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The Constitution of India
Chapter IV A

Fundamental Duties

ARTICLE 51A
Fundamental Duties- It shall be the duty of every citizen of India-

(@)

(b)

(€)
(d)

(e)

(f)
(9)

(h)

(i)

1),

(k)

to abide by the Constitution and respect its ideals and institutions,
the National Flag and the National Anthem;

to cherish and follow the noble ideals which inspired our national
struggle for freedom;

to uphold and protect the sovereignty, unity and integrity of India;

to defend the country and render national service when called upon
to do so;

to promote harmony and the spirit of common brotherhood amongst
all the people of India transcending religious, linguistic and regional
or sectional diversities, to renounce practices derogatory to the
dignity of women;

to value and preserve the rich heritage of our composite culture;

to protect and improve the natural environment including forests,
lakes, rivers and wild life and to have compassion for living
creatures;

to develop the scientific temper, humanism and the spirit of inquiry
and reform;

to safeguard public property and to abjure violence;

to strive towards excellence in all spheres of individual and
collective activity so that the nation constantly rises to higher levels
of endeavour and achievement;

who is a parent or guardian to provide opportunities for education
to his child or, as the case may be, ward between the age of six
and fourteen years.
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The Constitution of India

Preamble

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC and to secure to
all its citizens:

JUSTICE, social, economic and political;

LIBERTY of thought, expression, belief, faith
and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the unity and integrity of the
Nation;

IN OUR CONSTITUENT ASSEMBLY this
twenty-sixth day of November, 1949, do HEREBY
ADOPT, ENACT AND GIVE TO OURSELVES
THIS CONSTITUTION.



NATIONAL ANTHEM

Jana-gana-mana-adhinayaka jaya hé
Bharata-bhagya-vidhata,

Panjaba-Sindhu-Gujarata-Maratha
Dravida-Utkala-Banga

Vindhya-Himachala-Yamuna-Ganga
uchchala-jaladhi-taranga

Tava subha nameé jage, tava subha asisa mage,
gahé tava jaya-gatha,

Jana-gana-mangala-dayaka jaya hé
Bharata-bhagya-vidhata,

Jaya hé, Jaya hé, Jaya he,
Jaya jaya jaya, jaya hé.

PLEDGE

India is my country. All Indians
are my brothers and sisters.

[love my country, and I am proud
of its rich and varied heritage. I shall
always strive to be worthy of it.

I shall give my parents, teachers
and all elders respect, and treat
everyone with courtesy.

To my country and my people,
I pledge my devotion. In their
well-being and prosperity alone lies

my happiness.
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Dear Students,

Welcome to Standard XII, an important milestone in your life.

Standard XII or Higher Secondary School Certificate opens the doors of higher education.
Alternatively, you can pursue other career paths like joining the workforce. Either way, you will
find that mathematics education helps you considerably. Learning mathematics enables you
to think logically, consistently, and rationally. The curriculum for Standard XII Mathematics
and Statistics for Science and Arts students has been designed and developed keeping both of
these possibilities in mind.

The curriculum of Mathematics and Statistics for Standard XII for Science and Arts
students is divided in two parts. Part | deals with topics like Mathematical Logic, Matrices,
Vectors and Introduction to three dimensional geometry. Part 1l deals with Differentiation,
Integration and their applications, Introduction to random variables and statistical methods.

The new text books have three types of exercises for focussed and comprehensive practice.
First, there are exercises on every important topic. Second, there are comprehensive exercises
at the end of all chapters. Third, every chapter includes activities that students must attempt
after discussion with classmates and teachers. Additional information has been provided on
the E-balbharati website (www.ebalbharati.in).

We are living in the age of Internet. You can make use of modern technology with the
help of the Q.R. code given on the title page. The Q.R. code will take you to links that provide
additional useful information. Your learning will be fruitful if you balance between reading the
text books and solving exercises. Solving more problems will make you more confident and
efficient.

The text books are prepared by a subject committee and a study group. The books (Paper
| and Paper 1) are reviewed by experienced teachers and eminent scholars. The Bureau
would like to thank all of them for their valuable contribution in the form of creative writing,
constructive and useful suggestions for making the text books valuable. The Bureau hopes and
wishes that the text books are very useful and well received by students, teachers and parents.

Students, you are now ready to study. All the best wishes for a happy learning experience
and a well deserved success. Enjoy learning and be successful.

(Vivek Gosavi)
Pune Director
Date: 21 February 2020 Mabharashtra State Bureau of Textbook
Bharatiya Saur: 2 Phalguna 1941 Production and Curriculum Research, Pune.
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Mathematics and Statistics Std. X1 Part - |
Competency Statement

Sr.No.

Area

Topic

Competency Statement

Mathematical Logic

Mathematical Logic

The student will be able to

Identify statement in logic and truth
value of it.

Combine two or more statements
Construct the truth table and
examine logical equivalence of
statement patterns

Find dual and negation of statement
pattern

Study the applications of logic to
switching circuits.

Matrices

Matrices

Identify orders and types of matrices
Perform basic algebraic operations
on matrices.

Find the inverse of a matrix using
elementary transformation and
adjoint method

Solve the system of linear equations
using matrices.

Trigonometric
Functions

Trigonometric
Equations

Solution of a triangle

Invers trigonometric
function

Understand and write trigonometric
equation

Find the principal and general solution
of a trigonometric equation.

Solve triangle by using sine rule, co-
sine rule and projection rule and find
area of a triangle.

Understand inverse trigonometric
functions with domain and range.

Pair of straight lines

Pair of straight lines

Write and interpret the combined
equation of two straight lines in
plane.

Find the point of intersection of two
lines and calculate the acute angle
between them

Study the general second degree
equation in x and y with reference to
homogeneous part of it
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\ectors

\ectors

» Understand scalars and vectors and
algebra of vectors.

» Write vectors of 2 or 3 dimensions
understand the scalar and vector
products

» Study applications of vectors to area

of triangle.
* Interprete scalar triple product and
its applications.

 Direction ratios and direction cosines

of a vector

Line and Plane

Line and Plane

* Find different forms of equation of
line

 Find angle between two intersecting
planes

* Find the angle between a line and a
plane

* Find condition for perpendicularity
and parallelness of planes

* Calculate distance of a point from a
plane

 Find equation of a plane in different
forms

 Find angle between two intersecting
planes

* Find the angle between a line and a
plane

Linear programming
Problem

Linear programming
Problem

 Understand linear equations in one
and two variables.

* Find graphical solution of linear
inequation.

 Understand meaning and
formulation of L.P.P.

* Find solution of L.P.P. by graphical
methods.




/. \\
~— INDEX —
Sr.No. Chapter Page No

1. Mathematical Logic 1
2. Matrices 36
<) Trigonometric Functions 65
4. Pair of Straight Lines 112
5. \ectors 5
6. Line and Plane 194
7. Linear Programming 227
Answers 246
S Y,




1 Mathematical Logic

Let’s study. ~\

Statement and its truth value.
Logical connective, compound statements.
Truth tables negation of statements and compound statements.

Tautology, contradiction and contingency.

1

2

3

4.  Statement pattern, logical equivalence.

5

6 Quantifiers and quantified statements, Duality.
7

Application of logic to switching circuits, switching table.

ﬁ\\ Let’s recall.

1.1.1 Introduction :

Mathematics is a logical subject and tries to be exact. For exactness, it requires proofs which
depend upon proper reasoning. Reasoning requires logic. The word Logic is derived from the
Greek word "LOGOS" which means reason. Therefore logic deals with the method of reasoning. In
ancient Greece the great philosopher and thinker Aristotle started study of Logic systematically. In
mathematics Logic has been developed by English Philosopher and mathematician George Boole
(2 November 1815 - 8 December 1864)

Language is the medium of communication of our thoughts. For communication we use
sentences. In logic, we use the statements which are special sentences.

1.1.2 Statement :

A statement is a declarative (assertive) sentence which is either true or false, but not both
simultaneously. Statements are denoted by p, q, r, .....

1.1.3 Truth value of a statement :

Each statement is either true or false. If a statement is true then its truth value is 'T' and if the
statement is false then its truth value is F.

Illustrations :

1)  Following sentences are statements.
i) Sunrises in the East.
i) 5x2=11
iii)  Every triangle has three sides.




iv)
v)
vi)

Mumbai is the capital of Maharashtra.
Every equilateral triangle is an equiangular triangle.
A natural number is an integer.

2)  Following sentences are not statements.

i)
i)
iii)
iv)
v)
vi)
vii)
viii)

Please, give your Pen.

What is your name ?

What a beautiful place it is!
How are you ?

Do you like to play tennis ?
Open the window.

Let us go for tea

Sit down.

Note : Interrogative, exclamatory, command, order, request, suggestion are not statements.
3)  Consider the following.

i)
i)
i)

iv)

3—X—9 =0
2
He is tall.

Mathematics is an interesting subject.
It is black in colour.

Let us analyse these statements.

i)
i)

For x = 6 it is true but for other than 6 it is not true.
Here, we cannot determine the truth value.

For iii) & iv) the truth value varies from person to person. In all the above sentences, the truth value
depends upon the situation. Such sentences are called as open sentences. Open sentence is not a

statement.

@) Solved examples )

Q.1. Which of the following sentences are statements in logic ? Write down the truth values of
the statements.

i)
i)
iii)
iv)
v)
vi)
vii)
viii)
iX)

6x4=25

X+6=9

What are you doing ?

The quadratic equation x* — 5x + 6 = 0 has 2 real roots.
Please, sit down

The Moon revolves around the earth.

Every real number is a complex number.

He is honest.

The square of a prime number is a prime number.

=



Solution :
i)
i)
iii)
iv)
v)
vi)
vii)
viii)
iX)

It is a statement which is false, hence its truth value is F.
It is an open sentence hence it is not a statement.

It is an interrogative hence it is not a statement.

It is a statement which is true hence its truth value is T.
It is a request hence it is not a statement.

It is a statement which is true, hence its truth value is T.
It is a statement which is true, hence its truth value is T.
It is open sentence, hence it is not a statement.

It is a statement which is false, hence its truth value is F.

1.1.4 Logical connectives, simple and compound statements :
The words or phrases which are used to connect two statements are called logical connectives.
We will study the connectives 'and’, 'or', 'if ..... then’, 'if and only if ', 'not".
Simple and Compound Statements : A statement which cannot be split further into two or
more statements is called a simple statement. If a statement is the combination of two or more simple
statements, then it is called a compound statement.

"3 is a prime and 4 is an even number", is a compound statement.

"3 and 5 are twin primes"”, is a simple statement.
We describe some connectives.

1)  Conjunction : If two statements are combined using the connective 'and' then it is called as
a conjunction. In other words if p, g are two statements then 'p and q' is called as conjunction. It is
denoted by 'p A ' and it is read as 'p conjunction g’ or 'p and g'. The conjunction p A q is said to be
true if and only if both p and q are true.

Truth table for conjunction

—|m|-|<e

mm|d|d|©

m{m{m|d| >

F
Table 1.1

2)  Disjunction : If two statements are combined by using the logical connective 'or' then it
is called as a disjunction. In other words if p, g are two staements then 'p or q' is called as
disjunction. It is denoted by 'p v g and it is read as 'p or g' or 'p disjunction q'.

Truth table for disjunction

P q pvq

T T T

T F T

F T T

F F F
Table 1.2

The disjunction p v q is false if and only if both p and q are false.




3) Conditional (Implication) : If two statements are combined by using the connective.

if ...

then', then it is called as conditional or implication. In other words if p, g are two state-

ments then 'if p then q' is called as conditional. It is denoted by p — qor p = g and it is read
as 'p implies q' or 'if p then q'.
Truth table for conditional.

g P—>q

T T The conditional statement p — q is False only if p is true

E and g is false. Otherse it is true. Here p is called hypothesis

mim|d|d|o

F
T - or antecedent and g is called conclusion or consequence.
=

F

Note : The
i)
i)
iii)
iv)
v)

Table 1.3

following are also conditional statement p — q
p is sufficient for q

q is necessary for p

p implies q

q follows from p

p only if .

4)  Biconditional (Double implication) :

If two statements are combined using the logical connective 'if and only if ' then it is called
as biconditional. In other words if p, g are two statements then 'p if and only if g' is called as
biconditional. It is denoted by 'p <> ' or p < q. It is read as 'p biconditional q' or 'p if and
only if q'.

