +5] —k]+/1(21 +3]).
Find the Cartesian equation of the line passing through the origin which is perpendicular to
x—=1_ y+1 z-1
. . . 3 4
Write the vector equation of the line whose Cartesian equationsarey =2 and 4x -3z +5=0.

X—-1=y-2=z-1and intersects the
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(22) Find the co-ordinates of points on the line x-1 = =2 3 which are at the distance 3 unit
from the base point A(l, 2, 3). 1 2

6.4 Equations of Plane :

Introduction : A plane is a surface such that the line joining any two points on it lies entirely on it.
Plane can be determined by
(i) two intersecting lines
(i) two parallel lines
(iii) a line and a point outside it
(iv) three non collinear points.

Definition: A line perpendicular to a plane is called a normal to the plane. A plane has several
normals. They all have the proportional direction ratios. We require only direction ratios of normal
therefore we refer normal as the normal to a plane.

Direction ratios of the normal to the XY plane are 0, 0, 1.

6.4.1 Equation of plane passing through a point and perpendicular to a vector.

Theorem 6.8: The equation of the plane passing through the point A(E) and perpendicular to

vector N iISF. 7=ag-7 - A
Proof: Let P(T) be any point on the plane. -
. AP is perpendicular to .
AP =0 I—
~(F-a)-n=0 O

oo M@
Lren—a-n= Tt
_ AP P(r)
r-n=d4a-n

Fig. 6.8

This is the equation of the plane passing through the point A(ﬁ) and perpendicular to the vector n .

Remark :

* Equation 7 -n = a-n is called the vector equation of plane in scalar product form .

« If a-n=dthenequation 7-77 = a-7 takesthe form r-n=d.

mNno)
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Cartesian form :

Theorem 6.9 : The equation of the plane passing through the point A(x,, y,, z,) and direction ratios
of whose normal are a, b, cisa (x—x,) + b(y-y) +c(z-z) =0.

Proof: Let P(x, y, z) be any point on the plane.
The direction ratios of AP are x —x,,y -V, Z-Z,.
The direction ratios of the normal are a, b, c. And AP is perpendicular to the normal.
sa(x=x)+b(y-y)+c(z-z)=0. This is the required equation of plane.
Remark: Above equation may be writtenasax + by +cz+d=0

Ex.(1) Find the vector equation of the plane passing through the point having position vector
2i+3j+4k and perpendicular to the vector 2§+}‘—21§.

Solution: We know that the vector equation of the plane passing through A(é) and normal to
vector n isgivenby .n=qg-n-

Here @ =2i+3j+4k, n=2i+ j—2k

a-ﬁz(z§+3}+41€)- (2E+}—21€)=4+3—8=—1

The vector equation of the plane is 7 .(22+ - 2/}) 1.

Ex.(2) Find the Cartesian equation of the plane passing through A(1, 2, 3) and the direction ratios of
whose normal are 3, 2, 5.

Solution: The equation of the plane passing through A(x,, y,, z,) and normal to the line having
direction ratios a, b, cis a(x - x,) + b(y -y,) +c(z-z) =0.

Here (x,, ¥,, z,) = (1, 2, 3) and direction ratios of the normal are 3, 2. 5.
The Cartesian equation of the plane is 3(x - 1) + 2(y - 2) + 5(z - 3) = 0.
~3X+2y+52-22=0.

Ex.(3) The foot of the perpendicular drawn from the origin to a plane is M(2, 1, -2). Find vector
equation of the plane.

Solution: OM is normal to the plane.

.. The direction ratios of the normal are 2, 1, -2.

The plane passes through the point having position vector 2§+}'—212 and vector OM = 2?+}’— 2k
is normal to it.

Its vector equation is ;. = g-7 .




!

-(2§+}—21€):(22+}-21€)-(2E+}—21€)

(2+7-2k)=9.

l

6.4.2 The vector equation of the plane passing through point A(ﬁ) and parallel to b and T :

Theorem 6.10 : The vector equation of the plane passing through the point A(E) and parallel to
non-zero and non-parallel vectors b and € is (¥ —a)-(bx¢)=0.

Proof: As vectors b and T are parallel to the plane, vector b x T is normal to the plane. Plane
passes through A(ﬁ). 1

Let P(T) be any point on the plane. bxc

is perpendicularto b x €

- AP
AP (hxc)=0 ~NA—

.'.(77—5)-([;><5)=0 A(E)..."—:.__
7-(bxz)=a-(bxc) is the required equation. AP *p(r)
Fig. 6.9

Remark: As Ap, b and T are parallel to the same plane, they are coplanar vectors. Therefore AP
can be expressed as the linear combination of b and €. Hence AP =1b + uc for some scalars A
and p.

F—a=Ab+uc
F=a+Ab+puc This equation is called the vector equation of plane in parametric form.

Ex(4) Find the vector equation of the plane passing through the point A(-1, 2, -5) an parallel to
vectors 4i—j+3k and j+ j— .

Solution: The vector equation of the plane passing through point A(é) and parallel to b and T is
F-(bxc)=a-(bxc)

Here g=—i+2j—5k,b=4i— j+3k,c=i+j—k

A N

ik
bxc=|4 -1 3 =-2i+7j+5k
11 -1

Ql

-(Exz)=(—§+2}—51€)-(—2§+7}+5}%)=—9




The required equation is 7~(—2§+7}‘+51€) =-9

Ex.(5) Find the Cartesian equation of the plane 7 = (;—}')+/1(;+}'+l;)+ u(f—2}+312)

Solution: Given plane is perpendicular to vector n, where

ik
i=bxc=l 1 1=5-2j-3k
1 -2 3

.. The direction ratios of the normal are 5, -2, -3.

And plane passes through A(Z, -1, 0).

- Its Cartesian equation is a(x - x,) + b(y —y,) +¢c(z-z,) =0

S5(x=1)-2(y+1)-3(z-0)=0

SO5X-2y-3z-7=0

6.4.3 The vector equation of plane passing through three non-collinear points :

Theorem 6.11 : The vector equation of the plane passing through non-collinear points A(é) , B(B)
and C(C) is (F-a)-(b—a)x(c-a)=0

Proof: Let P(T) be any point on the plane passing through non-collinear points A(a), B(B)and

C(T) .
.'. \_
_ ABX
S AP-ABx AC=0
o(F-a@)-ABx AC=0 /
i AC

This is the required equation of plane.

Cartesian form of the above equation is

X=X Y=y Zz—Z
X,=X V=V, Z,—z|=0
X=X 3™V Z3TE

Ex.(6) Find the vector equation of the plane passing through points A (1, 1, 2), B (0, 2, 3) and
C(4,5,6).




Solution; Let @, b and T be position vectors of points A, B and C respectively .
ca=i+j+2k, b=2j+3k c=4i+5)+6k

~b —5:—§+}'+l§ and 5—5:3f+4}'+4l€

ik
(b-a)x(c-a)=|-1 1 1=7/-7k
3 4 4

The plane passes through g =+ j+ 2k and 7 —7k is normal to the plane.
. Its equation is (7—5)~(7}'—7l€) =0

(7-(2+}+2]€))-(7}—7/€)=0

!

-(7}—712)=(§+}+2z€)-(7}—71€)

|

-(7}—712) =—7 is the required equation.
6.4.4 The normal form of equation of plane.

Theorem 6.12: The equation of the plane at distance p unit from the origin and to which unit vector
n isnormalis 7.n=p

Proof: Let ON be the perpendicular to the plane ... ON =p
As n is the unit vector along ON, ON = pn
Let P(T) be any point on the plane.

~NPLn ~NP-n=0
.'.(7—pn)'n:0 .'.;7-1:1—]9;1';1:0
..7;[—]):0 .'.77';[:p

Fig. 6.11

This is called the normal form of vector equation of plane.

Remark:

* If I, m, n are direction cosines of the normal to a plane then n=1/i + mj + nk .

* If N is the foot of the perpendicular drawn from the origin to the plane and ON = p then the
co-ordinates of N are (pl, pm, pn).

* The equation of the plane is Ix + my + nz = p. This is the normal form of the Cartesian
equation of the plane.

» There are two planes at distance p units from origin and having n as unit vector along normal,
namely r-n=+p

(m17)
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Ex.(7) Find the vector equation of the plane which is at a distance of 6 unit from the origin and to
which the vector 2 j+ 2k is normal.

Solution: Here p =6 and 7 = 2i — j + 2k o |n|=3

. _ ’E_A. 2"
_._nzizw

n

The required equation is - 7.5, = p

_._F.{#J%

-(22-}4212):18

!

Ex.(8) Find the perpendicular distance of the origin from the plane x -3y +4z-6 =0
Solution : First we write the given Cartesian equation in normal form.
I.e.inthe form Ix + my + nz=p

Direction ratios of the normal are 1, -3, 4.

1 -3 4
Direction cosines are , ,
V26 26 /26

1 -3 4 6
Given equation can be written as NiT3 xX— N3 v+ 7% z= e
6

The distance of the origin from the plane is E

Ex.(9) Find the coordinates of the foot of the perpendicular drawn from the origin to the plane
2x+y—-2z=18

Solution:

The Direction ratios of the normal to the plane 2x +y -2z =18 are 2, 1, -2.

N . 21 2
Direction cosines are —,—,——
33 3
. . .. 2 1 2
The normal form of the given Cartesian equation is Ex + Ey _EZ =6
p=6
. . 2 1 2
The coordinates of the foot of the perpendicular are (Ip, mp, np) = {6 (Ej ,6 [5]6[—§D = (4,2,—4)




Ex.(10) Reduce the equation 7-(3?—4}4 1212) =8 to the normal form and hence find
(i) the length of the perpendicular from the origin to the plane

(i) direction cosines of the normal.
Solution: Here 1 =3i—4j +12k =13

(3i-4j+12k) g

The required normal formis ;.

13 13
8
(i) the length of the perpendicular from the origin to the plane is T
(ii) direction cosines of the normal are i,_—4,£.
13 13 13

6.4.5 Equation of plane passing through the intersection of two planes :

If planes (77, —d,)=0 and 7 -7, —d, =0 intersect each other, - 7*(7+7,)+\(di+d;)=0

then for every real value of 2 equation 7 (7, +Am,)=(d, +Ad,) ([ ——  _—]

represents a plane passing through the line of their intersection

7 ﬁl’dl - }72§Qg

If planes ax+by+cz+d =0 and ax+by+c,z+d,=0
intersect each other, then for every real value of A, equation iLineof

intersection
(alx +by+cz+d)+A (azx +b,y+c,z+d, ) =(0represents a plane
passing through the line of their intersection.

Fig. 6.12
Ex.(11) Find the vector equation of the plane passing through the point (1, 0. 2) and the line of
intersection of planes 7-(f+}'+l€) =8 and 7-(2§+3}'+41§): 3

Solution: The equation of the required plane is of the form equation .. 7 (7, + A7, ) —(d, + Ad, ) =0

=

-[(h]+I2)+i(2i+3]+4|2)}:8+31 .. ()

l

((1+22)7+ (1432) j+ (1+42)k ) =8+ 32

The plane passes through the point (1, 0, 2).

o (i 2k)- (1224 (1432) j+ (1+42)k ) =8+ 32
S (1422)+2(1+424) =8+34

SIH2A+2+8A =843




STA

=5

5

A=2 - (2)

7

From (1) and (2) we get

!

|

-((f+}+l€)+%(2§+3}+41€)}:8+3(%j

-(17§+22}+27/€)=71

@ Exercise 6.3 )

1)

(2)
(3)

(4)

Q)

(6)

(7)

(8)

©)

(10)
(11)

Find the vector equation of a plane which is at 42 unit distance from the origin and which is
normal to the vector 2; + j— 2k .

Find the perpendicular distance of the origin from the plane 6x—-2y+3z-7=0.

Find the coordinates of the foot of the perpendicular drawn from the origin to the plane
2x+6y—-3z=63.

Reduce the equation F-(3§+4}‘+12]€) =78 to normal form and hence find

(i) the length of the perpendicular from the origin to the plane (ii) direction cosines of the
normal.

Find the vector equation of the plane passing through the point having position vector ; + } +k
and perpendicular to the vector 4;+5j + 6k -

Find the Cartesian equation of the plane passing through A( -1, 2, 3), the direction ratios of
whose normal are 0, 2, 5.

Find the Cartesian equation of the plane passing through A(7, 8, 6) and parallel to the XY
plane.

The foot of the perpendicular drawn from the origin to a plane is M(1,0,0). Find the vector
equation of the plane.