Truth table for biconditional.

P q pP<q
T T T
T F F Biconditional statement p <> g is true if p and g have same
E T E truth values. Otherwise it is False.
F F T
Table 1.4

5)  Negation of a statement : For any given statement p, there is another statement which is
defined to be true when p is false, and false when p is true, is called the negation of p and is
denoted by ~p.

Truth table for negation.

p ~p
T F
F T
Table 1.5

Note : Negation of negation of a statement is the statement itself. That is, ~ (~ p) = p.




@) Solved examples ]

Ex.1: Express the following compound statements symbolically without examining the truth values.
i)  2isaneven number and 25 is a perfect square.

i) Aschool is open or there is a holiday.
iii)  Delhi is in India but Dhaka is not in Srilanks.
iv) 3+82>12 ifandonlyif 5x4 <25,

Solution :
i) Let p: 2isanevennumder
g: 25 is a perfect square.
The symbolic formis p A Q.
i) Letp: The school is open
g : There is a holiday
The symbolic formisp v q
iii) Letp: Delhiisin India
g : Dhaka is in Srilanka
The symbolic formisp A ~ Q.
iv) Letp:3+8>12;q:5 x4 <25
The symbolic formis p <> q

Ex.2.Write the truth values of the following statements.
i)  3isaprime number and 4 is a rational number.
i) All flowers are red or all cows are black.
iii)  If Mumbai is in Maharashtra then Delhi is the capital of India.
iIv)  Milk is white if and only if the Sun rises in the West.
Solution :
i) Let p:3isaprimenumber
g: 4 is arational number.
Truth values of p and q are T and T respectively.
The given statement in symbolic formisp A g.
The truth value of given statement is T.
i) Let p:Allflowersarered; q: All cows are black.
Truth values of p and g are F and F respectively.
The given statement in the symbolic formis pv q
S~ pvg=FvFis F
.. Truth value of given statement is F.
iii) Let p:Mumbaiisin Maharashtra
g : Delhi is capital of India
Truth values of p and q are T and T respectively.

The given statement in symbolic formisp — g

= )




LPp—>q=T—>TisT
.. Truth value of given statement is T
iv) Let p: Milkiswhite; g: Sunrises in the West.
Truth values of p and g are T and F respectively.
The given statement in symbolic form is p <> q
Lpeg=ToFIisF
.. Truth value of given statement is F
Ex.3 : If statements p, g are true and r, s are false, determine the truth values of the following.
D~pa(@v-~r) i) (PA~1) A(~q vs)
i ~P—=>9) < TAs)iV)(~p>q) A(r<>s)

Solution :

i)

~pA(@v~r=~TA(TvVv~F) =FA(TVvT)=FAT=F

Hence truth value is F.

PA~DA(CgvsS)= (TA~FACFTVE)=TATA (FVF)=TAF=F.
Hence truth value is F.
[Fp—=>9]eAs)=[~(ToT)oFAR=-T) > F)=FF=T.
Hence truth value is T
FpoA(res)=CToNMAFoR)=F->ST)AT=TAT=T.

Hence truth value is T .

Ex.4.Write the negations of the following.

i)

i)

iii)
Solution :

i)

)]

iii)

Price increases
o<1
5+4=9

Price does not increase
or=1
5+4+£9

@ Exercise 1.1 J

Q.1. State which of the following are statements. Justify. In case of statement, state its truth
value.

i)
i)
iii)
iv)
v)
vi)
vii)

5+4=13.
Xx—-3 =14.
Close the door.

Zero is a complex number.
Please get me breafast.
Congruent triangles are similar.
X2 =X.




Q.2.

Q.3.

Q.4

Q.5.

Xi)
xii)
xiii)
Xiv)
XV)

A quadratic equation cannot have more than two roots.
Do you like Mathematics ?

The sun sets in the west

All real numbers are whole numbers

Can you speak in Marathi ?

X2—6x —7=0,whenx=7

The sum of cuberoots of unity is zero.

It rains heavily.

Write the following compound statements symbollically.

i)
i)
iii)
iv)
v)
iv)
vii)

Nagpur is in Maharashtra and Chennai is in Tamilnadu
Triangle is equilateral or isosceles.

The angle is right angle if and only if it is of measure 90°.
Angle is neither acute nor obtuse.

If A ABC isright angled at B, thenm £ZA+ m £ZC = 90°
Hima Das wins gold medal if and only if she runs fast.

X is not irrational number but is a square of an integer.

Write the truth values of the following.

i)
i)
iii)
iv)
v)
vi)
vii)

4 is odd or 1 is prime.

64 is a perfect square and 46 is a prime number.

5 is a prime number and 7 divides 94.

It is not true that 5-3i is a real number.
If3x5=8then 3 +5=15.

Milk is white if and only if sky is blue.

24 is a composite number or 17 is a prime number.

If the statements p, g are true statements and r, s are false statements then determine the
truth values of the following.

i)
i)
v)
vii)

PV(qAT) i)  (p—>gv(r—>s)
@A v(=pnas) v)  (p>agA-r
(~r<>p)—>-~q vi)  [FpAa(=gAan]vI@nar)v(pan)]

[GPAA)A~r]IVIQ—=>p)—>(sv)] viii) ~[(~pAnv(s—>~qle(Pan)

Write the negations of the following.

i)
i)
iii)
iv)
v)

Tirupati is in Andhra Pradesh

3 is not a root of the equation x2 + 3x - 18 =0
J2 isarational number.

Polygon ABCDE is a pentagon.

7+3>5




1.2 STATEMENT PATTERN, LOGICAL EQUIVALENCE,
TAUTOLOGY, CONTRADICTION, CONTINGENCY.

1.2.1 Statement Pattern :

Letters used to denote statements are called statement letters. Proper combination of
statement letters and connectives is called a statement pattern. Statement pattern is also called as a
proposition. p —q, p A Q, ~ p Vv q are statement patterns. p and q are their prime components.

A table which shows the possible truth values of a statement pattern obtained by considering
all possible combinations of truth values of its prime components is called the truth table of the
statement pattern.

1.2.2. Logical Equivalence :

Two statement patterns are said to be equivalent if their truth tables are identical. If statement
patterns A and B are equivalent, we write it as A= B.

1.2.3 Tautology, Contradiction and Contingency :

Tautology : A statement pattern whose truth value is true for all possible combinations of truth
values of its prime components is called a tautology. We denote tautology by t.

Statement pattern p v ~ p is a tautology.

Contradiction : A statement pattern whose truth value is false for all possible combinations of truth
values of its prime components is called a contradiction. We denote contradiction by c.

Statement pattern p A ~ p is a contradiction.

Contingency : A statement pattern which is neither a tautology nor a contradiction is called a
contingency. p A q is a contingency.

Important table for all connectives :

p q =P | PAG | PVG [ P>q ]| pPeq
T T F T T T T
T F F F T F F
F T T F T T F
F F T F F T T

*  In astatement pattern, different symbols are considered in the following priority

~ Vo, A, =, &>

@) Solved Examples )

Ex.1.: Construct the truth table for each of the following statement patterns.

) p—>@—>p)

i) (~pvag <~(pArq)

i) ~(pa~qvq

iv) [(pAr@)viiAa[~rv(pAQ)]

v) [pva)a(@—=>n]l—>(@-—>r)




Solution :

) p—>(@—p
P q qg—op [p—>(Qq—p)
T T T T
T F T T
F T F T
F F T T
Table 1.7
i) (pvag o ~(Paq)
p q ~p |~pvag|prqg |[~(PrQq) |(~pVv g <> A(PAG)
T T F T T F F
T F F F F T F
F T T T F T T
F F T T F T T
Table 1.8

i) ~(=pa~q)vgq

P q ~Pp | ~q |(=pr=qQ) |~(=pr~q) |~(~pr~Q) Vv q

T T F F F T T

T F F T F T T

F T T F F T T

F F | T | T T F F
Table 1.9

iv) [(PAr@vrida[~rv(pag)]

p ri~ripageargvr |~rv(parq) [[pAg)VvITA(~Trv(PAQ)
T|T|T|F T T T T
T|ITI|F|T T T T T
T|F|T|F F T F F
T|IF|F|T F F T F
FI|T|T|F F T F F
FIT|F|T F F T F
FIF|T|F F T F F
FIF|F|T F F T F
Table 1.10

G




v)

[(Pv a) A(@=>N]>(P >0

plq|ri~p|~pvqg|qgo>r|p>r (pvnr |[[Pvga(@—>N]—>(@—>D
(g—>n
T|T|T|F T T T T T
T|T|F|F T F F F T
T|F|T|F F T T F T
T|F|F|F F T F F T
FIT|T|T T T T T T
F|I T|F|T T F T F T
FIF|T|T T T T T T
FIF|F|T T T T T T
Table 1.11
Ex.2: Using truth tables, prove the following logical equivalences
) (PAr@=~(p—>~0)
i) (Peg=Pag)v(i~par~aq)
i) (pArg)—>r=p—>(Qq-or)
iv) p—>@vn=(pP—>a v(p->r)
1) Solution: (1) (pA g)=~(p— ~0q)
L uf v |Vv VI
P lad|~a|prg|p—>~q| ~(p>~0)
T|T| F T F T
T|F| T F T F
F| T]| F F T F
FIF| T| F T F
Table 1.12
Columns (1V) and (VI) are identical .. (p A Q)= ~(p = ~Q)
i) (peg=@PEragv(~-par~0)
L u| v \% VI VIl VI
Pla|~P| ~q |peqg| (pPAQ) PA~q [ (PAr AV (PA~0)
T|T| F F T T F T
T|F | F T F F F F
FI T | T F F F F F
FIF| T T T F T T
Table 1.13
Columns V and VIII are identical
Lo (peag=PEagv(ipv~a)
(iii) (pAr@)—>r=p—>(@—>r)

7 )
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Py v V VI VIl

Plalr |prd| (Prg—>r qgor | p>(q—>n)

T|T| T T T T T

T|T| F T F F F

T|F| T F T T T

T|F| F F T T T

FIT| T F T T T

FIT| F F T F T

FIF| T F T T T

FI|F| F F T T T

Table 1.14
Column (V) and (V1) are identical
(PArg)—>r=p—>(q—>r)
(iv) p>@vn=(pP->9vE-—r)
Pl v \ VI VIl VI
P19 r |lqvr| p—>(Qqvn pP—>q p—o>r P—>qvpe—rn
T|T| T T T T T T
T|T| F T T T F T
T|F| T T T F T T
T|F| F F F F F F
FIT| T T T T T T
FIT| F T T T T T
FIF| T T T T T T
FI|F| F F T T T T
Table 1.15

Columns V and VIII are identical
p—>@vnN=pP-—->qvE-—>r)

Ex.3.Using truth tables, examine whether each of the following statement pattern is a tautology or
a contradiction or contingency.

) (PArdA(=pv~0)

i) [pA(p—>~9]—q

i) P->dAll@—>nN—>E-—>n]
iv) [(pva)vrl<[pv(gvrn]

7 )
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Solution:
) (PAgA(=p v~0)

p q ~p —q PAG | pPv~q | (PAGA(pV~Q)

T T F F T F F

T F F T F T F

F T T F F T F

F F T T F T F
Table 1.16

All the truth values in the last column are F. Hence it is contradiction.
i) [pAa(P—>~0)]—>q

p g 9 | p>=q | pA(P=>~0 [pPA(P=>~0) >0

T T F F F T

T F T T T F

F T F T F T

F F T T F T
Table 1.17

Truth values in the last column are not identical. Hence it is contingency.
i (p->aall@=>n->@E->n]

P19 r(p=>g9lgorjpori@->nN->0-n0 [P2>9A@2>nN->0—0)
T|T|T T T T T T
T| T|F T F F T T
T|IF [T F T T T F
T|F|F F T F F F
FI T T T T T T T
F|I T| F T F T T T
FIF | T T T T T T
FI|F | F T T T T T
Table 1.18
Truth values in the last column are not same, hence it is contingency.
v) [pva)vrle vy
Pla]r{pvglevavrigvripv(@vn |[[(Pvavri<[pv(qvn]
T| T (T T T T T T
T|T]|F T T T T T
TIF | T T T T T T
T|F | F T T F T T
FIT | T T T T T T
F|T]|F T T T T T
FIF | T F T T T T
F|F | F F F F F T
Table 1.19 All the truth values in the last column are T, hence it is tautology.




@ Exercie.1.2 J

Q.1. Construct the truth table for each of the following statement patterns.

) [(pPo>a)Adl—p

i)  (PAr~a)e>(P—>0

i) (pArg)e(qvr)

iv) p—=>[~@nan)]

v)  ~pallpv~q)ad]

Vi) (=p—o>~dA(-qd—>~p)
vi) (qop)v(~pe Q)

viii) [p—=>@—>nNl<(prg) —>r]
iX) p—>[~(@narn)]

X)) (pv~=q)—>(rAp)

Q.2. Using truth tables prove the following logical equivalences.

) ~pAg=(PvaA~p

i) ~(PvagvEpag=-~p

i) peg=~[pva)a~(pPAaag)]
iv) p—>@—>p)=~p—>{P—>0)
V) (pvg)or=(p-onNa(-—r)
Vi) p—>@anN=E->aA(pP—>r)
vii) pa@vn=@Aaqv(p Ar)
viii) [~(pva)v(pvaglar=r

iX) ~(Peog=PEa~-av@a-p)

Q.3. Examine whether each of the following statement patterns is a tautology or a
contradiction or a contingency.

) (pPArd)—>@Qvp

i) (p—>9<(Epva

i) [~(pa~aQ)lvq

iv) [(p—>a)Aq]—>p

v) [P Ar~gl—>~p

vi) (peagA(p—>~0a)

vii) ~(~qA p)Aq

viii) (pA~0q) < (p—>0q)

iX) (~p—>aA(PAn)

X)) [p>CFagvn]le~[p—>@—>r)




1.3 QUANTIFIERS, QUANTIFIED STATEMENTS, DUALS, NEGATION OF
COMPOUND STATEMENTS, CONVERSE, INVERSE AND CONTRAPOSITIVE

OF IMPLICATION.

1.3.1 Quantifiers and quantified statements.
Look at the following statements :
p : "There exists an even prime number in the set of natural numbers".
g : "All natural numbers are positive".

Each of them asserts a condition for some or all objects in a collection. Words "there exists"
and "for all" are called quantifiers. "There exists is called existential quantifier and is denoted
by symbol 3. "For all" is called universal quantifier and is denoted by V. Statements involving
quantifiers are called quantified statements. Every quantified statement corresponds to a collection
and a condition. In statement p the collection is 'the set of natural numbers' and the condition is
'being even prime'. What is the condition in the statement q ?

A statement quantified by universal quantifier Vv is true if all objects in the collection satisfy
the condition. And it is false if at least one object in the collection does not satisfy the conditon.

A statement quantified by existential quantifier 3 is true if at least one object in the collection
satisfies the condition. And it is false if no object in the collection satisfies the condition.

Ex.1LIfA={1,2,3,4,5,6, 7}, determine the truth value of the following.
) Ix e Asuchthatx—-4=3
i) VvVxeA, x+1>3
i) VvVxeA 8-x<7
iv) dxeA, suchthatx+8=16

Solution :
) Forx=7,x-4=7-4=3
. X =7 satisfies the equation x —4 =3
.. The given statement is true and its truth value is T.
i)  Forx=1,x+1=1+1=2which is not greater than or equal to 3
- Forx=1, x+1>3isnot true.
.. The truth value of given statement is F.
i) Foreachxe A 8-x<7
.. The given statement is true.
- Itstruth value is T.
iv)  There is no x in A which satisfies x + 8 = 16.
.. The given statement is false. .. Its truth value is F.
1.3.2 Dual : We use letters t and c to denote tautology and contradiction respectively.

If two statements contain logical connectives like v, A and letters t and c then they are said to
be duals of each other if one of them is obtained from the other by interchanging v with A and
t with c.

Thedualof i)pvqis paqQ iiytvpiscap lii)tAapiscvp
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Ex.1. Write the duals of each of the following :

) (pAg)vr i) tv(pva)
i) pal~av(pargv~r] iv) (pva)at
V) (pvgvr=pv(qvr) Vi) pAgAar

vii) (pAat)v(ca~Q)

Solution :
) (pvaar i) ca(pnrq)
i) pv[~qa(pvaa~r1] iv) (pAag)ve
V) (pAQ)Ar=pa(qQar) vi) pvgvr

vii) (pve)a(tv~q)

1.3.3 Negations of compound statements :

Negation of conjunction : When is the statment "6 is even and perfect number" is false? It is so,
if 6 is not even or 6 is not perfect number. The negation of p A g is ~ p v ~ g. The negation of "6 is
even and perfect number"” is "6 not even or not perfect number™.

Activity : Using truth table verify that~ (p AQ)=~pv ~(
Negation of disjunction : When is the statement "x is prime or y is even" is false? It is so, if x is not

prime and y is not even. The negation of p v q is ~ p A ~ . The negation of "x is prime or y is even"
IS "x is not prime and y is not even".

Activity : Using truth table verify that~ (pv g)=~pA~(

Note: '~(pAaq)=~pv~qand'~(pvQg)=~pA~( arecalled De'Morgan's Laws

Negation of implication : Implication p — q asserts that "if p is true statement then q is true
statement™. When is an implication a true statement and when is it false? Consider the statement "If
bakery is open then I will buy a cake for you." Clearly statement is false only when the bakery was
open and | did not buy a cake for you. The conditional statement "If p then g" is false only in the
case "p is true and q is false". In all other cases it is true. The negation of the statement "If p then q"
is the statement "p and not ™. i.e. p does not imply q

Activity : Using truth table verify that ~(p > Q)= pA~Q

Negation of biconditional : The biconditional p <> q is the conjuction of statementp — qand g — p.
L peq=(pP—>9A@—>p)

.. The conditional statement p <> q is false if p — q is false or g — p false.

The negation of the statement "p if and only if g " is the statement "p and not g, or g and not p".
L~Peg=Pa~aqv(a~p)

Activity : Using truth table verify that~ (p<>q)=(pP A ~q) v (A ~p)

1.3.4 Converse, inverse and contrapositive

From implication p — g we can obtain three implications, called converse, inverse and contrapositive.
g — p is called the converse of p —q
~p — ~qis called the inverse of p — Q.
~( — ~ p is called the contrapositive of p — Q.

1 )



Activity :
Prepare the truth table forp — g, 9 > p, ~ p = ~g and ~ g —» ~p. What is your conclusion
from the truth table ?

Ex.1) Write the negations of the following.
i) 3+3<5 or 5+5=9
i) 7>3and4>11
i) The number is neither odd nor perfect square.
iv)  The number is an even number if and only if it is divisible by 2.

Solution :
i) Letp:3+3<5:q:5+5=9
Given statement is p v g and its negationis~(pv g)and~(pvq) =~pA~q
. The negation of given statementis3+3>5and5+5=9
i) Letp:7>3; g:4>11
The given statement isp A g
Its negationis~(pAaq)and~(pAQ)=~pv~{(Q
.. The negation of given statementis7<3or4<11
i) Letp: The number is odd
g : The number is perfect square
Given statement can be written as 'the number is not odd and not perfect square'
Given statementis~p A ~(
Its negationis~(~pA~Qq) =pvq
The negation of given statement is "The number is odd or perfect square'.
iv)  Letp: The number is an even number.
g : The number is divisible by 2
Given statement is p <> ¢
Its negation is ~ (p <> Q)
But~(p<>a)=(PAr~a)v(@r~p)
The negation of given statement is 'A number is even but not divisible by 2 or a number is
divisible by 2 but not even'.
Negation of quantified statement : while doing the negations of quantified statement we
replace the word "all' by 'some’, "for every" by "there exists" and vice versa.
Ex.2.Write the negations of the following statements.
) All natural numbers are rational.
i) Some students of class X are sixteen year old.
i) IneNsuchthatn+8>11

iv) VxeN,2x+1isodd




Solution :
) Some natural numbers are not rationals.
i) No student of class X is sixteen year old.
i) vneNn+8<l1l
iv) 3 x e Nsuch that 2x + 1 is not odd

Ex.3.Write the converse, inverse and contrapositive of the following statements.
i) If a function is differentiable then it is continuous.
i) Ifitrains then the match will be cancelled.

Solution :
(1) Letp: Afunction is differentiable
q : A function is continuous.

. Given statement is p — ¢
i) Itsconverseisq—p

If a function is continuous then it is differentiable.
i) Itsinverseis~p—~q.

If a function not differentiable then it is not continuous.
iii)  Its contrapositive is~q— ~p

If a function is not continuous then it is not differentiable.

(2) Letp:ltrains, q: The match gets cancelled.

.. Given statementis p — q
)] Its converseisq — p

If the match gets cancelled then it rains.
i) Inverseis~p—~q

If it does not rain then the match will not be cancelled.
iii)  Its contrapositive is ~q — ~ p.

If the match is not cancelled then it does not rain.

@ Exercise 1.3 J

Q.1. IfA={3,57,9, 11, 12}, determine the truth value of each of the following.
i) Ix € Asuchthatx-8=1
i)  VxeA, x2+xisaneven number
iii) I xe Asuchthatx?<0
Iv) ¥V Xxe A, Xisaneven number
v)  dx e Asuchthat 3x + 8 > 40
vi) VxeA 2x+9>14

Q.2. Write the duals of each of the following.
i) pv(gar) i) pa(@ar) i) (pvag Aa(rvs) iv) pa-~q
V) (~pv a)Aa(=ras) Vi) ~pa(~aga(pvaga~r)
vii) [~(pv o)l Aalpv=(@a~9)]vii)) cv{pa(q@vn}ix) ~pv(@rnNatx)(pvagvc

1= )



Q.3. Write the negations of the following.

i) Xx+8>1lory-3=6
i) 1l1<15and25>20

iii)  Qudrilateral is a square if and only if it is a rhombus.

iv)  Itiscold and raining.

v) Ifitis raining then we will go and play football.

vi) /2 isarational number.

vii)  All natural numbers are whole numers.
viii) Vv n e N,n?+n+2isdivisible by 4.

iX) IxeNsuchthatx—-17<20

Q.4. Write converse, inverse and contrapositive of the following statements.

i) Ifx<ythenx?<y?(x,y € R)

i)  Afamily becomes literate if the woman in it is literate.

iii)  If surface area decreases then pressure increases.

iv)  If voltage increases then current decreases.

[1.4 SOME IMPORTANT RESULTS : :|

1.4.1.
) p—o>d=~pvq
i) pv@an=pEvaavr

i) peoa=PE—->a9A@—0p)
V) pAa(@vn=(pPAq)v(pnar)

Columns (1V, VII) and (VI, VIII) are identical.
p—>g=~pvgandp<q=(p—q) A(q— p) are proved.

Activity :

Prove the results (iii) and (iv) by using truth table.

| 1 1 v V VI VIl I

p q ~p P> [g—>Pp | P<>q | PvqQ | P—>0Aq—>Dp

T T F T T T T T

T F F F T F F F

F T T T F F T F

F F T T T T T T
Table 1.20




1.4.2. Algebra of statements.

Idempotent Law

PAP=D, Pvp=p

Commutative Law

Pvg=gqvp pAg=gqAp

Associative Law

PA@AT)=(PAQ)AT=PAGAT

pv(@vrn=(pvavr=pvagvr

Distributive Law

PA@vnN=(PAgv(pAar)

pv@an=(@vaa(vn

De Morgan's Law

~(pAQ)=~pv~q~(Pva)=~pA~qQ

Identity Law

PpAT=p,pAaF=FpvFE=p,pvT=T

Complement Law

pA~p=Fpv~p=T

Absorption Law

pv(pAag)=p.pa(pva)=p

Conditional Law

P—>q=~pva

Biconditional Law

peod=PE->DA@—>p)=CEpvaa(=gvp)

Table 1.21

@) Solved Examples]

Ex.1. Write the negations of the following stating the rules used.

i)
i)

v)

Solution :

i)

i)

(Pva)a(@v~r)
PA(QVY)
PAQ)—>(~pvr)

i(p—q)vr

~[pva)a@v~nl=~(pvav~(@Qv~r)
=(~pA~QVv(~gAr)
=(~gA~p)v(~qAar)

=~qAa(~pvr)

~[p—>qvrl=~(pP—>qA~r
= (pPA~QA~T [~Fp—>aq=par~d]

~[pAr(@vn]l=~pv~(Qvr)
=~pv(=qa~r)

~[prg)vpar~-d]l=~Cprg)r~(PA ~0)
=(pv~gAa(~pva)

~[prag)>CpvnNl=PEArg)A~(~pvr)
=(pArdAlpa~r]
=EgqAPAPA~T
=qQAPA~T

V) (~pArq)v(pr~0)

[DeMorgan’s law]
[DeMorgan’s law]
[Commutative law]
[Distributive law]

[DeMorgan’s law]

[DeMorgan’s law]
[DeMorgan’s law]

[DeMorgan’s law]
[DeMorgan’s law]

[~(P—>a)=pa~d]
[DeMorgan’s law]
[Associative law
[Idempotent law]




Ex.2.Rewrite the following statements without using if ...... then.