Find the vector equation of the plane passing through the point A(-2, 7, 5) and parallel to
vectors 4;— j+3k and i+ j+k .
Find the Cartesian equation of the plane 7 = (5;—2}—3/;)+ﬂ(;+}+/;)+ #(;—2}4312).

Find the vector equation of the plane which makes intercepts 1, 1, 1 on the co-ordinates axes.




6.5 Angle between planes: In this article we will discuss angles between two planes, angle between
a line and a plane.

6.5.1 Angle between planes: Angle between planes can be determined from the angle between their
normals. Planes 7 -7, =d, and 7 -1, =d, are perpendicular to each other if and only if n,-n, =0
Planes a,x+by+cz+d, =0 and a,x+b,y+c,z+d, =0 are perpendicular to each other if and only
if aa,+bb,+cc,=0

Definition : If two planes are not perpendicular to each other then the angle between them is
defined as the acute angle between their normals.

The angle between the planes 7 -7, =d, and 7 -1, =d, is given by cos6 =

Ex.(12) Find the angle between planes 7~(§+}'—21€) =8 and 7-(—2;+}'+l; =3
Solution: Normal to the given planes are 7, =i+ j—2k and n, = i+ j+k

The acute angle 6 between normal is given by

cosf = n M
][]
0 (f+}—2l€)-(—2§+}+l€) ‘_3‘ 1
.. COS = = |—| = —
J6 -6 6| 2
1 7
c.cosf =— L O=600=2
2 3

The acute angle between normals 0, and n, is 60°.

The angle between given planes is 60°.
6.5.2 Angle between a line and a plane: Line 7 =g+ A is perpendicular to the plane 7 -7 =4 if
and only if b and M are collinear. i.e. if 5 =77 forsomet e R Line # =g+ Ab is parallel to the
plane of 7.7 =4 and only if b and M are perpendicular to each other. i.e.if 5-7=0.

Definition : The angle between a line and a plane is defined as the complementary angle of the acute
angle between the normal to the plane and the line.

Because of the definition, the angle between a line and a plane can't be obtuse.

If O is the angle between the line 7 =@ + Ab and the plane 7 -7 =d then the acute angle between the
line and the normal to the planeis Z _ .




Ex.(13) Find the angle between the line 7 = (§+ 2}+l§)+l(f+}‘+l€) and the plane 7-(2;—}'#;) =8
bei
B[]

S|

Solution: The angle betweenthe line 7 =g + A» andtheplane 7 -7 =d isgivenby sin@ =

Here p =i+ j+k and 7=2i— j+k

.-.b-ﬁ=(§+}+/€)-(2§—}+1€)=2—1+1:2

‘5‘:\/1+1+ -3 and n|=v4+1+ =6

oo BTl 2 A
0 |
S0 =sin"’ (ﬁl

3

6.6 Coplanarity of two lines:

We know that two parallel lines are always coplanar. If two non-parallel lines are coplanar then the
shortest distance between them is zero. Conversely if the distance between two non-parallel lines is
zero then they are coplanar.

Thus lines 7 =a, + A,b, and 7 =@, + A,b, are coplanar if and only if (52 —51)-(51 X l;2)= 0
The plane determined by them passes through A (&) and b, xb, . is normal to the plane .

Its equation is (7 —a,)-(B,x5,)=0.

X —X. - zZ—Z — — — ; ;
1 YN _ETA g I YT 275 are coplanar if and only if

Lines
a b, G a, b, &

Y, =% =W ZH7F

a, b, ¢ |=0
a, b, )
X=X Y= z—z
The equation of the plane determined by them is | q, b, ¢ [=0
a2 b2 cz
{218)




Ex.(14) Show that lines 7 =(7+j~£ )+ 2(2i-2j+4) and 7= (4137 +2k )+ (i ~2j+2k) are
coplanar. Find the equation of the plane determined by them.

Solution: Lines 7 =a,+Ab, and 7 =@, +A,b, are coplanar if and only if (a, —51)-(51 Xb_2)=0
Here c‘1]=2+}‘—12, 52:42—3}421;
b =2i-2j+k b =i-2j+2k
na,—a=3—-4j+3k
4 3

3
(@,-a)-(Bxb,)=]2 -2 1=3(-2)+4(3)+3(-2)=—6+12-6=0
1 =2 2

.. Given lines are coplanar.

A A ~

ik
Now b xb,=[2 -2 1=-2i-3j-2k
1 2 2

The equation of the plane determined by them is (7—51)-(

S
X
S
~
Il
[e)

!

(byxb,)=a,-(bxb,)
(21 —3j -2k =(i+]—|2)-(—2?—3]—2|2) 0

) Aa)
)

=l

“
. N
=
|
w
N
|
N
~>

6.7 Distance of a point from a plane.

To find the distance of the point A(&) from the plane 7 -n = p

|a-al

The distance of the origin from the plane 7., = p isp.

The equation of the plane passing through A(a) and parallel to
the plane

|—| A(G)

A

T-n=pi57.n:5.n. |—|

The distance of the origin from the plane 7., =g-n IS ‘c‘z-ﬁ




The distance of the point A(&) from the plane 7-n = p is given by ‘p— a-n

Remark : For finding distance of a point from a plane, the equation of the plane must be in the
normal form.

Ex.(15) Find the distance of the point 4; -3+ 2k from the plane . (—2?+}‘—21Ac) =6
Solution: Here @ =4i -3+ 2k, =—2i+ j — 2k
A= (=2) +(1) +(=2) =3

. (—2§+}—2/€)
"= 3

The normal form of the equation of the given plane is

_.(—2i+§—2k):2 s
~ A A A (—2§+}—2l€)
Now, c_z-n=(4i—3j+2k)-—

(42—3}+21€)~(—2§+}—2/€) B
B 3 R

.an=-5
The required distance is given by‘p— 5'ﬁ‘=|2—(—5)| =|7|=7

Therefore the distance of the point 4; -3 + 2k from the plane (—2?+}'—21Ac) =6 is 7 unit.

@ Exercise 6.4)

(1) Find the angle between planes 7-(?+}+2]€):13 and F~(2§—}‘+l€)=31.

(2) Find the acute angle between the line 7~(f+2}‘+2]€)+/‘t(2§+3}—612) and the plane
7-(22—}+1€)=0

(3) Show that lines 7=(2}'—3/€)+ﬂ,(2+2}'+3/€) and 7:(2;+6}+31Ac)+,u(2;+3}+4l;) are
coplanar. Find the equation of the plane determined by them.

(4)  Find the distance of the point 4; —37+ from the plane 7-(2f+3}—6fc) =21.
(5)  Find the distance of the point (1, 1, -I) from the plane 3x+4y-12z+20=0.
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Remember This: Line )

The vector equation of the line passing through A(c_z) and parallel to vector bis r=a+Ab
The vector equation of the line passing through 4(a) and B(b) is r=a+A(b—a)-

The Cartesian equations of the line passing through A(x,, y,, z,) and having direction ratios a,
bcare X~ M _Y~N _Z7%4
a b c

2
The distance of point P(¢) fromthe line - = g+ A5 is given by ‘a _ 5‘2 _ %
b

The shortest distance between lines r=q +Ab and =g, +A,b, is given by
(Clz —01)'([?1 sz)
‘51 X 52‘

Lines 7 = Zl + /1151 and r= ZIz + /1252 intersect each other if and only if
(212 —211)'(1_?1 Xzz)ZO

X=X _Y=nNh_2-% X=X V=Y, _27%5

Lines = and = intersect each other if and
al bl cl aZ b2 CZ
Xo =X Vo=V 2,74

only if a, b, =0

a b 2 G

The distance between parallel lines r=a +Ab and r=a,+Ab is given by
d =‘(az —al)xb

Plane )

The vector equation of the plane passing through A(a) and normal tovector 7 is 7-n=a-n
Equation r-n=a-n iscalled the veetor equation of plane in scalar product form.
If a-n=d then equation r-n= a-n takes the form ron=d

The equation of the plane passing through A(x,, y,, z,) and normal to the line having direction
ratios a,b,c is a(x-x,) + b(y-y,) + c(z-z)) = 0.




The vector equation of the plane passing through point A(E) and parallel to b and c is
r-(bxc):a-(bxc)

Equation = g+ Ab + pc is called the vector equation of plane in parametric form.

The vector equation of the plane passing through non-collinear pointsA(Z,), B(E) and C(c)

is (r-a)-(b-a)x(c-a)=0
X=X Y-V Z—Z

Cartesian from of the above equationis |x, —x;, y, -y, 2z,—2z/|=0

X=X V3=V 2373
The equation of the plane at distance p unit from the origin and to which unit vector nis normal
is . n=p
If I, m, n are direction cosines of the normal to a plane which is at distance p unit from the
origin then its equation is Ix + my + nz = p.

If N is the foot of the perpendicular drawn from the origin to a plane and ON = p then the co-
ordinates of N are (pl, pm, pn).

If planes (; . 1;1 —d,)=0 and ,_,,_12 —d, =0 intersect each other, then for every real value
of A.equationy - (n1 + Ana) —(d, + Ad,) =0 represents a plane passing through the line of
their intersection.

If planes and a,x+b,y+c,z+d=0 and a x+b,y + ¢,z + d, = 0 intersect each other, then for every
real value of A, equation (a x+by + ¢,z + d,) + A (ax+b,y ¢,z + d,) = 0 represents a plane
passing through the line of their intersection.

- - - - o n-n
The angle between the planes 7-n1 =d, and r-n2 =d, is given by cos6 = |=—==
i,
- - - . b-n
Theacuteangle betweentheline » = g+ Abandtheplane r-n=d isgivenby sin@ = |——
alia

Lines 7= a, + b, and r = az + 2, b2 are coplanar if and only if (a2 —a1)- (b1 xb2) =0

and the quation of the plane determined by them is (I_’ - 211) : (Z_)l X 1_72) =0

X=X Y=V Z—Z X=X, Y=V, 275

Lines and B
a b, ¢ a, b, G,

X=X V=)V Z—Z

are coplanar ifandonly if a b, ¢,| =0, and the equation of the plane determined
a, b, G
222



X=X Y=y Z—Z

by them is q, b, =0

a, b, &)

The distance of the point A(ZI) from the plane ;_»;2 = p is given by ‘p —a-

Miscellenous Exercise 6 (B)

Choose correct alternatives.

n

1)  If the line XY z is perpendicular to the line x—1 = y+2 = z-3 then the value of k
is: 3 4 k 3 k—1
11 11 11 4
A)— B)-— C)— D)—
) 4 ) 4 ) 2 )11
2)  The vector equation of line 2x -1 =3y+2=z-2s
— 1_ 2_ —_ - —_ —_
A) | rx e . .
r—(zz 3]+2kj+l<3z+2]+6k)
B) ;:f—}+(22+}+E)
o 7=(3i-7)+ali-27+6F)
2
D) z_ﬂ:(f+})+l(f—2}+6%)
3)  The direction ratios of the line which is perpendicular to the two lines
-7 17 -6 5 3 -6
X yrl_z andx+ _Yr2_z are
2 -3 1 1 2 -2
A) 4,57 B)4,-5,7 C)4,-5,-7 D)-4,5,8
4)  The length of the perpendicular from (1, 6,3) to the line X y_—l _Z- 2
1 2 3
A) 3 B) Vil C) V13 D) 5
{223)




5) The shortest distance between the lines = (; + 2}' + lAc) + /”t(; - } - IAC) and
?:(2i—j—k)+u(2i+j+2k) is
1 3 3
A)—= B) C)—= D) ¥
V3ON2 T2 2
5 Theli x=2 y-3 z-4 dx—l_y—4_z—5 4 ool "
) e lines 1 " —k an k > - and coplanar i
A) k=1lor-1 B) k=0or-3 C) k=+3 D) k=0or-1
-1 -2 -3
7) Thelinesfzzziandx P and are
2 3 -2 —4
A) perpendicular B) inrersecting C) skew D) coincident
8)  Equation of X-axis is
A) X=y=z B) y=12
C) y=0,z2=0 D) x=0,y=0
9)  The angle between the lines 2x =3y =-z and 6x =-y = -4z is
A) 45° B) 30° C) 0° D) 90°
10) The direction ratios of the line 3x + 1 = 6y-2 = 1-z are
A) 2,16 B) 2,1,-6 C)2,-1,6 D) -2,1,6
11) The perpendicular distance of the plane 2x + 3y - z = k from the origin is ¥14 units, the value
of kis
J14
A) 14 B) 196 c) 2414 D)
12) The angle between the planes and }7(; - 2;’ + 31;) +4=0and " (2i +Jj- 3k) +7=0 jg
/4 T (3 (o
A) E B) E C) cos” (Zj D) cos (ﬁ]
13) Ifthe planes 7-(2i— A/ + l;) =3 and 7 '(4i —Jj+ Hk) =3 are parallel, then the values of A
and p are respectively.
1 1 1 1
A) —,—2 B) ——,2 c) ——,—2 D) —,2
)5 )3 ) 75 )5
{224)