) If prices increase then the wages rise.
i) Ifitis cold, then we wear woolen clothes.
Solution :
i) Let p : Prices increase
g : The wages rise.
The given statementisp — q
butp—>qg=~pvq
The given statement can be written as
'Prices do not increase or the wages rise'.
i) Letp:Itiscold, g:We wear woollen clothes.
The given statementisp — q
butp—>qg=~pvq
The given statement can be written as
It is not cold or we wear woollen clothes.

Ex.3.Without using truth table prove that :
) poa=~PaA~qA~(@r~p)
i)  ~(pPvav(Epag=-~p
i) ~pag=(pPvga~p

Solution :

)] We know that

p<>dq=pP—>aA@—>p)

(~pva)a(~gqvp)

=~(pAr~a)A~(QAr~p)

i) ~pPvavEparg=Epa~gv(=pAaa)
=~pA(-qvaQ)
=~pAT
=~p

i) (pAg)Aa~p =~pa(pva)

(~pAp)v(~pAq)

=Fv(~p~AQ)

=~pAq

[Conditional law]

[Demorgan’s law]
[Demorgan’s law]
[Distributive law]

[Complement law]
[Identity law]

[Commutative law]
[Distributive law]
[Complement law]
[Identity law]




@ Exercise 1.4 J

Q.1

Q.2.

Q.3.

Using rules of negation write the negations of the following with justification.
) ~q-p i) pa~q

i) pv~q iv) (pv~QqQ)Aar

v) p-(pv~a0) vi) ~(pArg)v(pv~a)

vii) (pv~a)—>(PA=~0q) viii) (~pv~aq)v(pA~0q)

Rewrite the following statements without using if .. then.

) If a man is a judge then he is honest.
i) It2isarational number then /7 is irrational number.
iii) 1t f(2) = 0 then f(x) is divisible by (x — 2).

Without using truth table prove that :

) peq=PEAg)v(~pAr~0)

i)  (pva)a(pv~ag)=p

i) (pArg)v(pargvpa~a=pvq

iv) ~[pv~-a)—>@EAr~Ql=(pPv~-aA(=pva)

Application of Logic to switching circuits :

We shall study how the theory of Logic can be applied in switching network. We have seen
that a logical statement can be either true or false i.e. it can have truth value either T or F.

A similar situation exists in various electrical devices. For example, an electric switch can be
on or off. In 1930 Claude Shannan noticed an analogy between operation of switching circuits and

operation of logical connectives.

In an electric circuit, switches are connected by wires. If the switch is 'on’, it allows the electric
current to pass through, it. If the switch is 'off', it does not allow the electric current to pass through

it. We now define the term 'switch' as follows.
Switch : A switch is a two state device used to control the flow of current in a circuit.

We shall denote the switches by letters S, S, S,, S, .... etc.

I G
. /, 5 . >

S _:__ Battery Lamp L)

Fig. 1.1 Fig. 1.2




In figure 1.2, we consider a circuit containing an electric lamp L, controlled by a switch S.

When the switch S is closed (i.e. on), then current flows in the circuit and hence the lamp
glows. When the switch S is open (i.e. off), then current does not flow in the circuit and subsequently
the lamp does not glow.

The theory of symbolic logic can be used to represent a circuit by a statement pattern. Conversely
for given statement pattern a circuit can be constructed. Corresponding to each switch in the cirucit
we take a statement letter in statement pattern. Switches having the same state will be denoted by the
same letter and called equivalent switches. Switches having opposite states are denoted by S and S'.
They are called complementary switches. In circuit we don't show whether switch is open or closed.
In figure 1.3 switch S, corresponds to statement letter p in the corresponding statement pattern.

We write it as p : switch S, and ~ p : switch §',

The correspondence between switch S, and statement letter g is shown as q : switch S, and
~( :switch S'.
We don't know the actual states of switches in the circuit. We consider all possible combinations of

states of all switches in the circuit and prepare a table, called "Input Output table”, which is similar
to truth table of the corresponding statement pattern.

#*  Inan Input-output table we represent '1' when the state of the switch is ‘on" and '0"' when the
state of the switch is 'off".

1.5.1. Two switches in series.
Two switches S, and S, connected in series and electric lamp 'L" as shown in fig 1.3.

Let p: The switch S,
g : The switch S,
L:Thelamp L
Input output table (switching table) for p A g.

P q pAq

1 1 1

1 0 0

0 1 0

0 0 0
Table 1.22
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1.5.2 Two switches in parallel :
Two switches S, and S, are connected in parallel and electric lamp L is as shown in fig. 1.4
Let p:Theswitch S,
q: The switch S, >
L: Thelamp L

S,

Input - output table. for p v q.
p q pvq
1 1

(BN
o

— Battery Lamp L)

o
[EY

1
1
0

o
o

Table 1.23 Fig. 1.4

Q.1. Express the following circuits in the symbolic form of logic and write the input-output

table.
i) A
Sl
> et >
S2
A
T siS \
—I[—O—
Fig. 1.5
i) iii)
L
Sl S2
/ /
S > °
LA s St S,
N S'l S; > /= Sz > /-
/ S, S,
l < ) < | <
) 1 HO—
Fig. 1.6 Fig. 1.7
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Solution :

)] Let p : The switch S, g : The switch S, L: Thelamp L
Given circuit is expressedas(p v q) v (~pA~Q)
Solution :
P q ~p ~q pvq ~pAr~q | (pvg v (=p~Qq)
1 1 0 0 1 0 1
1 0 0 1 1 0 1
0 1 1 0 1 0 1
0 0 1 1 0 1 1
Table 1.24
i) Letp:Theswitch S, isclosed
g : The switch S, r: The switch S, L:ThelampL
The symbolic formis[(pAq) v (~pA~Q)] AT
plalr |~pl-a(parg|Prd)v(pa~a)|(PArd)v(PA~Q) [(PAd)V
(PA~Q)] AT
11111 ]|0(0 1 0 1 1
111/0(|0|0O0 1 0 1 0
1101 (|0]1 0 0 0 0
110001 0 0 0 0
O(1]1(1]0 0 0 0 0
O(1j0(1]0 0 0 0 0
0|01 |1]|1 0 1 1 1
0O|0]0(|1]1 0 1 1 0
Table 1.25
i) Let p : The switch S, g : The switch S,

The symbolic form of given circuitis(pv g) Ag A (rv ~p)

r : The switch S,

L: Thelamp L

p q r ~p | pvq rv-p [(pva)a~q| (Pva)agna(rv~p)
1 1 1 0 1 1 1 1
1 1 0 0 1 0 1 0
1 0 1 0 1 1 0 0
1 0 0 0 1 0 0 0
0 1 1 1 1 1 1 1
0 1 0 1 1 1 1 1
0 0 1 1 0 1 0 0
0 0 0 1 0 1 0 0
Table 1.26




Ex.2. Construct switching circuits of the following.
) [PviEpaglviaanv~p]

i) (Parganvpv(qa~n)]

i) [(pAnNv(ga~nN]v(=pa~r)

Solution :
Let p:The Switch S
g : The switch S,
r . The switch S,
The circuits are as follows.

< L

Sl S2 S3
,/ e s / s
VIS I S e i
S; Sy /= /=
i s, )
/ Y
S - |||| (D)
|0 —II—0—
R o/
Fig. 1.8 Fig. 1.9

A4

N S'l ¥
< I | | | <
Fig. 1.10
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Ex.3. Give an alternative arrangement for the following circuit, so that the new circuit has

minimum switches.

Let p:The switch S, Fig. 1.11
g: The switch S,
The symbolic formis (pA~q) v (~pAQ) v (~pA~Q)
Consider (pA~qQ)v(~pAqQ)v(~pA~Q)
=(pA~0) v~pA(@v~0)]
=(pA~0) v[~pAT]

PA~Q)v~p
=~pv(pr~0)
=(pvp)A(=pAr~0Q)
=ta(~pv~0)
=~pv~{(Q
The alternative arrangement for the given circuit is as follows :
/
)
/
S
(1)
1|1 (L) —
Fig. 1.12

[Distributive Law]
[Complement Law]
[Identity Law]
[Commutative Law]
[Distributive Law]
[Law of Complement]
[Identity Law]

Ex.4. Express the following switching circuit in the symbolic form of Logic. Construct the

switching table and interpret it.

A
S
! _/.é_/.—
/= S S,
S,
I f‘\ el
— 1]} O——=
Fig. 1.13




Solution :
Let p:TheswitchS,
g : The switch S,
The symbolic form of the given switching circuit is (p v ) A (~p) A (~0Q)
The switching table.

p q ~p ~q (pvad| (Pva)Aa(~p) [ (PvaA)A(=p)A(=0)
1 1 0 0 1 0 0
1 0 0 1 1 0 0
0 1 1 0 1 1 0
0 0 1 1 0 0 0
Table 1.27

Last column contains all 0, lamp will not glow irrespective of the status of the switches.
Ex.5. Simplify the given circuit by writing its logical expression. Also,write your conclusion.

A
-—>—/-— g _>_/._>-.
S, P S,
S,
Fig. 1.14

Let p:TheswitchS,
g: The The swtch S,
The logical expression for the given circuitispA(~pv~Qg)AQ

Consider
pA(=pv~0a)Aq

= [pAa(~pv~alaq [Associative Law]
= [pAr~p)v(PVv~qlag [Distributive Law]
= [Fv(pa~qlaq [Complement Law]
= (pA~0Q)AQ [Identity Law]

= pa(~qnQ) [Associative Law]
= pAF [Complement Law]
= F [Identity Law]

Conclusion : The lamp will not glow irrespective of the status of the switches.




Ex. 6 : In the following switching circuit,

i) Write symbolic form ii) Construct switching table iii) Simplify the circuit

et

S, S
e

S) $,
/

S S

N
IO
Fig. 1.15
Solution : Letp: The switch S, . q: The switch S, . r : The switch S,

1) The symbolic form of given circuitis(p A @) v (~pAQ) v (r A~q).
i) Switching Table :

Pla|r |~p|~9|~paq[~pAq[ra~q| PAQV(PAQV(IFA~Q)
1111|010 1 0 0 1
1{1]0]0]O0 1 0 0 1
1({0]1]0]1 0 0 1 1
1({0]0]0]1 0 0 0 0
0 1 1 1 0 0 1 0 1
o|1(0]1]|0O0 0 1 0 1
o|jof1]1]|1 0 0 1 1
o|jof0]|]1]|1 0 0 0 0
Table 1.28
iii) Consider =(pAqQ)v(~pAQg)v(ra~q)
=[(pv~p)Ad]v[(ra~q)] [Distributive Law]
=(TAQ)v(rv~q) [Complement Law]
=qv(ra~Qq) [Identity Law]
=(qvra(@v-~q) [Distributive Law]
=(QvnAT [Complement Law]
=(@Qvr) [Identify Law]
Simplified circuit is :
SZ
S;
[ —®
Fig. 1.16




@ Exercise 1.5 J

Q.1. Express the following circuits in the symbolic form of logic and writ the input-output
table.