14)

15)

16)

17)

18)

19)

20)

1.
(1)

)
3)

(4)

The equation of the plane passing through (2, -1, 3) and making equal intercepts on the
coordinate axes is

A)x+y+z =1 Byx+y+z=2 C)x+y+z=3 D)x+y+z=4
Measure of angle between the planes 5x-2y+3z—-7 =0and 15x — 6y +9z +5=01s
A) 0° B) 30°
C) 45° D) 90°
The direction cosines of the normal to the plane 2x-y+2z=3 are
n2l2 212
37373 37373
o212 ;2. 2l 2
37373 37373
The equation of the plane passing through the points (1, -1, 1), (3, 2, 4) and parallel to Y-axis

IS:
A) 3x+2z -1=0 B) 3x —2z=1 C) 3x+2z+1=0 D) 3x+2z=2

Theequationoftheplaneinwhichtheline x-S _y-7_z+3 and Xx=8 _y-4_z+53
lie, is 4 -+ -5 7 1 3

A)17x-47y -24z2 +172=0
B) 17x + 47y - 24z + 172 =0
C)17x+47y + 24z +172=0
D) 17x - 47y + 24z + 172=0

+1 - -4
If the line x2 =Y 3m _Z p lies in the plane 3x-14y+6z+49=0, then the value of m is:
A)5 B) 3 C)?2 D) -5
The foot of perpendicular drawn from the point (0,0,0) to the plane is (4, -2, -5) then the

equation of the plane is

A)dx+y+5z2=14 B) 4x - 2y -5z =45

C)x-2y-5z=10 D)4x +y+6z=1I

Solve the following :

Find the vector equation of the plane which is at a distance of 5 unit from the origin and which

is normal to the vector 2i + } +2k

Find the perpendicular distance of the origin from the plane 6x+2y+3z-7=0

Find the coordinates of the foot of the perpendicular drawn from the origin to the plane
2X+3y+6z=49.

Reduce the equation . (6i +8j+ 24k) =13 to normal form and hence find
(i) the length of the perpendicular from the origin to the plane
(i) direction cosines of the normal.
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()
(6)

(7)

(8)
©)

(10)

(11)
(12)

(13)

(14)
(15)
(16)

7)

(18)
(19)

Find the vector equation of the plane passing through the points A(l, -2,1), B(2, -1, -3) and
C(0,1,5).

Find the Cartesian equation of the plane passing through A(1, - 2, 3) and the direction ratios of
whose normal are 0. 2, 0.

Find the Cartesian equation of the plane passing through A(7, 8, 6) and parallel to the plane
. (6i+8j+7k):0

The foot of the perpendicular drawn from the origin to a plane is M(l, 2,0). Find the vector
equation of the plane.

A plane makes non zero intercepts a, b, ¢ on the co-ordinates axes. Show that the vector
equation of the plane is 7. (bci +caj+ abk) = abc

Find the vector equation of the plane passing through the point A(-2, 3,5) and parallel to vectors
4i+3k and i+ j

Find the Cartesian equation of the plane 7 = /l(; + } — lAc) + U (; + 2}' + 312)

Find the vector equations of planes which pass through A(l, 2,3), B(3, 2, 1) and make equal
intercepts on the co-ordinates axes.

Find the vector equation of the plane which makes equal non-zero intercepts on the co-ordinates
axes and passes through (1,1,1).

Find the angle between planes 7 -(—2; + } + 21;) =17and r- (2; + 2}’ + lAc) =71.

Find the acute angle between the line r= i(f— } + lAc) and the plane Py (22 —j+ lAc) =23
amwﬂmunms?:(§+4})+A(?+2}+3£)amL?=(3}—%)+y(ﬁ+3}+4%)

are coplanar. Find the equation of the plane determined by them.
Find the distance of the point 3; 4 3}- 4 from the plane ;.(zf+ 3}' + 6/2) =21

Find the distance of the point (13, 13,-13) from the plane 3x + 4y - 12z = 0.

Find the vector equation of the plane passing through the origln and containing the line
r :(f+4] +k)+/1(f+2Aj +k)

Find the vector equation of the plane which bisects the segment joining A(2,3, 6) and B( 4,3, -2)
at right angle.

Show that linesx =y, z=0and x + y =0, z = 0 intersect each other. Find the vector equation of
the plane determined by them.
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I Linear Programming

Let's Study ™\

7.1  Linear Inequations in two variables.
7.1.1 Convex Sets.
7.1.2 Graphical representation of linear inequations in two variables.
7.1.3 Graphical solution of linear inequation.
7.2 Linear Programming Problem (L.P.P.).
7.2.1 Meaning of Linear Programming Problem.
7.2.2 Mathematical formulation of L.P. P.

7.2.3 Solution of L. P. P. by graphical methods.
\_ v,

% Let’s Recall

A linear equation in two variables ax + by + ¢ = 0, where a, b, c € R a and b are not zero
simultaneously represents a straight line. A straight line makes disjoint parts of the plane. The points
lying on the straight line and two half planes on either side, which are represented by
ax+ by + c<0andax + by + ¢ >0. We will now study the two half planes made by a line.

The sets of points {(x, y) | ax + by + ¢ < 0} and {(x, y) | ax + by + ¢ > 0} are two open half
planes. The sets of points {(x, y) | ax + by + ¢ <0} and {(x, y) | ax + by + ¢ > 0} are two half, planes
with common points. The sets {(x, y) | ax + by + ¢ <0} and {(x, y) | ax + by + ¢ > 0} have the common
boundary {(x, y) | ax + by + ¢ = 0}.

Linear inequation in two variables.

Definition : A linear inequation in two variables x, y is a mathematical expression of the form
ax + by <corax + by >c where a0, b= 0 simultaneously and a, b € R.

Activity  : Check which of the following ordered pairs is a solution of 2x + 3y — 6 < 0.
1. (1,-1) 2. (2,1) 3. (-2,1) 4. (-1,-2) 5.(-3,4)
Solution :
Sr. No. (x,y) Inequation Conclusion
1. 1,-1) |[2(1)+3(-1)-6=-1<0 is a solution
2. (2,1) 2(2)+3(1)-6=1>0
3. (-2,1)
4. 1,-2)
5. (-3,4)

Graphical representation of linear inequation in two variables ax + by (< or >) c is a region
on any one side of the straight line ax + by = ¢ in the coordinate system, depending on the sign of
inequality.
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7.1.1 : Convex set:

Definition : A set of points in a plane is said to be a convex set if line segment joining any two

points of the set entirely lies within the set.
The following sets are convex sets :

fig 7.1(a) fig 7.1(b)

C

The following sets are not convex sets :

fig 7.1(c) fig 7.1(d)

>
w

Note :

(1)  The convex sets may be bounded.
Following are bounded convex sets.

—

fig 7.2(a) fig 7.2(b)
(i)  Convex sets may be unbounded.

9

/\Y

4

% 3

4 2

3

2 1

1 T 5 3 4 5% "3 -2 _1_(])\ 1 23
- 4
fig 7.3(a) fig 7.3(b)

Note :

1)  Graphical representations of x < h and x > h on the Cartesian coordinate system.
Draw the line x = h in XOY plane.

\ J



The solution set is the set of points lying on the Left side or Right side of the line x = h.

Y x<h

< Y x=>h
—

< —
< —
<« X S

O|<——1h o h—=
<« —
<« | —
fig 7.4 fig 7.5

2)  Graphical representation of y <k and y > k on the Cartesian coordinate system.
Draw the liney =k in XOY plane.
The solution set is the set of points lying below or above the line y = k.

i 1111

L

e} X 6) X

fig 7.6 fig 7.7
3)  Graphical representations of ax + by < 0 and ax+by > 0 on the Cartesian coordinate system.
The line ax + by = 0 passes through the origin, see the following graphs.

Y
Q
ef'xe ?3\/'
Ay ar
. X o) \i
= 0 \
// N
d N
fig 7.8 fig 7.9

4)  To find the solutions of ax + by < ¢ and ax + by > ¢ graphically,
Draw the line ax + by = ¢ in XOY system. It divides the plane into two parts, each part is called

half plane :
Y
/ a,b,c>0
Y i /’
a,n,c>0
Noh, g R
/ X% /
a
o 0 ‘%Lxé X
0 Ml/‘/\ X A J/Ao
fig 7.10 fig 7.11

The half plane H,, containing origin is called origin side of the line and the other half plane
H, is non-origin side of the line ax + by = c.

For convenience, consider O (0, 0) as test point. If O (0, 0) satisfies the given inequation
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ax + by < c, then the required region is on origin side. Hence shade the region the H, otherwise shade
the other half plane H,.

The shaded portion represents the solution set of the given inequation.
Note that the points {(x, y)} | ax + by = ¢} form the common boundary of the two half planes.

@) Solved Examplea

Ex.1 Show the solution sets for the following inequations graphically.

a) x<3 b) y>-2 c) x+2y<0
d) 2x+3y>6 e) 2x -3y > -6 f) 4x -5y <20.
Solution : Y4
2
a) Todraw:x<3 ya X<3 b)To draw :y>-2 L
Draw line:x = 3 Draw line: y=-2 < .
Z’ ) -1_(i 12 34X
] A
! « | 2| y>-2
-3
-1_? 1 2 34X
<« N
< fig 7.13
Y
fig 7.12
c) Todraw:x+2y<0 :
Draw line: x = -2y <0 2
X 0| 2] -a] 2 i
4 3% Lo 5>X
y==2 [0 |1 ]2 |= {77\
fig 7.14

As the origin lies on the line x = -2y, we have to choose

another point as a test point. Let us choose (-2,-2) =-2-4=-6<0 b4
X+2y =-2-4=-6<0 8
d) Todraw: 2Xx+3y>6
Draw line :2X+3y=6
X y (X, y)
3 0 (3,0)
0 2 0, 2)

2X + 3y|(0‘0) = 0<6. Therefore, the required
region is the non-origin side of the line.

e) Todraw: 2Xx — 3y > -6
Draw line :2X—-3y=-6
X y (x,¥) w1 oI o
-3 0 (-3,0) /ﬁ -{t
0 2 0,2) fig 7.16

2x+3y|(010) = 0 > - 6. Therefore, the required region is the origin side of the line.

Aam)



f)  Todraw: 4x -5y <20

Draw line »4x -5y =20
y (x,y)
0 (5,0)
—4 (0,-4)

fig 7.17
4x—5y|(0 0 = 0 < 20. Therefore, the required region is the origin side of the line.

Ex.2: Represent the solution set of inequation 3x + 2y < 6 graphically.

Solution :
To draw c3Xx+2y<6
Draw the line :3Xx+2y=6
X y (X, y)
2 0 (2,0)
0 3 0, 3)
3x+2y|(0‘0) =0<

Y

3x+2y=6

PN 7D

-1

0 1~ 3
-1

fig 7.18

6. Therefore, the required region is the origin side of the line.

Ex.3: Find the common region of the solutions of the inequations x + 2y > 4, 2x —y < 6.

Solution :
To find the common region of
Draw the lines

cX+2y>4and2x-y<6
cX+2y=4and2x-y=6

Equation of line X y Line passes through (x, y) Sign Region

4 0 (4,0) Non-origin
= > .
x+2y=4 0 2 ©,2) . side
2 6 > ° 6.9 Origin sid
_v= <
X—y 0 r: 0. -6) < rigin side
N&
fig 7.19
Notes :

There are two methods of plotting the lines :




1)  Find the intersection points of the line with X axis and Y axis.

2)  Write the equation of the straight line in the double intercept form.
For example : consider the line 3x + 2y = 6.

1)  The intersection with X axis is given wheny =0, So A (2, 0) is the point of intersection with
the x axis, The intersection with Y axis is given when x = 0.
So B (0, 3) is the point of intersection with the y axis. We draw the line through A and B.

2)  The equation of line is 3x + 2y = 6 Divide both sides by 6.

We get the double intercept form X +% =1

.. Intercepts on X axis and Y axis are 2 and 3 respectively.
The points (2, 0), (0, 3) lie on the line.

Ex. 4 : Find the graphical solution of 3x + 4y <12, and x — 4y < 4

Solution : To find the graphical solution of : 3X+4y<l12andx -4y <4
Draw the lines : L,:3x+4y=12andL,:x-4y=4.
Equation of line X y Line passes through (x, y) Sign Region
4 0 (4,0) T
3X+4y=12 0 3 0.3) < Origin side
4 0 (4,0) T
X—4y=4 5 — 0. 1) < Origin side

The common shaded region is graphical solution.

x-4y=4 lﬂ>5<
fig 7.20
@ Exercise 7.1 ) ¢

1) Solve graphically :
i)x>0 i) x<0 i) y>0 iv)y<o0

KN
II\)'SF\O Hl\)oyﬂ-bm'<

2) Solve graphically :
i) x>0andy>0 ii)x<0and y>0 iii)x<0andy<0 iv)x>0andy<0

3) Solve graphically :
i) 2x-3>0 ii)2y—-5>0 iii)3x+4<0 iv) 5y +3<0

4)  Solve graphically :
i) x+2y<6 i) 2x -5y > 10 i) 3x+2y>0 iv) 5x -3y <0
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5) Solve graphically :
) 2x+y>2andx-y<1 i) Xx—y<2 andx+2y<8
i) x+y>6andx+2y<10 iv) 2x+3y<6andx+4y>4
v) 2x+y>5andx-y<1

@) Solved Examples )

Ex. 1 : Find the graphical solution of the system of inequations.

2x+y <10, 2x—y=>2, x>20,y>0
Solution : To find the solution of the system of given inequations -

Draw lines X y Line passes through (x, y) Sign Region

L, 0 10 (0, 10) - Origin side of
2x +y =10 5 0 (5, 0) B L,

L, 0 7 (0,-2) . Origin side of
2X—y=2 1 0 (1,0) - L,

The common shaded region OABCO is the graphical solution. This graphical solution is known
as feasible solution.

0 <

2x+y=10

Vol v A o
w

>£=22 3 4‘153(\4

1
N

fig 7.21

Remark : The restrictions x > 0, y > 0, are called non-negativity constraints.

Definition : A solution which satisfies all the constraints is called a feasible solution. )

Ex. 2 : Find the feasible solution of the system of inequations 3x + 4y > 12, 2x + 5y > 10, x>0,y >0.

To draw . Line passes through . .
(Inequations) Draw line X y x.y) Sign Region
L, 0| 3 ©,3) Non-origin side
rAy212 | o vay=12 4 | 0 (@, 0) = of Line L,
0 2 0,2 -oriain si
2% + By > 10 L, . ©,2) > Non-origin side
2x+5y=10 | 5 0 (5, 0) of Line L,




Solution :

Common shaded region is the feasible solution.

Ex. 3:

A manufacturer produces two items A and B. Both are processed

3x+4y=12

2x+5y=10

on two machines | and Il. A needs 2 hours on machine | and 2 hours on
machine Il. B needs 3 hours on machine I and 1 hour on machine II. If
machine | can run maximum 12 hours per day and Il for 8 hours per day,
construct a problem in the form of inequations and find its feasible solution

graphically.

Solution :
Let x units of product A and y units of product B be produced.
x>0,y>0.

Tabular form is:

Machine Product A (x) | ProductB (y) | Availability

I 2 3 12
] 2 1 08

Inequations are 2x + 3y <12,2x +y <8,x>0,y > 0.
To draw graphs of the above inequations :

123@&

fig 7.22

\
\

1 2 3“1\5"6\x

fig 7.23
To draw Draw line X y Sl pa?za;)through Sign Region lie on
il TR sl B 0
2428 | prie Ao —@a ] < | Cimn

The common shaded region OABCO the feasible region.

@ Exercise 7.2 )

I) Find the feasible solution of the following inequations graphically.

1) 3x+2y<18,2x+y<10,x>0,y>0
2) 2x+3y<6,x+y>2,x>0,y>0

3) X+4y>12,4x+7y<28,y>1,x>0

4) X+4y<24,3x+y<21,x+y<9,x>0,y>0

5) 0<x<3,05y<3,x+y<52x+y>4

6) X—2y<2,Xx+y>3,-2x+y<4,x>0,y>0
7) A company produces two types of articles A and B which requires silver and gold. Each
unit of A requires 3 gm of silver and 1 gm of gold, while each unit of B requires 2 gm of
silver and 2 gm of gold. The company has 6 gm of silver and 4 gm of gold. Construct the
inequations and find the feasible solution graphically.
8) A furniture dealer deals in tables and chairs. He has Rs.1,50,000 to invest and a space
to store at most 60 pieces. A table costs him Rs.1500 and a chair Rs.750. Construct the

inequations and find the feasible sol

ution.
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7.2 Linear Programming Problems (L.P.P.) :

L.P.P. is an optimization technique used in different fields such as management, planning,
production, transportation etc. It is developed during the second world war to optimize the utiliza-
tion of limited resources to get maximum returns. Linear Programming is used to minimize the cost
of production and maximizing the profit. These problems are related to efficient use of limited re-
sources like raw materials, man-power, availability of machine time and cost of the material and so
on.

Linear Programming is mathematical technique designed to help managers in the planning
and decision making. Programming problems are also known as optimization problems. The math-
ematical programming involves optimization of a certain function, called objective function, subject
to given conditions or restrictions known as constraints.

7.2.1 Meaning of L.P.P. :

Linear implies all the mathematical functions contain variables of index at most one. A
L.P.P. may be defined as the problem of maximizing or minimizing a linear function subject to linear
constraints. These constraints may be equations or inequations.

Now, we formally define the terms related to L.P.P. as follows :

1) Decision variables : The variables involved in L.P.P. are called decision variables.

2) Objective function : A linear function of variables which is to be optimized, i.e. either
maximized or minimized, is called an objective function.

3) Constraints : Conditions under which the objective function is to be optimized are called
constraints. These constraints are in the form of equations or inequations.

4) Non-negativity constraints : In some situations, the values of the variables under consider-
ations may be positive or zero due to the imposed constraints, Such constraints are referred
as non-negativity constraints.

7.2.2 Mathematical formulations of L.P.P. :

Step 1) : Identify the decision variables (x, y) or (x,, X,).

Step 2) : Identify the objective function and write it as mathematical expression
in terms of decision variables.

Step 3) : Identify the different constraints and express them as mathematical

equations / inequations.
Note : i) We shall study L.P.P. with at most two variables.
i) We shall restrict ourselves to L.P.P. involving non-negativity constraints.

@) Solved examples )

Ex. 1 : AToy manufacturer produces bicycles and tricycles, each of which must be processed through
two machine A and B. Machine A has maximum of 120 hours available and machine B has a maxi-
mum of 180 hours available. Manufacturing a bicycle requires 4 hours on machine A and 10 hours
on machine B. Manufacturing a tricycle required 6 hours on machine A and 3 hours on machine B.
If profits are Rs.65 for a bicycle and Rs.45 for a tricycle, formulate L.P.P. to have maximum profit.

Solution :
Let z be the profit, which can be made by manufacturing and selling x tricycles and y bicycles.
x>0,y>0
.. Total Profit z = 45x + 65y
Maximize z =45x + 65y
It is given that




Machine Tricycles (x) Bicycles (y) Availability
A 6 4 120
B 3 10 180

From the above table, remaining conditions are 6x + 4y < 120, 3x +10y < 180.
.. The required formulated L.P.P. is as follows :

Maximize Z = 45x + 65y
Subject to the constraints x>0,y>0
6x + 4y <120

3x+10y<180

Ex. 2 : Acompany manufactures two types of toys A and B. Each toy of type A requires 2 minutes for
cutting and 1 minute for assembling. Each toy of type B requires 3 minutes for cutting and 4 minutes
for assembling. There are 3 hours available for cutting and 2 hours are available for assembling. On
selling a toy of type A the company gets a profit of Rs.10 and that on toy of type B is Rs. 20. Formu-
late the L.P.P. to maximize profit.

Solution :

Suppose, the company manufacters x toys of type A and y toys of type B.
x>0,y>0

Let P be the total profit

On selling a toy of type A, company gets Rs.10 and that on a toy of type B is Rs.20.
.. total profit on selling x toy s of type A and y toys of type B is p = 10x + 20y.

. maximize p=10x + 20y.
The conditions are
2x + 3y <180, X + 4y <120, x>0, y > 0.

Ex. 3 : A horticulturist wishes to mix two brands of fertilizers that will provide a minimum of 15
units of potash, 20 units of nitrate and 24 units of phosphate. One unit of brand | provides 3 units of
potash, 1 unit of nitrate, 3 units of phosphate. One unit of brand Il provides 1 unit of potash, 5 units
of nitrate and 2 units of phosphates. One unit of brand I costs Rs. 120 and one unit of brand Il costs
Rs.60 per unit. Formulate this problems as L.P.P. to minimize the cost.

Solution :

Let z be the cost of mixture prepared by mixing x units of brand I and y units of brand II.
Thenx>0,y>0.
Since, 1 unit of brand I costs Rs.120.

1 unit of brand Il costs Rs.60.

.. total cost z=120x + 60y.
. Minimize z =120x + 60y.
Brand | I Minimum requirement
Content per unit per unit
Potash 3 1 15
Nitrate 1 5 20
Phosphate 3 2 24
The conditions are 3x+y>15
X + 5y > 20,
3Xx + 2y > 24,
The L.P.P.is
Maximize z=120x + 60y subject to the above constraints.
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@ Exercise 7.3 )

1)

2)

3)

4)

A manufacturing firm produces two types of gadgets A and B, which are first processed
in the foundry and then sent to machine shop for finishing. The number of man hours of
labour required in each shop for production of A and B per unit and the number of man hours

available for the firm are as follows :

Gadgets Foundry Machine Shop
A 10 5
B 6 4
Time available (hour) 60 35

Profit on the sale of Ais Rs. 30 and B is Rs. 20 per units. Formulate the L.P.P. to have maxi-
mum profit.

In a cattle breading firm, it is prescribed that the food ration for one animal must contain 14,
22 and 1 units of nutrients A, B and C respectively. Two different kinds of fodder are avail-
able. Each unit of these two contains the following amounts of these three nutrients :

Fodder Fodder 1 Fodder 2
Nutrient
Nutrients A 2 1
Nutrients B 2 3
Nutrients C 1 1

The cost of fodder 1 is Rs.3 per unit and that of fodder Rs. 2, Formulate the L.P.P. to minimize
the cost.

A company manufactures two types of chemicals A and B. Each chemical requires two types
of raw material P and Q. The table below shows number of units of P and Q required to manu-
facture one unit of A and one unit of B and the total availability of P and Q.

Chemical A B Availability

Raw Materia
P 3 2 120
Q 2 5 160

The company gets profits of Rs.350 and Rs.400 by selling one unit of A and one unit of B
respectively. (Assume that the entire production of A and B can be sold). How many units
of the chemicals A and B should be manufactured so that the company get maximum profit?
Formulate the problem as L.P.P. to maximize the profit.

A printing company prints two types of magazines A and B. The company earns Rs. 10 and
Rs. 15 on magazines A and B per copy. These are processed on three machines I, 11, I1I.
Magazine A requires 2 hours on Machine I, 5 hours on Machine Il and 2 hours on Machine
I11. Magazine B requires 3 hours on Machine I, 2 hours on Machine Il and 6 hours on Machine
I11. Machines I, I1, 11l are available for 36, 50, 60 hours per week respectively. Formulate the
L.P.P. to determine weekly production of A and B, so that the total profit is maximum.

5) A manufacture produces bulbs and tubes. Each of these must be processed through two

machines M, and M.. A package of bulbs require 1 hour of work on Machine M, and 3 hours
of work on M,. A package of tubes require 2 hours on Machine M, and 4 hours on Machine
M,. He earns a profit of Rs. 13.5 per package of bulbs and Rs. 55 per package of tubes.
Formulate the LLP to maximize the profit, if he operates the machine M., for atmost 10 hours
a day and machine M, for atmost 12 hours a day.

\ J



6) A company manufactures two types of fertilizers F, and F,. Each type of fertilizer requires
two raw materials A and B. The number of units of A and B required to manufacture one unit
of fertilizer F, and F, and availability of the raw materials A and B per day are given in the

table below :
Fertilizers F1 F2 Availability
Raw Material
A 2 3 40
B 1 4 70

By selling one unit of F, and one unit of F,, company gets a profit of Rs. 500 and Rs. 750
respectively. Formulate the problem as L.P.P. to maximize the profit.