() S, (i) S, S,
A / A
S, S; . S, S; |
I e (T
|| ——) 1 (D—
Fig. 1.17 Fig. 1.18
(iii) (iv)
S, |_
Sl
S S3 > /3 > /3
S S
1 /._>_ 3
‘v [ +/._ S2 > /:
82 S3 ! S2 Svl
| — M - | .
— 1| (L) < | | HD—
Fig. 1.19 Fig. 1.20
(v) (vi)
S,
P AV
S, S, S, S, S,
M T
®© ®
Fig. 1.21 Fig. 1.22




Q.2. Construct the switching circuit of the following :

DEPAd v (pA~T) i) (p A Q) V[P A (~qvpv)]
) [(PAnNv(EgA~NIA(PpA~T) V)(pAa~aanvipa(~qv-r)]
V)pv(=p)v(=q)v(pArQ) vi) (pA Q) v (=p) v (pA~0)
Q.3. Give an alternative equivalent simple circuits for the following circuits :
(i) e (i) s e
e S/ _)_/._ S, |
S, / S > "o
S, (
pp— o—3 S3 R o
FD N
Fig. 1.23 ~ —)—/’_/'—)—/’_
S S, S
Fig. 1.24

Q.4. Write the symbolic form of the following switching circuits construct its switching table
and interpret it.

i) i)

v

1%
[ ]

%2
®

¥

v
\%
%2
g

Y

S, S, | (1)
Fig. 1.25 Fig. 1.26
(iii) /
s, ° s, *
S, >
. S S e
S, S, S,
i ®

Fig. 1.27

Q.5. Obtain the simple logical expression of the following. Draw the corresponding
switching circuit.

Dpv(@Aa~aq) N EpArgv(Epa~aq) vpa~ag)]
i pEgv-NIaPv@nar) V) (PAGA~P)V(=PAGAT)V(PA~QAT)
v(pAgAar)

=



Iﬁ@ Let’s remember!

1) A declarative sentence which is either true or false, but not both simultaneously is called a
statement.
Sr. | Connective | Symbolic | Name of Com- Hint in Negation
No. Form [pound Statement | truth table
i) and pAq |Conjunction TAT=T ~pv~q
i) or pvq | Disjunction FVvF=F ~pA~qQ
i) | if... then p—q | Conditional T—>F=F pA~qQ
iv)[ ifandonly | p<>q |Biconditional ToT=T | (pa~q)v(ga-~p)
if FoF=T
Table 1.29
3) Inthe truth table of the statement pattern if all truth values in the last column
a) are "T' then it is tautology.
b) are 'F' then it is contradiction.
4)  In the truth table of the statement pattern if some entries are 'T' and some are 'F' then it is
called as contingency.
5)  The symbol V stands for ‘for all' or 'for every'. It is universal quantifier. The symbol 3 stands
for 'for some' or 'for one' or 'there exists at least one'. It is called as existential quantifier.
6)  Algebra of statements.
Idempotent Law PAP=D, Pvp=p
Commutative Law pPvag=qvp pAQgq=qAap
Associative Law PA@AN=(PAQAT=pAQAT
pv@vn=(vgvr=pvqgvr
Distributive Law pA(@vi=(pPAagv(pAar)
pv@an=(pPvaa(vr)
De Morgan's Law ~PAQ)=~pv~q,~(pvag)=~pA~q
Identity Law PAT=p,pAF=FpvF=ppvT=T
Complement Law pr~p=Fpv~p=T
Absorption Law pv(pArg)=p,pAa(Pva)=p
Conditional Law P—>Q0=~pvq
Biconditional Law pe>gd=pP—->qA@—>p)=CEpvaa(~qvp)
7)  If p > qis conditional then its converse is q — p, inverse is ~p — ~q and contrapositive

Is~q—~p.




8)

Switching circuits :

Input-output table

1) Switches in series il) Switches in parallel.
é_/.ﬁ_/.— S=
Sl Sz !
—_ Battery qLD ’
Fig. 1.28 = Battery Lamp (L)
Fig. 1.29
p q pA(g pvq
1 1 1 1
1 0 0 1
0 1 0 1
0 0 0 0
Table 1.30

Miscellaneous Exercise 1

Select and write the correct answer from the given alternatives in each of the following

questions :
)] If p A qisfalse and p v qis true, the is not true.
A) pv( B) p<q C) ~pv~q D) qv-~p
i)  (pAqg)—rislogically equivalentto .
A)p—>(@—r1) B)(pArg)—>-r CQ(pv~q)—>-~r D)(pvag) —>r
iii)  Inverse of statement pattern (pv q) > (p A Q) is
A)(pAa)—(pva) B)~(pva)—>(prq)
C) (P A~0Q) > (~p Vv ~0) D) (~p v ~Q) = (~p A ~0)
iv) IfpaqisF,p— qisF then the truth values of p and g are
AT, T B)T,F CFT D)F,F
v)  The negation of inverse of ~p — q is .
A)gnp B)~-pAr~q C)pnq D) ~q—>-p
vi) ThenegationofpA(q—r)is
A)~p A (~q— ~T) B)pv(~qvr)
C)~pA(~q—>-r1) D)~pv(~qA-~T)
vii) IfA={1, 2, 3, 4, 5} then which of the following is not true?
A)3Ix e Asuchthatx+3=8 B) Ix e Asuchthatx +2<9
C)VxeAx+62>9 D) Ix e Asuchthatx +6 <10

==



Q.2.

Q.3.

Q.4.

Q.5.

Q.6.

Q.7.

Which of the following sentences are statements in logic? Justify. Write down the truth
value of the statements :

i) 41=24.

i) misan irrational number.

iii)  Indiais a country and Himalayas is a river.

iv)  Please get me a glass of water.

V)  €0s%0 - sin0 = cos20 for all 6eR.

vi)  If xis a whole number the x + 6 = 0.

Write the truth values of the following statements :

)] V5 is an irrational but 35 isacomplex number.

i) V¥ neN,n?+niseven number while n?-n is an odd number.

iii) 3 ne Nsuchthatn+5>10.

iv)  The square of any even number is odd or the cube of any odd number is odd.
v)  In AABC if all sides are equal then its all angles are equal.

vi) VneN,n+6>8.

IfA={1,23,4,5,6,7,8, 9}, determine the truth value of each of the following
statement :

) 3 x e Asuch that x + 8 = 15.

i) VxeAx+5<12,

i) I xe A suchthatx +7>11.

iv) VxeA, 3x<25.

Write the negations of the following :

) YneAn+7>6.
i) I xeA suchthatx +9<15.
iii)  Some triangles are equilateral triangle.

Construct the truth table for each of the following :
) p—>@—>p) i) (pv-~Q)e[~(pAa)]
i) ~(~pA-~0)vq v)  [(pAad)vrIal~rv(paq)]

v) [pva)Aa(@—=>nN]l—>(@—>r)

Determine whether the following statement patterns are tautologies contradictions or
contingencies :

) [(po>a)A~a)]—>~p i)  [(pva)a~plr~q

i) (p->a)A(pa~a) iv) [p->@->nNle(pag) —r]

v) [pAr(p—a)l—q vi) (pAg)v(=pAq)v(pv~a)v(-pA=0)
vii) [(pv-~a)v(=pAa)]ar viii) (p—> g)v(q—p)




Q.8. Determine the truth values of p and q in the following cases :
1) (pvisTand(pAQ)isT
i) (pvisTand(pvqg)—>qisF
i) (paq)isFand(paqg)—>qisT
Q.9. Using truth tables prove the following logical equivalences :
) peq=(pPag)v(-pa~0)
i) (prg)—>r=p->@-r)
Q.10.Using rules in logic, prove the following :
) peg=~(pPA~q)A~(Qr~p)
i) ~pArg=(Pva)A~p
i) ~(pva)v(prg)=-p
Q.11.Using the rules in logic, write the negations of the following :
) (pvaa(@v-n i) pa(@vr)
i) (p—o>a)nar iv) (pAQ)v(pA-~Q)

Q.12.Express the following circuits in the symbolic form. Prepare the switching table :

w (i)
Sl SZ

., .,
/ J S, X S
1 S j a /.
g 3
S, S, =
I [—=—© L. <
Fig. 1.30 Fig. 1.31

Q.13.Simplify the following so that the new circuit has minimum number of switches. Also,
draw the simplified circuit.

_~ S S s, _s
s s, ] R /23 —— j

) / / . /s‘" A

() o S (i = St
> "

S\ s, 11 O——

< I||I < @
Fig. 1.32 Fig. 1.33




Q.14. Check whether the following switching circuits are logically equivalent - Justify.

/o /o — e e
_ S, S i) S, S,
A)) — | i) .
< B G
S S, S,
Fig. 1.34 Fig. 1.35
/e < /.
B)i) o] ! S i) S, .
/= /= ) — — o—
S S, S,
Fig. 1.36 Fig. 1.37
Q.15.Give alternative arrangement of the Q.16 Simplify the following
switching following circuit, so that the new circuit circuit.
has minimum switches.
)
J._/._/._
J._/._/ 82
o—
S1
- Jo—/o—/o— g
Jo—/o—/o— S;
S1
~ II|= O— g
Fig. 1.38 2
[ F—O—
Fig. 1.39

Q.17.Represent the following switching circuit in symbolic form and construct its switching
table. Write your conclusion from the switching table.

/. o
S /. S
%ﬁ S S Fig. 1.40
1 S; SZ S3
1] F——0
+444+
( 35 )



2 Matrices

Let's Study.

2.1 Elementry transformations.
2.2 Inverse of a matrix
2.2.1 Elementary transformation Method
2.2.2 Adjoint method
2.3 Application of matrices .
Solution of a system of linear equations
2.3.1 Method of Inversion
2.3.2 Method of Reduction
. J

Let’s learn.

Amatrix of order mxm is a square arrangement of m? elements. The corresponding determinant
of the same elements, after expansion is seen to be a value which is an element itself.

In standard XI, we have studies the types of matrices and algebra of matrices namely addition,
subtraction, multiplication of two matrices.

The matrices are useful in almost every branch of science. Many problems in Statistics are
expressed in terms of matrices. Matrices are also useful in Economics, Operation Research. It would
not be an exaggeration to say that the matrices are the language of atomic Physics.

Hence, itis necessary to learn the uses of matrices with the help of elementary transformations
and the inverse of a matrix.

2.1 Elementary Transformation :
Let us first understand the meaning and applications of elementary transformations.

The elementary transformation of a matrix are the six operations, three of which are due to row
and three are due to column.
They are as follows :

(a) Interchange of any two rows or any two columns. If we interchange the i*" row and the j* row
of a matrix then after this interchange the original matrix is transformed to a new matrix.
This transformation is symbolically denoted as R <> R, or R,..

The similar transformation can be due to two columns say C, <> C, or C, .
(Recall that R and C symbolically represent the rows and columns of a matrix.)

ap )




12 3 4
For example, if A= [3 4} then R, <> R, gives the new matrix L 2} and C «>C, gives the

21
new matrix 4 3|

Note that A = [1 2} and ;{4 3} butwe writte A~|1 2|land A~|4 3

Note : The symbol ~ is read as equivalent to.

(b) Multiplication of the elements of any row or column by a non-zero scalar :
If k is a non-zero scalar and the row R;is to be multiplied by constant k then we multiply every
element of R; by the constant k and symbolically the transformation is denoted by kR; or

R, —=kR;.

_ 0 2 . 0 2

Similarly, if any column of a matrix is to be multiplied by a constant then we multiply every
element of the column by the constant. It is denoted as kC, or C, — kC,.

0 2 0 2
Forexample,if A=|3 4| thenCi —>-3Cigives A~|_9 4

0 2 {0 2}
Can you say that A = Lz 16} or A=1_9 4

(c) Adding the scalar multiples of all the elements of any row (column) to corresponding ele-
ments of any other row (column).
If k is a non-zero scalar and the k-multiples of the elements of R. (C.) are to be added to the
elements of R, (CJ.) then the transformation is symbolically denoted as R —>R+ kR, C,—>C+ kC.

-1 4

For example, if A=
2 5

} and k = 2 then R —» R + 2R gives

[—1+2(2) 4+2(5)}

A~ 2 5
ie. A-|> !
2 5

(Can you find the transformation of Ausing C, - C, + (-3) C, ?)

Note (1) : After the transformation , R; > R; + kR;, Ri remains the same as in the original matrix.
Similarly, with the transformation , C,—C+ kC, , C. remains the same as in the original matrix.

a7 )




Note (2) : After the elementary transformation, the matrix obtained is said to be equivalent to the
original matrix.

1 0
Ex.1:IfA= {_1 3} , apply the transformation R, <> R, on A,

Solution :
1 0
As A=
-1 3
R, <> R, gives
-1 3
A~l1 o
: _ |1 0 2 .
Ex.2:IfA= , apply the transformation C, — C, + 2C,.
2 3 4
Solution :
A=l 02
2 3 4
C,— C, +2C, gives
1+2(2) 0 2
A~ 242(4) 3 4
5 0 2
A~li0 3 4
1 2 -1
Ex.3:IfA= 3 9 s ,apply R, <> R, and thenC, — C_+2C_ on A.
Solution :

3 -2 5

1 2 -1
A =




R, <> R, gives

{3—2 5}
ALl 2 -

Now C, — C, +2C,gives
3+2(5) -2 5 13 2 5
A~ le2(-1) 2 1| © AT 2 4

@ Exercise 2.1 )

Apply the given elementary transformation on each of the following matrices.