7) Adoctor has prescribed two different units of foods A and B to form a weekly diet for a sick
person. The minimum requirements of fats, carbohydrates and proteins are 18, 28, 14 units
respectively. One unit of food A has 4 units of fats. 14 units of carbohydrates and 8 units of
protein. One unit of food B has 6 units of fat, 12 units of carbohydrates and 8 units of protein.
The price of food A is 4.5 per unit and that of food B is 3.5 per unit. Form the L.P.P. so that
the sick person's diet meets the requirements at a minimum cost.

8) If John drives a car at a speed of 60 kms/hour he has to spend Rs. 5 per km on petrol. If
he drives at a faster speed of 90 kms/hour, the cost of petrol increases to 8 per km. He has
Rs. 600 to spend on petrol and wishes to travel the maximum distance within an hour. Formu-
late the above problem as L.P.P.

9) The company makes concrete bricks made up of cement and sand. The weight of a concrete
brick has to be least 5 kg. Cement costs Rs.20 per kg. and sand costs of Rs.6 per kg. strength
consideration dictate that a concrete brick should contain minimum 4 kg. of cement and not
more than 2 kg. of sand. Form the L.P.P. for the cost to be minimum.

7.2.3 Formal definitions related to L.P.P. :
1) Solution of L.P.P. : A set of values of the decision variables x,, X,, ....., X which satisfy the
conditions of given linear programming problem is called a solution to that problem.

2) Feasible solution : Asolution which satisfies the given constraints is called a feasible solution.

3) Optimal feasible solution : A feasible solution which maximizes or minimizes the objective
function as per the requirements is called an optimal feasible solution.

4) Feasible region : The common region determined by all the constraints of the L.P.P. is called
the feasible region.

Solution of L.P.P. :
There are two methods to find the solution of L.P.P. :

1) Graphical method, 2) Simplex method.
Note : We shall restrict ourselves to graphical method.
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Some definitions :
Solution :

A set of values of the variables which satisfies all the constraints of the L.P.P. is called the
solution of the L.P.P.

Optimum feasible solution :
A feasible solution which optimizes (either maximizes or minimizes) the objective function
of L.P.P. is called optimum feasible solution.

Theorems (without proof) :

Theorem 1: The set of all feasible solutions of L.P.P. is a convex set.

Theorem 2: The objective function of L.P.P. attains its optimum value (either maximum or
minimum) at least at one of the vertices of convex polygon. This is known as convex
polygon theorem.

Corner - Point Method :

1) Convert all inequations of the constraints into equations..

2) Draw the lines in X - Y plane.

3) Locate common region indicated by the constraints. This common region is feasible region.
4)  Find the vertices of feasible region.

5) Find the value of the objective function z at all vertices of feasible region.

Suppose, we are expected to maximize or minimize a given objective function z = ax + by in
the feasible region. The feasible region is a convex region bounded by straight lines. If any linear
function z = ax + by, is maximized in the feasible region at some point, then the point is vertex of the
polygon. This can be verified by drawing a line ax + by = ¢ which passes through the feasible region
and moves with different values of c.

Solve graphically the following Linear Programming Problems :

Example 1 : Maximize Z=9x + 13y subjectto 2x + 3y <18, 2x +y<10,x >0,y > 0.

Solution Todraw 2x + 3y <18 and 2x +y <10
Draw line 2x + 3y =18 and 2x + y = 10
To draw X y Line passes through (x,y) | Sign Region lies on
L, 0 6 (0, 6) - Origin side of Line
2x + 3y =18 9 0 (9, 0) B L,
L, 0 10 (0, 10) _ Origin side of Line
2x +y =10 5 0 (5, 0) B L,
The common shaded region is O AB C O is a feasible region with vertices O (0, 0), A (5,
0), B (3,4), C (0, 6). '\Y
(X, y) Vertex of S Value of z = 9x + 13y at 10
(X, y) =
0 (0,0) 0 s BG4
A (5, 0) 45
B (3, 4) 79 X0 SN CTo L —
C(0,6) 78 v 2x+y=10

From the table, maximum value of z = 79, occurs at B (3, 4) i.e. wheig x7:243, y =4,
g 7.
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Solve graphically the following Linear Programming Problems :
Z=5x+2ysubjecttobx+y>10, x+y>6,x>0,y>0.

Example 2 : Maximize

Solution Todraw5x+y>10andx +y>6
Draw line5x +y=10and x +y = 6.
To draw X y Line passes through (x,y) | Sign Region lies on
L, 0 10 (0, 10) . Non-origin side of
S5x+y=10 2 0 2,0) - Line L,
L, 0 6 (0, 6) S Non-origin side of
X+y=6 6 0 (6, 0) - Line L,

(X, y) Vertex of S Value of z = 5x + 2y at
(X, y)
A (6, 0) 30
B (1, 5) 15
C (0, 10). 20

From the table, maximum value of z = 15, occurs at B (1, 5) i.e. when

The common shaded region is feasible region with vertices A (6, 0), B (1, 5), C (0, 10).

10¢C(0,10)

x=1y=5. ° X, TN
Example 3: Maximize: z = 3x+4y subjectto x—y >0, x+3y <3, x>0, y>0. Y
Solution Todrawx—y>0and —-x+ 3y <3 fig 7.25
Draw linex -y >0 and —x + 3y = 3.
To draw Draw line | x | y | Line passes through (x,y) | Sign Region lies on
L 010 (0, 0) :
—V> 1 >
X-y>0 X=y 11 €1 > Aside
0|1 0,1 iqin si
x+3y<3 L, (0, 1) r Or|g|_n side of
—X+3y=3 | -3| 0 (-3, 0) Line L,
X
4
3 y=X
2
-X+3y= 1
et o
4 3 2-17]o1 2 3 4 5
-1
V-
fig 7.26

From graph, we can see that the common shaded area is the feasible region which is un-
bounded (not a polygon). In such cases, the iso-profit lines can be moved away form the origin in-
definitely. .. There is no finite maximum value of z within the feasible region.

Example 4 : Maximize
Solution

Z=5x + 2y subject to 3x + by <15, 5x + 2y <10,x >0,y >0.
Todraw 3x + 5y <15 and 5x + 2y < 10
Draw line 3x + 5y = 15 and 5x + 2y = 10.
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To draw X y Line passes through (x,y) | Sign Region lies on

L, 5 0 (5,0) _ Origin side of
3x+5y=15| 0 3 (0, 3) - Line L,

L, 2 0 (2,0) P Origin side of
5x+2y=10 | 0 5 (0, 5) - Line L,

The shaded region O A B C is the feasible region with the vertices O (0, 0), A (2, 0),
B(%,£).C(0,3)

19119 Y,
5
Z,=0,2,=10,Z,=10,Z_=6. 7
Maximum value of z occurs at Aand B and is z = 10. ol
Maximum value of z occurs at every point lying on the segment AB. )

1

Hence there are infinite number of optimal solutions.

Note : If the two distinct points produce the same minimum value then the <3
minimum value of objective function occurs at every point on the segment
joining them.

@ Exercise 7.4 )

Solve the following L.P.P. by graphical method :

1)  Maximize : z=11x+ 8y subjecttox <4,y <6,
X+y<6,x>0,y>0.

2)  Maximize : z=4x+ 6y subjectto 3x +2y <12,
X+y>4,xy>0.

3) Maximize : z=7x+ 11y subject to 3x + 5y < 26
5x+3y<30,x>0,y>0.

4)  Maximize : z=10x+ 25y subjectto 0 <x <3,
0<y<3, x+y<5also find maximum value of z.

5) Maximize : z=3x+5ysubjecttox+4y <24, 3x+y<21,
X+y<9 x>0,y >0 also find maximum value of z.

6) Minimize : z=7x+ysubjectto5x+y>5x+y>3,
x>0,y>0.

7)  Minimize : z=28x+ 10y subjectto2x +y>7, 2x + 3y > 15,
y>2,x>0,y>0.

8)  Minimize : z=06x+2lysubjecttox+2y>3,x+4y>4,

3X+y>3, x>0,y>0.

* Working rule to formulate the L.P.P. :

Step 1 : Identify the decision variables and assign the symbols x, y or x,, X, to them. Introduce non-
negativity constraints.

Step 2 : Identify the set of constraints and express them as linear inequation in terms of the decision
variables.

)

Let’s remember!
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Step 3 : Identify the objective function to be optimized (i.e. maximized or minimized) and express

*

*

it as a linear function of decision variables.
Let R be the feasible region (convex polygon) for a L.P.P. and Let z = ax + by be the objective
functions then the optimal value (maximum or minimum) of z occurs at least one of the corner
points (vertex) of the feasible region.
Corner point method for solving L.P.P. graphically :

Step 1 : Find the feasible region of the L.P.P.
Step 2 : Determine the vertices of the feasible region either by inspection or by solving the two

equations of the lines intersecting at that points.

Step 3 : Find the value of the objective function z, at all vertices of feasible region.
Step 4 : Determine the feasible solution which optimizes the value of the objective function.

Miscelleneous Exercise

I)  Select the appropriate alternatives for each of the following :
1) The value of objective function is maximum under linear constraints
A) at the centre of feasible region
B) at (0, 0)
C) at a vertex of feasible region
D) the vertex which is of maximum distance from (0, 0)
2)  Which of the following is correct
A) every L.P.P. has an optimal solution
B) a L.P.P. has unique optimal solution
C) if L.P.P. has two optimal solutions then it has infinite number of optimal solutions
D) the set of all feasible solution of L.P.P. may not be convex set
3)  Objective function of L.P.P. is
A) a constraint
B) a function to be maximized or minimized
C) a relation between the decision variables
D) equation of a straight line
4)  The maximum value of z = 5x + 3y subjected to the constraints 3x + 5y <15, 5x + 2y <10,
X,y=>0is
A) 235 B) 5
c) % D) %>
5)  The maximum value of z = 10x + 6y subjected to the constraints 3x + y <12, 2x + 5y < 34,
x>0,y>0. :
A) 56 B) 65
C) 55 D) 66
6)  The point at which the maximum value of x + y subject to the constraints x + 2y <70,
2Xx+y <95 x>0,y>0is obtained at .
A) (30, 25) B) (20, 35)
C) (35, 20) D) (40, 15)
7)  Ofall the points of the feasible region, the optimal value of z obtained at the point lies
A) inside the feasible region B) at the boundary of the feasible region
C) at vertex of feasible region D) outside the feasible region
(242)



8)

9)

10)

11)

12)

13)

14)

15)

1)

2)

3)

4)

Feasible region is the set of points which satisfy :

A) the objective function B) all of the given constraints
C) some of the given constraints D) only one constraint
Solution of L.P.P. to minimizez=2x +3ys.t. x>0,y>0,1<x+2y<10is
1 1
A)x_O,y_E B) X—E,y_o
Ox=1,y=2 D) X=X, y=*
’ 2'° 2

The corner points of the feasible solution given by the inequation x +y <4, 2x +y <7,
X>0,y>0are

A) (0,0),(4,0),(7,1),(0,4) B) (0,0),(£.0). (3, 1), (0,4)

C) (0,0),(£,0),(3,1),(0,7) D) (0,0), (4,0),(3,1),(0,7)

The corner points of the feasible solution are (0, 0), (2, 0), (£,2), (0, 1). Then Z = 7x +y is
maximum at :

A)(0, 0) B)(2, 0)

C)(%,2) D)(0, 1)

If the corner points of the feasible solution are (0, 0), (3, 0), (2, 1) and (0,%) the maximum
value of z=4x + 5y is

A) 12 B) 13

C) 3—35 D) 0

If the corner points of the feasible solution are (0, 10), (2, 2) and (4, 0) then the point of
minimum z = 3x + 2y is

A)(2,2) B) (0, 10)

C) (4,0) D) (3 ,4)

The half plane represented by 3x + 2y < 8 contains the point
A) (L3) B) (2, 1)

C) (0,0) D) (5, 1)

The half plane represented by 4x + 3y > 14 contains the point
A) (0, 0) B) (2, 2)

C) (3, 4) D) (1,1)

Solve the following :
Solve each of the following inequations graphically using X Y plane.

i)4x—-18>0 i) —11x-55<0

iii)5y—-12>0 iv)y<-35

Sketch the graph of each of following inequations in XOY co-ordinate system.
1) X > 5y i x+y<o0

i) 2y —5x>0 iv) Ix+51<y

Find graphical solution for each of the following system of linear inequation.
i) 2x+y>2, x—-y<l1 ) xX+2y>4,2x-y<6

i) 3x+4y<12, x-2y>2, y>-1

Find feasible solution for each of the following system of linear inequations graphically.
)2x+3y<12,2x+y<8,x>0,y>0

i) 3x+4y>12,4x+7y<28,x>0,y>0
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5)

6)

7)

8)

9

10)

Solve each of the following L.P.P.
i) Maximize z = 5x_ + 6x,subject to 2x, + 3x, <18, 2x, +Xx,<12,x, >0,x,>0
i) Maximize z = 4x + 2y subjectto 3x +y> 27, x +y > 21
1ii) Maximize z = 6x + 10y subject to 3x + 5y <10, 5x + 3y <15, x>0,y >0
Iv) Maximize z = 2x + 3y subjecttox -y >3,x>0,y>0
Solve each of the following L.P.P.

L

I) Maximize z = 4x, + 3x,subject to 3x, +x, < 15, 3x, +4x,<24,x, >20,x,>0

i) Maximize z = 60x + 50y subject to x + 2y <40, 3x + 2y <60, x>0,y >0

Iii) Maximize z = 4x + 2y subjectto 3x +y > 27, x+y>21,x+2y>30; x>0,y >0

A carpenter makes chairs and tables. Profits are Rs.140/- per chair and Rs. 210/- per table.
Both products are processed on three machines : Assembling, Finishing and Polishing. The

time required for each product in hours and availability of each machine is given by following

table:

Product Chair Table Available time

Machine (x) (y) (hours)
Assembling 3 3 36
Finishing 5 2 50
Polishing 2 6 60

Formulate the above problem as L.P.P. Solve it graphically to get maximum profit.
Formulate and solve the following Linear Programming Problems using graphical method :
A company manufactures bicycles and tricycles, each of which must be processed through
two machines A and B. Maximum availability of Machine A and B is respectively 120 and
180 hours. Manufacturing a bicycle requires 6 hours on Machine A and 3 hours on Machine
B. Manufacturing a tricycles requires 4 hours on Machine A and 10 hours on Machine B. If
profits are Rs.180/- for a bicycle and Rs.220/- for a tricycle. Determine the number of bicycles
and tricycles that should be manufactured in order to maximize the profit.

A factory produced two types of chemicals A and B. The following table gives the units of
ingredients P and Q (per kg) of chemicals A and B as well as minimum requirements of P and
Q and also cost per kg. chemicals Aand B :

Chemicals in units A B Minimum requirements
Ingredients per kg. () (v) in units
P 1 2 80
Q 3 1 75
Cost (in Rs.) 4 6 N

Find the number of units of chemicals A and B should be produced so as to minimize the cost.
A company produces mixers and food processors. Profit on selling one mixer and one food
processor is Rs. 2,000/- and Rs. 3,000/- respectively. Both the products are processed through
three Machines A, B, C. The time required in hours by each product and total time available
in hours per week on each machine are as follows :

Product Mixer Food Processor Available time
Machine (per unit) (per unit)
A—>A 3 3 36
B—>B 5 2 50
C—>C 2 6 60

How many mixers and food processors should be produced to maximize the profit?
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11)

12)

13)

14)

A chemical company produces a chemical containing three basic elements A, B, C so that it
has at least 16 liters of A, 24 liters of B and 18 liters of C. This chemical is made by mixing
two compounds | and Il. Each unit of compound | has 4 liters of A, 12 liters of B, 2 liters of C.
Each unit of compound 11 has 2 liters of A, 2 liters of B and 6 liters of C. The cost per unit of
compound I is Rs.800/- and that of compound Il is Rs.640/-. Formulate the problem as L.P.P.
and solve it to minimize the cost.

A person makes two types of gift items A and B requires the services of a cutter and a finisher.
Gift item A requires 4 hours of cutter's time and 2 hours of finisher's time. B requires 2 hours
of cutter's time and 4 hours of finisher's time. The cutter and finisher have 208 hours and 152
hours available times respectively every month. The profit of one gift item of type A is Rs.75/-
and on gift item B is Rs.125/-. Assuming that the person can sell all the gift items produced,
determine how many gift items of each type should he make every month to obtain the best
returns?

A firm manufactures two products A and B on which profit earned per unit Rs.3/- and Rs.4/-
respectively. Each product is processed on two machines M, and M.. The product A requires
one minute of processing time on M, and two minute of processing time on M,, B requires
one minute of processing time on M, and one minute of processing time on M,. Machine M,
is available for use for 450 minutes while M, is available for 600 minutes during any working
day. Find the number of units of product A and B to be manufactured to get the maximum
profit.

A firm manufacturing two types of electrical items A and B, can make a profit of Rs.20/- per
unit of A and Rs.30/- per unit of B. Both A and B make use of two essential components a
motor and a transformer. Each unit of A requires 3 motors and 2 transformers and each units of
B requires 2 motors and 4 transformers. The total supply of components per month is restricted
to 210 motors and 300 transformers. How many units of A and B should the manufacture per
month to maximize profit? How much is the maximum profit?
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[ ANSWERS

: 1. Mathematical Logic :]

1) (i) Statement, F (if) Not statement
(iv) Statement, T (v) Not statement
(vii) Not statement (viii) Statement, T
(x) Statement, T (xi) Statement, F
(xiii) Statement, T (xiv) Statement, T

2) (i) pArq (ii) pva
(iv) ~pr~q (V) p—>q
(vii) ~pAg

3) (i) F (i) F
(iv) T v) T
(vii) T

4H @) T @iy T
(iv) T (v) F
(vii) T (viii) T

5) (i) Tirupati is not in Andhra Pradesh.
(if) 3is aroot of the equation x? + 3x — 18 = 0.

(iii) V2 is not a rational number.
(iv) Polygon ABCDE is not a pentagon.

(V) 7+3 %5
@ Exercise 1.2)
1) (i) TTFT (i) FFFF

(iv) FTTTTTTT (v) FFFF

(vii) TTTT (viii) TTTTTTTT
(X) TFTFTTFF
3) (i) Tautology (if) Tautology
(iv) Contingency (v) Tautology
(vii) Contingency (viii) Contingency

(x) Contradiction

@ Exercise 1.3 )

(iii)
(vi)
(ix)

(xii)
(xv)
(iii)
(vi)

(iii)
(vi)

(iii)
(vi)

(i)
(vi)
(ix)

(i)
(vi)
(ix)

Not statement
Statement, T

Not statement
Not statement
Not statement

p<q
p<q

—

m T

TTFT FFFT
TFFT
FTTTTTTT

Contingency
Contingency
Contingency

D@ T @@m T @) F
@iv) F V) T (vi) T




2) (1)
(iv)
(vi)
(vii)

(viii)
(ix)
)

3 ()

pA(@vr) (i) pv(vr) (iii) (pA Q) v (ras)
pv~q V) (pr@)v(-rvs)
~pv(aqv(ppArgv~r)

[Fprd)vIpAa~(qv~s9)]

tv{pv@nn}

~pa(qvr)ve

(P Ag) At

X+8<1llandy-3#6

(i) 11>15and25<20
(ilf) Quadrilateral is a square but not rhombus or quadrilateral is a rhombus but not a square.
(iv) Itis not cold or not raining.
(v) Itisraining and we will not go or not play football.
(vi) /2 is not a rational number.
(vii) Some natural numbers are not whole numbers.
(viii) 3 n e N,n?+n+2isnot divisible by 4.
(ix) VxeN,x-17>20.
4) (i) Converse Afx2<y?thenx <y
Inverse Af x >y then x2>y2,
Contrapositive Afx2>y2thenx > .
(if) Converse :If a family becomes literate then the woman in it is literate.
Inverse :If the woman in the family is not literate then the family does not
become literate.
Contrapositive :If a family does not become literate then the woman in the family
is not literate.
(iii) Converse :If pressure increases then surface area decreases.
Inverse :If surface area does not decrease then pressure does not increase.
Contrapositive :If pressure does not increase then surface area does not decrease.
(iv) Converse :If current decreases then voltage increases.
Inverse :If voltage does not increase then current does not decrease.
Contrapositive :If current does not decrease then voltage does not increase.
@ Exercise 1.4 )
1) () ~gA~p (i)~pvq (i) ~pAq
(iv) (~=pAQ@)v-~r (VP A (~pAQ) (Vi) (pA Q) A(~pAQ)
(vii) (pv~a)A(~pv Q) (viii)(p A Q) A (~p v Q)
2) (i) Aman isnot a judge or he is honest.

(i)
(iii)

2 is not rational number or is /2 irrational number.
f(2) # 0 or f(x) is divisible by (x — 2).




Exercise 1.5 )

1)

2) (i)

(iii)

(iv)

(vi)

4) (i)

(i)

) pv(gar)

i) (~pAQ)v(pPA~0)

i) [(pA(~qvn]v[~qa-~r]
iv) (pva)A~ra(~pvr)[01000100]
V) [pv(=pA~q)v(pAq)[Li01]

vi) (Pva)A(@vr)A(rvp) [11101000]

/
[
? (i 5]
I} @ <

w 2N
o

©

<11 (L)—

N

(v ~a) v (~p A q) [1111]

The lamp will glow irrespective of the status of the switches.

[PV (~pA~q)] v (pAQ) [L10]]

The lamp will not glow when switch S, is OFF and S, is ON otherwise it will glow.
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(iii)
5) (i)
(i)
(iii)
(iv)

1)

[Pv~qv-nNIAal(pv(aAa~n] 11110000

The lamp will glow if S is ON and any status of S,,.
P

~pv~q

P

@anvp

Miscelleanous Exercise - 1

ii ii iv \V} Vi Vil

A C B A D C

2) (i)
(V)
3) (1)
4) (1)
5) (i)
(i)
(iii)
6) (i)

(i)

(iii)

Statement, T  (ii) Statement, T (iii) Statement, F (iv) Not a statement
Statement, T  (vi) Statement, T

T(ii) F @) T (V) T(V) T (Vi) F

T(ii) F @@ T (iv) F

dn e Nsuchthatn+7% 6.3n e Nsuchthatn+t<6
VXxeAX+9 #150nx A, VXx+9>15.

All triangles are not equilateral triangles.

Pl 9 |d—=>p|P>(@—>p)
T T T T
T| F T T
F| T F T
F| F T T

(1) () any | v (V) (V1) (V) (V1)
p q ~p ~q PAG [~(PAQ) [ ~PVv~q [ (Vi) <> (vii)
T T F F T F F T
T T F T F T T T
F T T F F T T T
F T T T F T T T
) (an | am | av V) (V1) (vi)
P q ~p 9 [~PA=Q| ~(~pAr~Q) |~(PAr~Q)AQ
T T F F F T T
T F F T F T T
F T T F F T T
F F T T T T T




(iv)
() an |am | avy V) (V1) (Vi) (1X)
P q r prgq | (PrOQ)VQ ~r ~ v (iv) | (V) A (vii)
T T T T T F T T
T T F T T T T T
T F T F T F F F
T F F F F T T F
F T T F T F F F
F T F F F T T F
F F T F T F F F
F F F F F T T F
(V)
0] ) (nn (V) V) (V1) (V1) (V1) (1X)
p q r ~p ~pAqQ qor p—r) [() A (vi) |(viii > vii)
T T T F T T T T T
T T F F T F F F T
T F T F F T T F T
T F F F F T F F T
F T T T T T T T T
F T F T T F T F T
F F T T T T T T T
F F F T T T T T T
7) (i)  Tautology (if) Contradiction (iii) Contradiction (iv) Tautology
(v)  Tautology (vi) Tautology (vii) Contingency (viii) Tautology
8) (i) T, T ()T, F (i) T,ForF, TorF, F
1)@ ~aatpvrn  ({i)~pv(aga~n (i)(pa~a)vr (vV)(pv~aar(~pva)
12)())  (pAad)v~pv(pa~q) 111 (i) (o v @) A (p v 1) [L1111000]
— W
13)() — 51 S, S,
/ —> ——>——
S; v

e |—0—




14) (i) Logically equivalent (ii) Logically equivalent

15)
_/._ _/._
Sl S3
SZ
——I|—~—0

16) Current always flows

17) (pv~av~nNalpv(@an]

111100 0 0 whichissame asp.