1 0 1 -1 3
1L A= R, &R, 2.B = R—R, -R,.

-1 3 2 5 4
5 4 31
3. A= | 3 ,C,eC, B= 4 s R, <R,
What do you observe?
I 2 -1 I 0 2
4 A=ly 4 3].26 B=1|, , 5| =3R;

Find the addition of the two new matrices.

-1 3

1
5 A=|2 1 0], 3R,andthenC,+2C,
3 3 1

I -1 3

2 1 0| ,C,+2C,andthen 3R,
3 3 1

What do you conclude from ex. 5 and ex. 6?

6. A

. . 1 2 . . .
7. Use suitable transformation on L 4} to convert it into an upper triangular matrix.

1 -1
8.  Convert L 3 } into an identity matrix by suitable row transformations.




I -1 2

9. Transform |2 1 3| into an upper triangular matrix by suitable column transformations.
3 2 4

2.2 Inverse of a matrix :

Definition :  If Alis a square matrix of order m and if there exists another square matrix B of the
same order such that AB = BA = |, where | is the identity matrix of order m, then B is called as the
inverse of A and is denoted by A=

Using the notation A for B we get the above equation as AA = A1A = |. Hence, using the same
definition we can say that A is also the inverse of B.

B1=A
_ 2 3
For example, if A= 23 and B = 2 3 then AB = 23 [ }
1 2 -1 2 1 2 -1 2
1 0
AB = 0 1 I

(2 -3][2 3]_[1 o],
and  BA=|_1 o10l1 2|7 o 1] 2

B=A! and A = B!

1 2
IfA= {2 4} , can you find a matrix X such that AX = | ? Justify the answer.

This example illustrates that for the existence of such a matrix X, the necessary condition is |A| = 0,
i.e. Alis a non-singular matrix.

Note that -

(1) Every square matrix A of order m x m has its corresponding determinant; det A = |A|
(2) A matrix is said to be invertible if its inverse exists.

(3) Asquare matrix A has inverse if and only if |A| = 0

Uniqueness of inverse of a matrix

It can be proved that if A is a square matrix where |A| = 0 then its inverse, say A2, is unique.
Theorem : Prove that if A is a square matrix and its inverse exists then it is unique.
Proof : Let, ‘A’ be a square matrix of order ‘m” and let its inverse exist.
Let, if possible, B and C be the two inverses of A.
Therefore, by definition of inverse AB=BA=1and AC=CA=1.

a0 )




Now consider B = Bl =B (AC)
B= (BAC=IC
B= C

Hence B=C i.e.the inverse is unique.

The inverse of a matrix (if it exists) can be obtained by using two methods.
(i) Elementary row or column transformation
(it) Adjoint method

We now study these methods.

2.2.1 Inverse of a nonsingular matrix by elementary transformation :
By definition of inverse of A, if A exists then AAT=ATA=1.

Let us consider the equation AA* = I. Here A is the given matrix of order m and 1 is the identity
matrix of order ‘m’. Hence the only unknown matrix is A**. Therefore, to find A*, we have to first
convert Ainto I. This can be done by using elementary transformations.

Here we note that whenever any elementary row transformation is to be applied on the product
AB = C of two matrices A and B, it is enough to apply it only on the prefactor, A. B remains un-
changed. And apply the same row transformation to C.

. 1 2 -1 0 1 10
For example, if A= and B = then AB = = C (say)
3 4 I 5 1 20

1 20
Now if we require C to be transformed to a new matrix by R, <» R, then C~ L 10}

4

| 2} and B remains unchanged,

If the same transformation is used for Athen A~ {

3 47 [-1 0 1 20 _ _
then the product AB = L 2} L 5} :[1 10} = as required. (Verify the product.)

Hence, the equation AA™ =1 can be transformed into an equation of the type 1A = B, by
applying same series of row transformations on both the sides of the equation.

However, if we start with the equation A*A = | (which is also true by the definition of
inverse) then the transformation of A should be due to the column transformation. Apply column
transformation to post factor and other side, where as prefactor remains unchanged.

Thus, starting with the equation AA™ =1, we perform a series of row transformations on both

sides of the equation, so that ‘A’ gets transformed to I. Thus,
A At =

| AT =

|

\ﬂ/ Row \ﬁ/ Row

Transformations Transformations

B
Al = B

a1 )




and for the equation A*A = I, we use a series of column transformations. Thus

Al A =

At =

|
l/ Column \ﬂ/ Column
Transformation Transformation
B
A* = B

Now if A is a given matrix of order *3” and it is nonsingular then we consider

a, a, a;
A=3 8, ay
Q& a5

For reducing the above matrix to

1 00
0 1 0 : .
I, = 00 1| the suitable row transformations are as follows :
(¢H)] Reduce a,, to “1’.
(2) Then, reduce a,, and a,, to ‘0’.
3) Reduce a,, to “1’.
(4) Then, reduce a,, and a,, to “0’.
(5) Reduce a,, to “1’.
(6) Then, reduce a , and a,, to “0’.

Remember that a similar working rule (but not the same) can be used if you are using column
transformations.

@) Solved Examples )

Ex. 1 : Find which of the following matrices are invertible

2 1 cosf sinf 32
i A= L 2} (i) B= {—sin@ cos@} i) C=13 1 2
1 2 3
Solution :
7 1 cos@ sin6
(i) As|Al = ‘4 2‘ =0 (i) As|B|= _sinf  cosd
Ais singular and hence = cos?0+sin?0 =1+ 0
Ais not invertible. . Bis nonsingular,
B is invertible.




(iii) c= |3
1 2 3
13 2
=P '3 =-12=0
1 2 3

C is nonsingular and hence C is invertible.

1 2
Ex. 2 : Find the inverse of A = }

_ 3 4
Solution : -
I 2
As |A| = =-
3 4
Al = 0 o AT exists.
Let AA! = 1 (Herewe can use only row transformation)

Using R, > R, - 3R,

1 2 ) 1 0
3 4 Al = 0 1 becomes
1 2 ) 1 O
() I

Using —% R, we get

1 2 I 0
-1 -
0o 1]A ER
2 2
Using R,— R, - 2R,
{ o -2 1
We get {0 J Al = 301
2 2
-2 1
Al= 3 1 (\Verify the answer.)
2 2
A0 )




3 2 6

Ex. 3 : Find the inverseof A=|1 1 2| by usingelementary row transformations.
2 25

Solution : Consider |JA|]=1=0 ..Alexists.

Now as row transformations are to be used we have to consider the equation AA* =1 and
have to perform row transformations on A.

Consider AAl = I
3 2 6 0 0
e 1 1 2] At =10 1 O]
2 25 0 0
Use R, <> R,
11 2 0 1 0
ie. 32 6] At = 0 o]
2 25 0 0 1

Use R2 - R2 - 3R1 and R3 - R3 - 2Rl

L1 2 0 1 0
0 -1 0| o2 =|F 30
Now use R2—>—R2
11 2] 0 1
o At =|1 3
0 0 2 1
UseR1—>R1—R_2 )
0 2 1 =2 0]
0 Al = -1 3 0
0 0 1] 0 2 1
Use R, > R,—2R, ]
1 00 1 )
010 Al o -1 3 0
101 o0 =2 1
1 2 =2 1 2 2]
A -1 3 0 AL - -1 3 0
T 0 =2 1] 77 0o =2 1]

(You can verify that AA™ =)

VR




1 3 3
Ex. 4 : Find the inverseof A = |1 4 3| by elementary column transformation.
1 3 4

Solution :
As A is required by column transformations therefore we have to consider AA = | and have
to perform column transformations on A.

Consider
AA =1
13 3 100
Al 1 4 3| = 010
1 3 4 0 01
UsingC,— C,-3C, and C, - C,-3C,
1 0 0 1 -3 -3
Alll 1 0/ =10 1 0
1 0 1 0 0 1
Use C, »C, - C,
oo 4 -3 -3
NET U S U R )
Use C, > C, -C,
00 7 -3 -3
AT 10T 0|=1-1 1 o
0 01 -1 0 1
7 -3 -3
Afl=1-1 1 o0
-1 0 1
o 7 -3 -3
S -1 10
-1 0 1

2.2.2 Inverse of a square matrix by adjoint method :
From the previous discussion about finding the inverse of a square matrix by elementary
transformation it is clear that the method is elaborate and requires a series of transformations.
There is another method for finding the inverse and it is called as the inverse by the adjoint
method. This method can be directly used for finding the inverse. However, for understanding this
method you should know the definition of a minor, a co-factor and adjoint of the given matrix.

T




Let us first recall the definition of minor and co-factor of an element of a determinant.

Definition :  Minor of an element a, of a determinant is the determinant obtained by deleting i i
row and j " column in which the element a; lies. Minor of an element a; is denoted by
M..

ij
(Can you find the order of the minor of any element of a determinant of order ‘n’?)
Definition :  Co-factor of an element a, of a determinant is given by (-1)'* M; , Where M; is minor
of the element a;. Co- factor of an element a, is denoted by A

Now for defining the adjoint of a matrix, we require the co- factors of the elements of the matrix.

1 2 3 1 -2 3
Consideramatrix A=|4 5 —6| . Itscorresponding determinant is |A| = 45 -6
7 8 9 7 -8 9
-2 3
Here if we require the minor of the element *4’, then it is _g o =-18+24=6
Now as the element ‘4’ belongs to 2™ row and 1st column,
using the notation we get M, = 6
If further we require the co-factor of ‘4’ then it is
= (_1)2+ 1 M21
= -1)(6)
= -6
Hence using notation, A, = -6

Thus for any given matrix A, which is a square matrix, we can find the co-factors of all of its
elements.
Definition :
The adjoint of a square matrix A = [a“]mxm is defined as the transpose of the matrix [A”]mxm
where Aij is the co-factor of the element a;; of A, for all i and j, wherei, j=1,2, .....,m.
The adjoint of the matrix A is denoted by adj A.

For example, if A is a square matrix of order 3 x 3 then the matrix of its co-factors is

All A12 A13
A21 A22 A23
A31 A32 A33

and the required adjoint of A is the transpose of the above matrix. Hence

Ay Ay Ay
adj A= A, Ay Ay
Ay Ay Ay




1 2
Ex. 1 : Find the co-factors of the elements of A = [3 }

4
Solution :
Here a, =1 oM =4 and A = (1)1 (4) =4
a,=2 . M,=3 and  A,=(-1)'"?@)  =-3
a, = oM, =2 and A, =(-1*"*(2) =-2
a,=4 .. M,=1 and  A,=(-1"2(1) =1

the required co-factors are 4, -3, -2, 1.

Ex. 2 : Find the adjoint of matrix A = {2 —3}

4 1
Solution : Here a =2 M, =1

o A =EDTT) =1
a,=-3 M, =4

o A,L=(1)"2(4)=-4
a, =4 M, =-3

o A, =1y (-3)=3
a,,=1 o M, =2

A= (-12*2(2) =2

1 —4}
. _ 3 2
the matrix [A,],,, = L
1 3]
-4 2
[Aij]T2x2 - - N
1 3]
adj A = L2
2 0 -1
Ex. 3 : Find the adjoint of matrix A = 312
-1 1 2
Solution : Here a, =2 M,=0
s A =DM, =0
a,=0 M,=8

A,=(1D)"2M,=-8

17 )



a,=-1 . M,=4
AL E ()M, =4
a, =3 LM, =1

21
L A =DM, =1
a, =1 M,,=3
L A, =(-1)"*M,=3
a,, =2 M, =2
L A, =(-1)2*"2M,=-2
a, =-1 M, =1
s A, =(-1)PF"M, =1
a,=1 L M,=T
A, = (-1)3+2 M, =-7
a,=2 M, =2
A, =(-1)*"3M,=2
A, A, A, 0 -8 4
the matrix of co-factors is Au An Ayl o {1 3 2
Ay Ay Ay 1 -7 2
0 -1 1
8 3 -7

adj A =[A], = 4 -2 2

We know that a determinant can be expanded with the help of any row. For example, expansion by
2¥rowa, A, +a,A, +. +ta, A =|A

But if we multiply the row by a different row of cofactors, then the sum is zero.