Hence we can conclude that the given switching circuit is equivalent to a simple circuit with
only one switch S,.

/
Sl
——l f————e
* e 400
: 2. Matrics j

@ Exercise 2.1)
-1 3 -1 -6 -1
1) L 0} 2) {2 5 4}

4 5 4 5 .
3) A~ B~ { The new matrices are equal.

31 3
(2 4 -7 bt
4) 2 6 8} 5 (2 1 2
- 9 9 21
I -1
2 1 . .
6) .. The transformations are commutative.
9 9 21 - i}
] 1 -1 2
1 2
0 3 -1
R 0 ‘2} 7 17
0 0 =—
L 3
{251)



@ Exercise 2.2 )

1)

2)

3)

5)

6)

1)
2)

3)

4)

(i) 4,3,-2, 1.
(i) -3, -12, 6, -1, 3,2, -11, -9, 1.

M |7

(i) {_53

(i)

1
(iii) 3 {

(i)

(iii)

)
5

Wl AN —

2 =5
3 -1

-3
3

W W N~

|

0 0
-1 0
-9 2 3

(i)

(i)

(i)

(iv)

(i)

(iv)

(=11 -10 —6]

Miscelleanous Exercise - 2(A)

Using C,- 2C,, C, + 3C, and C, - 3C,, We get the required result.
UsingR-R,,R,-R,,—-R,,R, =R, ,R-R,-R,,R -R,,R,—R,, we get the required result.
(There can be another sequence of the transformations.)

The invertible matrices are (i), (iii), (v), (vi),(vii) and not invertible matrices are (ii), (iv)(viii)
and (ix).

AB =

¥

-3
: } and it is invertible.




l 0 O _ _
o Lo o
0o L o 2
5 Al= y Al= 01 0
1 0 0 -1
0o 0 -
L zZ | - -
-2 1
6) () x={3 1L
2 2
11-1 -1
13 1 1
RO (i 3{_1 2}
(iii) {7 —3} Gv) L[7
2 1 29]-5 2
{4 ‘1} . [7 -10
v) |[-7 2 (vi) ) 3
[0 0 s 25 -0 -1
(VII) —2—5 -5 -5 0 (Viii)2—5—10 4 11
10 5 10 -15 9
3 -1 1 3 6 2
(ix) -15 6 -5 x) |1 2 1
5 2 2 2 5 2
cos@ sinf O
8) A7'=|—sin® cosO® 0
0 0 1
11 3 _ 2 -3
9  AB= .(AB) "' =
7 2 -7 11
2 -3 10
AT=1_1 2| BT E 3
ﬂ 1 . 1
1) X= ; 12)  X=—3| 7
1 -6
5
(253)




13)

15)

17)

19)

20)

2
:[ 3} 14) |3 -1 2
11
2 o0 1
0 -2 1
[ 2 = 1
6
PP 30 3
| 4 -2 2 13 2 -7
8_3 0 3 18) -3 -1 2
) 20 1

Hint : Use the definition of the co-factors and the value of the determinant by considering.
A=[a]

3x3

4 4 2
X:é 11 8 -5
10 10 2

@ Exercise 2.3)

1) (1)0,1 (i) 3,1 (iii) Not solvable
2)  ()4,-3 (i) l, 1 (i) 1, 2 (iv) 2,-3
2 2
3)  Rs. 5 forapencil Rs. 8 for a pen and Rs.8 for an eraser.
4)  The numbers are 1, -2, 3.
5)  The cost price of one T.V. set is Rs.3000 and of one V.C.R. is Rs. 13,000.
The selling price of one T.V.Set is Rs.4000 and that of V.C.R. is Rs. 13,500.
Miscellaneous exercise - 2 (B)
)
1 2 3 4 5 6 7 8 9 10 11 12
A B D B B B B A B B B D
1)@ _>5 12 (i) 2-2 0, -1+
11711 a a
(liiyx=3,y=2,z=-2 (iv) x=2, y=-3
5 3
(V)X=_1y=_1Z:_2|
2 2
. 12
2) 1111 (i) 3’3’




@iy 1,2,1 (iv)1,2,3
v)3,21 (vi)-1,1,2
3)  Thenumbersarel, 2,3
4)  Cost of a pencil, a pen and a book is respectively Rs.10, Rs.15 and Rs.25.

5 4
5)  The costs are 3,5 3

6)  Thenumbersarel, -1, 2
7) 1750, 1500, 1750
8) Maths Rs.150, Phy. Rs.30, Chem. Rs. 30

+4444

E 3. Trigonometric Functions j

@ Exercise3.1>

: 7w 5w T T
1) (i) 373 (i) e (iii) 5" 6 vy 0,7
@ FU iiy & 17 (iiiy A% 5%

6 6 4 4 3 3

3) () nz+(-1)"=nez (i) 2nr+Z nez

(iii) nn+%5nez (w)nﬂ+gﬂnez
4) (i) 2n7zi% nNez (i) n7z+(—l)n5—ﬂ,nez (iii) n7r+3—”,nez
5) (i) %?+04yf%nez m)§g5+§n m02§+1%mez
6) (i) nnigﬁnez annniggnez (i) =Nz
7)) nmnez (ii) nmor nﬂi%,neZ

(iii) 2nz or 2n7zi£,nez
8) (i) and iv) have solutions  (ii) and (iii) do not have solutions
@ Exercise 3.2)

3 3 1 43

. 11 N o S . 143

1) () (11 (ii)(0,4) (iii) ( NG 4\/§j (iv) [4, 4]




2,

7~ N\

IS

2) (i)

1 5
) W3 w(E) Wb
3) () 2:4/6:1+ ﬁ
om 2 3 o1 216 L3
JORE-N O f i) 75 v 5 W Vi) <

@ Exercise 3.3 )

7 2
ONONS (ii)% (iii) —% (iv) —% V) % (vi) ?”

. 3 . 2T L T . T
2) (i) v (i) 3 (iii) 3 (iv) 17

Miscellaneous exercise - 3

)
1 2 3 4 5 (3] 7 8 9 10 (11 |12 |13 |14 |15 (16 (17 (18 (19
B [A A |D |IC |A |B |A |C IB |[D (A (B |[D |A [B |[A |B
i {m 11z 197 23%} ){375 7z 1lx 157 197 237z]
12°12 712 " 12 12'12°12 '12 "12 ' 12 |
2) () {57[ T 137[ 157[}
(i) {37[ 17 117 157 197r 237 277 31r 357 397[}
20'20°20 20720 °20 " 20 '20 " 20 ' 20
{ 57z 77r}
W %2272

3) (i) and (ii) have solution, (iii) and iv) do not have solutions

4 () n7z+2§,nez (ii) nﬂi%,nez Gii) (2n+1)z or 2n7r+%,nez
iv) ani%,nez

10) c¢=+/6,A=105°,B =15°
19 () 2F iy ©
5 6




26)

1
27) E

28) 0 29) —

NS

*00 00

H 4. Pair of Straight Lines j

@ Exercise 4.1 )

1) (i) 6x2+xy-y*=0
(i) xX2—xy—-6y’+x+7y -2=0
(iii) xy-3x-2y+6=0
(iv) 6x2—T7xy—-3y?—3x+32y-45=0
(v) 3x2+1lxy +6y>—16x—13y+5=0
2) () y=0,7x+3y=0
(i) B5x-3y=0, /5x+3y=0,
(i) x=0,x-4y=0
(iv) 3x+2y=0,x-4y=0
(v) 3x++3y=0,x=+3y=0
(vi) (cosec a—cota)x+y—0, (coseca+cota)x—y=0
(vii) (seca—-tano)x+y=0,(seca+tano)x—-y=0
3) (i) 3x*+8xy+5y>=0
(i) x2+2xy-5y*=0
(iii) 3x2-xy=0
(iv) 4xy+3y?=0
4) (i) =2 (i) +2 (iii) 12
5) (i) 25a+ 16b=40h (i9a+6h+b=0
6) ap?+ 2hpg +bg?=0

7) 3x2-y?=0
@ Exercise 4.2 )
3) k=4 4) i) 30° i) tan? (g} iii) 45° iv) 60°
5) 23x?+48xy + 3y?=0 7) x2=3y?=0
257




@ Exercise 4.3)

1) (i) 2x*+3xy—9y?—5x—-24y—-7=0(ii) x*+xy—-y>-x-8y-11=0
2) h?—ab=-1<0

3) 2x—3y+4=0and x +y -5 =0 are separate equations of lines.

4) 2x—-y+3=0andx +y-1=0 are separate equations. 6 = tan™ (3).

5 (i) x-y-3=0,x-2y-4=0 (i) 2x-y+4=0,5x+3y-1=0
6) (i) -12 (i) 15 (iii) -6

7) p=-3,q=-8
8) p=8,q=1
9) 36x2 — 25xy — 252x + 350y — 784 =0

10) 7x-8y=0
Miscellaneous exercise - 4
l.

11) (1,0
1 2 3 4 s TJ6 J[7 [8 Jo Jwo [z [12 [13 [14

B B B A D D A B B B C C D D

1.1) (i) x*-y?=0 (i)2x>+3xy +y>—7x—-4y+3=0 (iif) 6x°-5xy +y*=0
(iv) 3x2-y*=0 (V)xy—2x-y+2=0 (vi) xy—2x-3y+6=0
(vii) 8x2+2xy—3y?+12x+14y—-8=0  (viii) 2x2+2xy—y?=0
(ix) x*-81=0 (X)x?2=2xy—2x+6y—-3=0 (xi) 2x2=T7xy +3y?=0

3)() 2x-3y=0,3x+2y=0 (i) x-2y=0,x+2y=0
(i) V3x+y=0, V3x-y=0 (iv) (J3=Dx+y=0,(J3+Dx=y=0

4) (i) 5x2+4xy—-y?=0 (i) 9x*—3xy—-2y?=0 (iif) x*+xy—-y?=0

5 (@) 0 (ii)-1 (i) 1 (iv) 8 (v)1 (vi)6  (vii)5
6) 3x2+2xy—3y?=0
7) x2—=3y?=0

5 2
NE]

10)  x2-2xy-y*=0

11) —4

13) () 0° (i) tan(3) (iii) tan(3)

14) X2— 3y?=0

18) Area = /3 5q. unit, Perimeter = 6 unit

22) e=0 or bd=ae 26) a=1,c=0.

I A XXX/
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K 5. Vectors j

@ Exercise 5.1 )

1) 25

2) (i) 2a-2b (i) a+b (iii) b—a
3) OC =2a+2b, OD=-3a+2b, OE=-2a+h

5) Vectors do not form a triangle.

1 o
6) T=3a+3b.d=% b-14.
1

7) ?;_ﬁ}

8) (@) 6 (b) 4 (c) 2 (d) 2410 (€) 2413 () 25
9) (@) x=-3,y=4,2=5 (b) (0,1,6)

10) gsq. units

11)  Terminal Pointis (3, 1, 7) 12) q :%

13)  Non coplanar 14) 7=2a+2b-3¢

@ Exercise 5.2)

1) () %(—11, 4,-9) (i) (~19, 8, -21)

2) M(6, -1, 5)

3) (i) Cdivides externally in the ration 3:1. (i) p=9,9g=2.
6) 15: 4 and 10 : 9 respectively

9) C=(-2,0,2)

10) OP:PD=3:2

1) 107

12) G=(4,-3,2)

@ Exercise 5.3 )

2~ 2~ 3 4
1 + i+  + k
a1
6) (i) Parallel (i) Orthogonal  (iii) Orthogonal  (iv) Neither parallel nor orthogonal
7y /P =45 8) (i) » i) 1
2 2

259




100 Z
3
-6 9
12) 25_5_
11 11 11

14) -1,1,2o0r1,2, 3.

@ Exercise 5.4 )

1) —4i+10j+22k

o #(3i-3)+4k)

3)  60°

i§+}'+1€
4) NE
5) (i) *6

7) 6i + 12j + 6k
8) V146 sg. units
10) /42 sq. units

13) 2j+k
3

1y =
4

@ Exercise 5.5 )

1) 110

2) 23 cubic units

3) p=2

6) (i) —12 i) 16

1 . .
7) ?6 cubic units

ii) 4,-4,4

iii) |7+ v

-1 1

11) 0, ﬁ,ﬁ

13) (0,5, 7)or (8,-3,3)




9) (i) 6i+3)—6k (i) —2i+4)
Not same ; as g x (p x T) lies in the plane of b and T whereas (g x p ) x € lies in the plane

of zand b .
Miscellaneous exercise - 5

1 12 |3 (4 (5 |6 [7 |8 |9 (10 (11 |12 |13 |14 |15 |16 (17 |18 |19 (20
c (B |B |B |[A|D|C A |B |B |A B |A|A]|A |B |C (B |A |A
1 _
1.1) (i) 5—5 a (i) b-3a (iii) 3a-b (iv) 2a-b
1 1-—
——a—-=-b+c
2 TReTRvre
4)  AB=-2i+5j+k and AD=4i—27+3k
5) 3
6) 2
7) (i) Right angled triangle ii) Isosceles triangle
8) (i) 2j+243k i) +5v2 i+5V2 k
1 1
9 —(3i+2j+2k)and ——(-i—-2j+4k
) \/ﬁ( J ) \/ﬁ( J )

11) iﬁ(i+4j)
12) §+4}—41€=1(2§—}+31€)+2(§—2}+4 12)+3(—§+3}— 512)

14)  7(i+j+k)

15) (4,9, 6)
200 OP:PD=3:2
21)  3i+2k
22 2

) 2
24) @ =6i+2k and @, =—i—2;+3k
% +(L;+L;~+i;;

) BT 3

7

26) cosf=——

) 5N2
27) cosazg,cosﬂ:—andcosy:— cosa =—, cos f =cosy =—
28) 2-J




30)

31)

33)

34)

36)
37)
40)
41)
44)

_1(1j

COS —

6

19 28 41
9°9°9
bcf+ac}'+abl€

Vb2 +a%c +a*b’

1
and area= Ex/bzc2 +a’c’ +a*b?

a) meaningful, scalar b) meaningless ¢) meaningful, vector
d) meaningless e) meaningless f) meaningful, scalar
g) meaningless h) meaningful, vector i) meaningful, scalar
J) meaningful scalar k) meaningless I) meaningless
(i) No ii) No iii) Yes
J286 Q. units.

1
a_i7§
2a3cu. units.

2 cubic units, l cubic units

3 *06 00

K 6. Line and Plane j

@ Exercise 6.1 )

1)
2)
3)
4)
5)
6)
7)
8)

9)
10)

21+J+k)+/1(4z }'+2l€)

34— 7k)+/1(3z 5}'+81€)

=
I

!
Il

+2]+3k)+l(21+] 3k)

!
I

7=(
(3
(51+4]+3k)+;t( 3i+4}+2/2)
(
r=(-

i— j+2k)+l(3i+2j+k)

x+1 y-2 z-1

2 3 1
x-2 y-2 z-1

-1 1 -1
x+2 y-3 z-4

3 -2 -2
(-11,-4,5)
7:(32—}+21€)+/1(—2§—3}—21€)




@ Exercise 6.2 )

y

) (1,.23), iz
1

3) ﬁ

4 2429

5  2J6,(3,-4,-2)

(99 -187 95)
6) s T s

53 53 353

7) a) do not intersect b) do not intersect
9

8 —

) 2

Miscellaneous exercise - 6A

1) F=(3z+4j 7k)+/1(6z }+l€)
2) (3z+2]+k)+/1(2z+2] 3k)
3) 7:( Di+4)— 5k)+/1(3z+5]+6k)
4y F=(-si-4j-5k)+(3i+5]+6k)
5) F=}L(Sz—2j+3k)

6) X=3 ,y=-2

) x_—23:y12;221

8) X-1l=y-1=z-2

9) = =
2 -1 4
10) =4 (—i + k)
10
11 -
) 11
12)  60°
13)  45°
14)  45°
15)  (2,3,-1)
16) i) intersect i) intersect




17) -1

x+1 y+1 z=-2 _ (2 ~ 47 g
18) 3 == ,r—(l ]+2k)+/1(3l+
2 3
——,—7=0
19) 13 V13
200 XY _Z
7 =12 5

21) 7= 2}+§/€)+1(3§+4/€)
22)  (2,0,5),(0, 4, 1)

@ Exercise 6.3 )

1) 7-(2§+}—2/€):126
2)

1
18 54 =27
3) 3 3

2 7-(i?+i“+21€j:6,(i)6(ii) [3 R

13 137 13 13713713
5) 7-(4§+5}+6/€)=15
6) 2y+5z=19

7) z=6

-(2):1

9)  7o(-4i-j+5k)=26
10) 5x-2y-3z=38

!

8)

N

11) F-(f+j+l€):1

@ Exercise 6.4 )

1)  60°

(5
2)  sin (7\%)
3) 7-(—E+2}—A)=7
4) 4
5 3

2}'+l§)

)




Miscellaneous exercise - 6B

2 3

AN
o1
(op}

\‘

10

A A C D B

11 12 13 14 15 16

17

18

19

20

A D D D A A

1.
2)
3)

4)
5)

6)
7)

8)
9)

10)
11)
12)
13)
14)

15)

16)
17)
18)

19)
20)

21)

1) 7-(2§+}+2l€)=15
1
2,3, 6)

| v
| &

1
1

[\

i 1 i)
2 1

(98]

1

W
(98]

7-(16E+41€)=20
y+2=0
6x + 8y + 72 = 148

-(§+2}')=5

ll

S

bcr+ca]-+abk) abc

S

7

( 3l+3j+4k) 35
(5r—4]—%k)
X+y+z2=6,x-2y+z=0
X+y+z=3

90°

(22
Sin T

7~(—§+2}—/€):7
0 unit
19 units

%(2—/@):0
(- 4k)=-s

7.(1§)=0

>

~




E 7. Linear Programming j

EL

Exercise 7.3 )

1)
2)
3)
4)
5)
6)
7)

8)
9)

maximize z = 30x + 20y subject to 10x + 6y <60, 5x + 4y <35,x>0,y>0

maximize z=3x + 2y subjectto 2x +y>14,2x +3y > 22, x+y>1,x>0,y>0
maximize p = 350x + 400y subject to 3x + 2y <120, 2x + 5y <160, x>0,y >0
maximize z = 10x + 15y subject to 2x + 3y < 36, 5x + 2y <50, 2x + 6y <60, x>0,y >0
maximize p = 13.5x + 55y subject to x + 2y <10, 3x + 4y <12,x>0,y>0

maximize z = 500x + 750y subject to 2x + 3y <40, x + 4y <70,x>0,y>0

minimize z = 4.5x + 3.5y subject to 4x + 6y > 18, 14x + 12y > 28, 7x + 8y > 14, x>0,y >0
maximize z = x, + X, subject to ﬁ+ﬁ <1,5x, +8x,<600,x>0,%x,>20
60 90

minimize C =20 x, + 6x,s. tx, >4,X,<2,X, +X,>5,x>0,x,>0.

Exercise 7.4 )

&

1)
2)
3)
4)
5)
6)
7)
8)

Maximum at (4, 2), 60

Maximum at (0, 6), maximum value = 36
Maximum at (4.5, 2.5), 59

Maximum at (2, 3), maximum value = 95
Maximum at (4, 5), maximum z = 37
Maximum at (0, 5), 5

Maximum at (1.5, 4), 52

Maximum at (2, 0.5), 22.5

Miscellaneous exercise - 7

(ee]
©

1 2 3 4 5 6 | 7 10 | 11 | 12 | 13 | 14 | 15

AlC| B|C|A|D|C|B|J|A|B|[B|]B]|]A]|]C]|C

5)

(i) x,=45x,=3  maxz=405.
(i) x=3,y=18 min z = 48.

45 5
(i) infinite number of optimum solutions on the line 3x + 5y = 10 between A(—,—j and
B0, 2). 16 16




6)

7)

8)

9)

10)

11)

12)

13)

14)

(1) x=4,y=3 maximize z = 25.
(i) x=10,y = 15maximize z = 1350.
(i) x =3,y =18 maximize z = 48.

maximize z = 140x + 210y s.t. 3x + 3y < 36, 5x + 2y <50, 2x + 6y <60
X, Yy > 0 where x = no. of tables =3
y =no. of chairs=9
maximize z = maximum profit = 2310/-
Maximize z = 180x + 220y s.t. 6x + 4y <120, 3x + 10y <180, x>0,y >0.
Ans. x =10,y =15.
Minimize z = 4x + By s.t. x + 2y >80, 3x +y>75, x>0,y >0.
Ans. x =14,y =33.
Maximize z = 2000x + 3000y s.t. 3x + 3y < 36, 5x + 2y <50, 2x + 6y <60, x>0,y > 0.
Ans. x=3,y=9.
Minimize z = 800x + 640y s.t. 4x + 2y > 16, 12x + 2y > 24, 2x + 6y >18,x >0,y >0.
Ans. Minimum cost $3680/- whenx =3,y = 2.
Maximize z = 75x + 125y s.t. 4x + 2y < 208, 2x + 4y <152, x>0,y >0.
Ans. x =44,y =16.
Maximize z = -3x + 4y s.t. X + y < 450, 2x+y <600, x>0,y >0
maximum profit = Rs. 1800/- at (0, 450)
Maximize z = 20x + 30y s.t. 2x + 2y < 210, 3x + 4y < 300,x>0,y >0
maximum profit = Rs. 2400/- at (30, 60)

+4444







Practical Notebook for Standard XII
Practical Notebook Cum Journal - Mathematics

Based on Government approved

syllabus and textbook
English Inclusion of practicals based on
Medium all chapters as per Evaluation

scheme.

With full of various activities,

pictures, figures/ diagrams, etc.

Inclusion of objective/multiple

choice questions

Inclusion of useful questions for

oral examination

More questions for practice and

separate space for writing

answers

Practical notebooks are available for sale in the regional depots of

the Textbook Bureau.

(1) Maharashtra State Textbook Stores and Distribution Centre, Senapati Bapat Marg, Pune 411004 & 25659465
(2) Maharashtra State Textbook Stores and Distribution Centre, P-41, Industrial Estate, Mumbai - Bengaluru
Highway, Opposite Sakal Office, Kolhapur 416122 @ 2468576 (3) Maharashtra State Textbook Stores and
Distribution Centre, 10, Udyognagar, S. V. Road, Goregaon (West), Mumbai 400062 @& 28771842
(4) Maharashtra State Textbook Stores and Distribution Centre, CIDCO, Plot no. 14, W-Sector 12, Wavanja
Road, New Panvel, Dist. Rajgad, Panvel 410206 @& 274626465 (5) Maharashtra State Textbook Stores and
Distribution Centre, Near Lekhanagar, Plot no. 24, 'MAGH' Sector, CIDCO, New Mumbai-Agra Road, Nashik
422009 & 2391511 (6) Maharashtra State Textbook Stores and Distribution Centre, M.I.D.C. Shed no. 2 and 3,
Near Railway Station, Aurangabad 431001 & 2332171 (7) Maharashtra State Textbook Stores and Distribution
Centre, Opposite Rabindranath Tagore Science College, Maharaj Baug Road, Nagpur 440001
@ 2547716/2523078 (8) Maharashtra State Textbook Stores and Distribution Centre, Plot no. F-91, M.I.D.C.,
Latur 413531 @ 220930 (9) Maharashtra State Textbook Stores and Distribution Centre, Shakuntal Colony,
Behind V.M.V. College, Amravati 444604 @& 2530965

E-learning material (Audio-Visual) for Standards One to
Twelveisavailable through Textbook Bureau, Balbharati...
Register your demand by scanning the Q.R. Code
given alongside.
Register your demand for E-learning material by using
Google play store and downloading ebalbharati app.
ebalbharati www.ebalbharati.in, www.balbharati.in




Maharashtra State Bureau of Textbook
Production and Curriculum Research,
Pune - 411 004.

Tt 3T ST (e & fome) Wi-¢, 3. $R =t (TS HieEm) T 146.00

EY
LT

e
R




	MATHS SCI&ART PART 1
	COVER NO. 2
	FINAL PDF 20-21 FOR PTG
	Book XII  Preliminary Pages
	Chapter 1 Mathematical Logic Final
	Chapter 2 Matrics
	Chapter 2 -Matrics
	Mathematic Ag File

	Chapter 3 Final Trignometric
	Chapter 4 Mathematical Logic
	Chapter 5 Vectors
	Priyanka - Chapter 5 (Vectors)
	Jasmine (Pg no. 165 -184)
	Chapter 5 Page 185-193

	Chapter 6 Line and Plane
	Chapter 6 - (1) File 
	Chapter 6 (Priyanka)
	Chapter 6 -Jasmine.

	Answers

	COVER NO. 3
	MATHS SCI&ART PART 1