For example, a, A, +a, A, +...a, A, =0

T 21
. 1 _ adjA
This helps us to prove that AT = |A|

|l4] 0 0 ... O
0 |4] 0
L AadiA = | =4[
0 0 0 .. |4
A'lzade
A
Thus, if A= [aij]mxm is a non-singular square matrix then its inverse exists and it
o a1 :
is given by Al:m(adJA)

Think why A does not exist if Ais singular.

29 )




2 2

4 3 } , then find A~ by the adjoint method.

Ex.1.:If A:{

Solution : For given matrix A, we get,

M,=3,  A,=(1"(3)=3

M,=4,  A,=(12(@)=-4

M, =2,  A,=(10"(2)=2

M,=2,  A,=(107?(2)=2
- adjA= {_34 ﬂ

2 -2
and |A| = ‘4 3‘ =6+8=14+0

using A =i(ade)

[A]
A—lzi 3 2
14| -4 2
2 -1 1
Ex.2: If A=|-1 2 -=1| find A by the adjoint method.
1 -1 2
Solution : For the given matrix A
2 -1
A, = (=)t ‘_1 2‘ =3
A12: (_1)l+2 1 2 =1
-1 2
A= (1) |, 4 =1
-1 1‘
A= (L a1 2 =1
2 1
A,= (172 | 4 =3
2 -1
A23: (—1)2+3 | -1 1



Ay= (1P |2 g =-1
2 1
A32 - (_1)3+2 _1 _1 = 1
2 -1
A33: (_1)3+3 -1 2 =3
31 -1
adjA =| 1 3
11 3
2 -1 1
N Al 1 2 -1
ow A=

= 24-1)+1(-2+1)+1(1-2)
= 6-1-1
= 4

Therefore by using the formula for A

1

Al = ——(adjA
A
31 -1

a1

At=7 |1 3
-1 1 3

1 2
Ex.3: IfA= {3 4} , verify that A (adj A) = (adj A) A= |A| 1.

1 2
Solution : For A= {3 4}
A = Dt = 4
A = -1)r*2@3) = -3
A = (1)1 (2) = -2
A

= (D=




B _All A21
adJA = _A12 A22
1 2] 4 =2
_ 4 2] 1 2
@dA).A = | 5 4 3 4
[4-6 8-8
- | -3+3 —6+4
2 0
- Lo =2
AL 1 2] [1 0
and |A| = B o4 |0 1

@ |y 1]
o

)

1 .

.

» .. (i)
... (ii)
... (iii)

From (i), (i) and (iii) we get, A(adjA) =(adj A) A =]A| I

(Note that this equation is valid for every nonsingular square matrix A)

@ Exercise 2.2 )

1.  Find the co-factors of the elements of the

following matrices

1, 1 -1 2
(i) {_3 4} (i) |2 3 5
2 0 -l

2. Find the matrix of co-factors for the
following matrices

o3 10 2
(i) [4 _J (|2 1 3
0 3 -5

3. Find the adjoint of the following matrices.

I -1 2
I 1
(i) L, 5} (i) |2 3 5
-2 0 -1
1 -1 2
4. IfA= |3 0 =2
1 0 3

verify that A (adj A) = (adj A) A= | A| I




5. Find the inverse of the following matrices
by the adjoint method.

_ 2 -2 N2 T
() Ll) ﬂ (i L 3} 0 {2 _J (i L 2}

6. Find the inverse of the following matrices

1 0 0 1 23 o1 2 _ 2 0 -
(i) (iv)
@iy |3 3 O (iv) [0 2 4 1 23 51 0
5 2 -1 0 0 5 31 1 0 1 3
Miscellaneous exercise 2 (A)
1 00
1. IfA= |5 1 o] thenreduce itto I, by using column transformations.
3 3 1

2 1 3
2. IfA=1, ¢ | thenreduceittol, by using row transformations.
I 11

3. Check whether the following matrices are invertible or not

~ |1 0 |11 o112 . 2 3
(i) [0 J (i) [1 J (iii) [3 } (iv) LO 15}

3
_ 3 43
cosf sin6 . |secO tan6 111 o 23
V) —sinf cos6 i) tan0 secO (i) Wil 12 -1 3
- 1 4 5 1 2
1 2 3
(ix)[3 4 5
4 6 8
| 1 -1
4. Find AB, if A= L 3}andB: 1 2 | Examine whether AB has inverse or not.
)

0
5 IfA= 0 | is a nonsingular matrix then find A* by elementary row transformations.
z

o O =
o < O

0
Hence, find the inverse of 0

S O N
S = O

-1




10.

11.

12.

1 2
IfA= L 4} and X is a 2x2 matrix such that AX =1, then find X.

Find the inverse of each of the following matrices (if they exist).

! B {21} T 3 2 =3
W |y 5| @ [ | i [2 7} @ | 7}

2 -3 3 1 3 =2

W) {2 1} (vi) F _10} wiiy |2 2 3| (i) |-3 0 -5
7 4 2 7

3 2 2 25 0

2.0 -1 1 2 =2
X (51 0] W]y » 1
0 1 3 -1 3 0

cos® —sinf O
Find the inverse of A= | sin@ cos® 0

0 0 1

by (i) elementary row transformations
(it) elementary column transformations

2 3 10
IfA= L 2] B :{3 J find AB and (AB)*. Verify that (AB)* = B*A"

4 5
IfA= {2 1},then showthatA'lzé (A-5I)

Find matrix X such that AX = B, where

2 0 1
A= | 3 andB:{2 4}

Find X, if AX = B where
1 2 3

A:_llzandB:
1 2 4




13.

14.

15.

16.

17.

18.

19.

20.

=
>
I
1
—_— =
N —
| I
os}
1
1
w
—_—

} and C = {24 7} then find matrix X such that AXB = C.

1 2 3
Find the inverse of |1 1 5| by adjoint method.
2 4 7
- - i O
Find the inverse of 0 2 3 by adjoint method.
2
1 23
Find A by adjoint method and by elementary transformations if A = -1 12
1 2 4
1 0 1
Find the inverse of A = 0 2 3 by elementary column transformations.
1 2 1

1 2 3
Find the inverse of |1 1 5| by elementary row transformations.
2 4 7

Show with usual notations that for any matrix A=[a,],  ,
(i) a,A,+a,A +a A =0

117 21 13" 23
(i) a,A +a,A,+a A, =|A|
1 01 1 23
IfA=]g 2 3| andB= |1 1 5] then, finda matrix X such that XA=B.
1 21 2 4 7

2.3 Application of matrices :

In the previous discussion you have learnt the concept of inverse of a matrix. Now we intend
to discuss the application of matrices for solving a system of linear equations.

For this we first learn to convert the given system of equations in the form of a matrix
equation.

Consider the two linear equations, 2x + 3y =5 and x - 4y = 9. These equations can be written
as shown below

Kx—+43;vy } ) m




(Recall the meaning of equality of two matrices.)
Now using the definition of multiplication of matrices we can consider the above equation as

2 3 ||x]| _ {5}
1 -4y 9
5
Now if we denote 23 =A, *1 = x and [ } =B
1 -4 % 9
then the above equation can be writtenas AX = B

In the equation AX = B, X is the column matrix of variables, A is the matrix of coefficients of
variables and B is the column matrix of constants.
Note that if Ais of order 2 x 2, X is of order 2 x 1, then B is of order 2 x 1.

Similarly, if there are three linear equations in three variables then as shown above they can
be expressed as AX = B.

Find the respective orders of the matrices A, X and B in case of three equations in three
variables.

This matrix equation AX = B (in both the cases) can be used to find the values of the variables x
and y or x, y and z as the case may be. There are two methods for this application which are namely

(i) method of inversion  (ii) method of reduction

2.3.1 Method of inversion :
From the name of this method you can guess that here we are going to use the inverse of a matrix.

This can be done as follows :
Consider the three equations as ax+by+cz =

ax+hy+cz
ax+by+cgz =

1

d
d2
d3
As explained in the beginning, they can be expressed as

a b ¢ X d,
a, b, ¢| |¥|=]%] ieAX=B.
a b ¢ z d

Observe that the respective orders of A, Xand Bare 3 x 3,3 x1and 3 x 1.

Now, if the solution of the three equations exists, then the matrix A must be nonsingular.
Hence, A exists. Therefore, A~ can be found out either by transformation method or by adjoint
method.

After finding A, pre-multiply the matrix equation AX = B by A

Thus we get,
A (AX) = A1 (B)
ie. (ATAX = A'B
ie. IX = A*B
i.e. X = A~ B which gives the required solution.

=



@ Solved Examples )

Ex. 1 : Solve the equations 2x + 5y = 1 and 3x + 2y = 7 by the method of inversion.

Solution : Using the given equations we get the corresponding matrix equation as
2 5] x| [1}
3 2] |y 7
25 X
i.e. AX = B, where A = , X = and B =
3 2 y
Hence, premultiplying the above matrix equation by A, we get
(AA)X = A'B
ie. IX = A'B
ie. X = A'B ... (1)
25 _ 2 -5
Now as A = 3 9 ,JAl]=-11and adj A = 3 9
At = L adja)
[A]
ie. Al = 112z
-11 (-3 2

Hence using (i) we get

<= 5530

.- B

Hence by equality of matrices we getx =3 andy =-1.
Ex. 2 : Solve the following equations by the method of inversion
X—=y+2=4,2x+y-32=0,x+y+z=2.

I -1 1 X 4
Solution : The required matrix equationis |2 1 -3| |¥|=]0| je. AX=B
1 1 1 z 2
Hence, by premultiplying the equation by A=, we get,
i.e. (ATAX = A'B
.e. IX = AlB
ie. X = AB ... (i)

=



Nowas A = |2 1 =3|, Bydefinition, adjA = 0 35| and |A|=10

1 1 1 1 -2 3
Al = 1 (adj A)
[A]
4 2 2]
i.e. Al = L -5 0 5
Hence using (i) 10 | -2 3
. 4 2 2[4
X = - | _
10 5 0 5]1]0
1 -2 3|2
20
X = L1 10
10
10
x 2
y = -1
z 1

Hence, by equality of matriceswe getx=2,y=-landz=1

2.3.2 Method of reduction :
From the name of the method, it can be guessed that, the given equations are reduced to a cer-
tain form to get the solution.

Here also, we start by converting the given linear equation into matrix equation AX = B.
Then we perform the suitable row transformations on the matrix A.

Using the row transformations on A reduce it to an upper triangular matrix or lower triangular
matrix or diagonal matrix.

The same row transformations are performed simultaneously on matrix B.

After this step we rewrite the equation in the form of system of linear equations. Now they are
in such a form that they can be easily solved by elimination method. Thus, the required solution is
obtained.

@) Solved Examples )

Ex. 1 : Solve the equation 2x + 3y = 9 and y — x = -2 using the method of reduction.
Solution : The given equations can be written as
2x + 3y
and X +vy

1
| ©
N

=)




2
Hence the matrix equation is { 3} {x} = [9} (ie. AX=B)

-1 1|y 5
Now use R,—>2R,+ R,
L P NI
We rewrite the equations as 2x + 3y =9 .
5y = 5 L.

From (ii) y =1 and using (i) we get x=3
- X=3,y=11Is the required solution.
Ex. 2 : Solve the following equations by the method of reduction.
Xx+3y+3z=12, x+4y+4z =15 and x+3y+4z=13.
Solution : The above equations can be written in the form AX =B
1 3 3| [x 12
1 4 4] |y|=]15
1 3 4| |z 13

using R,—»R,-R, and R, —>R,-R

i.e.

1 3 3] |x 12
weget [0 1 1| |y|=]|3
0 0 1 z

Again using R —>R -3R,and R,—»R,-R,We get

oS O =
S = O
- o O

Hence the required solution isx = 3,y = 2, z = 1. (verify)

Ex. 3 : Solve the following equations by the method of reduction.
X+y+z=1 2x+3y+2z2=2 and x+y+2z=4.
Solution : The above equation can be written in the form AX =B as

using R,— R-R, andR, > R - % R,
Ll -1
2 2 B

we get { 2 0 =22
112 L=l L



1 l 0 0||x _—
Now usingR—>R, -~ R,weget |4 y=] 2
4 1 20 -2
11 2 |LF 4
Note that here we have reduced the original matrix A to a lower triangular matrix. Hence we
can rewrite the equations in their original form as

X 1 . .

— = —— i le. X==2

4 2 0

X + 2y =-2 (i)

2y =-2+2=0 y=0
and XxX+y+2z =4
: 2z = 4+2+0

2z = 6

z = 3

x=-2,y=0,z=3is the required solution.
Ex. 4 : The cost of 2 books and 6 note books is Rs. 34 and the cost of 3 books and 4 notebooks is
Rs. 31.
Using matrices, find the cost of one book and one note-book.
Solution : LetRs. *x” and ~ Rs. ‘y’ be the costs of one book and one notebook respectively.
Hence, using the above information we get the following equations
2x + 6y = 34
and 3x + 4y = 31
The above equations can be expressed in the form

| B T

NowusingR, - R,— = R, we get

2 6 1|x|_ [ 34 }

0 -5|ly] L[20
As the above matrix ‘A’ is reduced to an upper triangular matrix, we can write the equations
in their original form as 2x + 6y = 34

and -5y = =20 Ly=4
and 2x = 34-6y = 34-24 - 2x=10 SX=5
the cost of a book is Rs. 5 and that of a note book is Rs. 4.

@ Exercise 2.3 )

1. Solve the following equations by inversion method.
(i) X+2y=2, 2x+3y=3
(i) X+y=4, 2Xx-y=5
(iii) 2x+6y=8, x+3y=5




no

R

Solve the following equations by reduction method.

M 2x+y=5  3x+5y=-3

(i) Xx+3y=2, 3x+5y=4

(iii) 3x—-y=1, 4xk+y=6

(iv) 5x+2y=4, 7x+3y=5

The cost of 4 pencils, 3pensand 2 erasers is Rs. 60. The cost of 2 pencils, 4 pens and 6 erasers

is Rs. 90, whereas the cost of 6 pencils, 2 pens and 3 erasers is Rs.70. Find the cost of each item
by using matrices.

If three numbers are added, their sum is “2°. If 2 times the second number is subtracted from the
sum of first and third number we get “8” and if three times the first number is added to the sum
of second and third number we get ‘4’. Find the numbers using matrices.

The total cost of 3 T.V. setsand 2 V.C.R.sis Rs. 35000. The shop-keeper wants profit of

1000 per television and Rs. 500 per V.C.R. He can sell 2 T. V. sets and 1 V.C.R. and get the
total revenue as Rs. 21,500. Find the cost price and the selling price of a T.V. setsand a V.C.R.

~

S,

Let's Remember :

IfA=T[a] . then Alor AT= [a]
If (i) A'is symmetric then A= ATand (ii) if Ais skew-symmetric then— A= AT

1 .
If A is a non singular matrix then A= = m(adJA)

If A, B and C and three matrtices of the same order then

i) A+B=B+A (Commutative law of addition)
(i) (A+B)+C=A+(B+C) (Associative law for addition)

If A, B and C are three matrices of appropriate orders so that the following products are de-
fined then

(i) (AB) C=A (BC) (Associative Law of multiplication)
(ii) AB+C)=AB+ AC (Left Distributive Law)
(iii) (A + B) C= AC + BC) (Right Distributive Law)

The three types of elementary transformations are denoted as

(i) R« Rj or C < Cj
(i) R — kRj or C— kCJ. (kisascalar), k=0
(i) R >R +kR, or C,— C +kC, (kisascalar), k0

If Aand B are two square matrices of the same order such that AB = BA = I, then Aand B are
inverses of each other. A is denoted as B* and B is denoted as A™.

For finding the inverse of A, if row transformations are to be used then we consider AA™* = | and
if column transformations are to be used then we consider A* A= 1.

an )



* For finding the inverse of any nonsingular square matrix, two methods can be used
(i) Elementary transformation method (ii) Adjoint method.

e Using matrices, a system of linear equations can be solved. The two methods are

(i) Method of inversion (i) Method of reduction.
1
-1 _ .
. If Ais a non singular matrix then A= A (adj A)

. Adiagonal matrix is invertible iff all the elements in the diagonal are non - zero.
. The inverse of a diagonal matrix is a diagonal matrix.

] 1
. If Aisanon singular matrix then det A™ = Al

. The adjoint of a square matrix A= [aij]mxm is the transpose of the matrix [Aij] o Where

A\j is the co-factor of the element a; of A.
. Every square matrix A can be expressed as the sum of symmetric and skew-symmetric

- 1 1
matrix. i.e. AZE [A+AT] + > [A-AT]

Miscellaneous Exercise 2(B)

I) 1) Choose the correct alternative.

IfA:1 2 , adjA = 4 a then the values of a and b are,
3 4 -3 b

Aa=-2,b=1 B)a=2,b=4
Ca=2,b=-1 D)a=1,b=-2

0 1
2)  The inverse of [1 0} IS

_1 1 0 1
A) |y J B)[1 0
1 0
C) 0 J D) None of these
1 2
3) IfA= ) 1 and A(adjA) = k | then the value of kK is .....
A)1l B) -1
C)0 D) -3

2 —4
4) IfA= {3 1 } then the adjoint of matrix A is




5)

6)

7)

8)

9)

10)

-1 3] 1 4}
A) B)

-4 1] -3 2
c 1 3] 5 -1 -3
)_4 -2 | )_—4 2
1 2
IfA= 34 and A(adj A) = k I then the value of k is
A)2 B) -2
C) 10 D) -10

A 1
If A { | J then A does not exist if A =

A)0 B)+1
C)2 D) 3

If A= {COSa B smoc} then A =

sinat  cosa
A [1/cosa —1/sina 5 cosa sino
) | 1/sina 1/cosa ) | —sina  cosa
[—cosa  sina [—cosa  sina
C) . D) :
| —sina  cosa | sina  —cosa

cosa -—sina O

If F(a)=|sina cosa 0| wherea e R then [F (o)] " is =

0 0 1

A) F(- o) B) F(a™)
C) F(2o) D) None of these

0 1 0
The inverseof A=|1 0 0| is

0 0 1
A)l B) A C) A’
The inverse of a symmetric matrix is -
A) Symmetric B) Non-symmetric
C) Null matrix D) Diagonal matrix

D) - |

an )



11)

12)

10 0
Fora 2 x 2 matrix A, if A(adjA) = {0 10} then determinant A equals

A) 20 B) 10
C) 30 D) 40
11 —4
If A'= —5[_1 2} then A=
2 4 2 4
a) {_1 1} b) _1 —1:|
2 4 2 4
2 L 1} D1

I1) 1) Solve the following equations by the methods of inversion.

2)

3)

4)

5)

(i) 2x-y=-2,x+5y=5

(i) x+y+z=12x+3y+2z=2andax +ay +2az=4
(i) 5x—y +4z =5, 2x +3y +5z =2 and 5x — 2y+6z =-1
(iv) 2x+3y=-53x+y=3

(V) x+y+z=-ly+z=2andx+y-z=3

Express the following equation in matrix from and solve them by the method of reduction.

(i) x—-y+z=12x-y=1,3x+3y-4z=2
(i) x+y:1,y+z=%,z+x=%

(ili) 2x-y+z=1,x+2y+3z=8and3x+y—-4z=1
(iv) x+y+z=6,3x—-y+3z=10and 5z +5y -4z=3
(V) x+2y+2z=8,2x+3y-z=11and 3x -y -2z=5

(vi) x+3y+2z=6,3x-2y +5z=5and2x -3y +6z2=7

The sum of three numbers is 6. If we multiply third number by 3 and add it to the second
number we get 11.

By adding first and the third numbers we get a number which is double the second number.
Use this information and find a system of linear equations. Find the three numbers using ma-
trices.

The cost of 4 pencils, 3 pens and 2 books is Rs.150. The cost of 1 pencil, 2 pens and 3 books
is Rs.125. The cos of 6 pencils, 2 pens and 3 books is Rs.175. Fild the cost of each item by
using Matrices.

The sum of three numbers is 6. Thrice the third number when added to the first number gives 7.

an )



6)

7)

8)

On adding three times first number to the sum of second and third number we get 12. Find the
three numbers by using Matrices.

The sum of three numbers is 2. If twice the second number is added to the sum of first and third
number, we get o adding five times the first number to the sum of second and third we get 6.
Find the three numbers by using matrices.

An amoun of Rs.5000 is invested in three types of investments, at interest rates 6.7, 7.7, 8%
per annum respectively. The total annual income from these investimest is Rs.350/- If the total
annual income from first two investment is Rs.70 more than the income from the third, find the
amount of each investment using matrix method.

The sum of the costs of one ook each of Mathematics, Physics and Chemistry is Rs.210. Total
cost of a mathematics book, 2 physics books, and a chemistry book is Rs. 240/- Also the total
cost of a Mathematics book, 3 physics book and chemistry books is Rs. 300/-. Find the cost of
each book, using Matrices.

+4444




3 Trigonometric Functions

Let's Study ~\

3.1  Trigonometric Equations and their solutions
3.2 Solutions of triangle
3.2.1 Polar co-ordinates
3.2.2 Relation between the polar co-ordinates and the Cartesian co-ordinates
3.2.3 Solving a Triangle
3.2.4 The Sine rule
3.2.5 The Cosine rule
3.2.6 The Projection rule
3.2.7 Applications of the Sine rule, the Cosine rule and the Projection rule.
3.3 Inverse Trigonometric Functions

g Properties, Principal values of inverse trigonometric functions )

INTRODUCTION :

We are familiar with algebraic equations. In this chapter we will learn how to solve trigonometric
equations, their principal and general solutions, their properties. Trigonometric functions play an
important role in integral calculus.

%ﬁ; Let’s learn.

3.1 Trigonometric Equations and their solutions:
Trigonometric equation :

LDef inition : An equation involving trigonometric function (or functions) is called trigonometric}
equation.

1
For example : sing = —, tang = 2, cos3p = cos5¢ are all trignometric equations, x= asin (or+a )

is also a trigonometric equation.

Solution of Trigonometric equation :

Definition : A value of a variable in a trigonometric equation which satisfies the equation is called
a solution of the trigonometric equation.

(e )




A trigonometric equation can have more than one solutions.
T

For example, 9:% satisfies the equation, sinQ:%, Therefore 5

is a solution of the trigonometric

. . 1
equation sin 6 :5,

7 1
"4 s asolution of the trigonometric equation cos 6 =—\/§.
z . . . . 1

4 sa solution of the trigonometric equation cos6 =E.

Is  a solution of equation sin 6 — cos 6 = 1? Can you write one more solution of this equation?
Equation sin © = 3 has no solution. Can you justify it?

Because of periodicity of trigonometric functions, trigonometric equation may have infinite
number of solutions. Our interest is in finding solutions in the interval [0, 27).

Principal Solutions :

Definition : A solution o of a trigonometric equation is called a principal solution if 0 < a < 2.

T 5z
5 and "6 are the principal solutions of trigonometric equation sin 6 = %

137 . 1 13
Note that Ty is a solution but not principal solution of sm9=§, { TE ¢ [0, 277)}

0 is the principal solution of equation sin 6 = 0 but 27 is not a principal solution.

Trigonometric equation cos 6 = —1 has only one principal solution. 6 =t is the only principal
solution of this equation.

@) Solved Examples )

Ex. (1) Find the principal solutions of sinf =

1
J2
Solution :

: 1 . . ,
As sinT=—— and 0 < £<27r,£ is a principal solution.
4 4 4

By allied angle formula, sin 6 = sin (n — 6).

.'.sinzzsin n—z :sinS—ﬂand 0£3—ﬂ< 2
4 4 4 4

3r . .. .
T iIs also a principal solution.

I and 37 are the principal solutions of sin6 !
S, — — SINU =——.
4 4 brineip 2
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Ex.(2) Find the principal solutions of 0050=%.

Solution : As cos%=% and 0<” < 2r, % is a principal solution.
By allied angle formula, cos 6 = cos(2rn—0).

.'.cos£=cos 27r—Z =c0s5—7r andOSS—ﬂ<27r
3 3 3 3

St - .
3 is also a principal solution.

5 o , 1
.'.%and ?ﬂ are the principal solutions of cos 9:5.

Ex. (3) Find the principal solutions of cos@:—%

1
Solution : We known that COS E

w|y

As cos(n—0) = cos(n+6) = — cos 0,

1
cos| 7 —Z | =~ cos = = —~ and cos | m+ = =—cos£=—l
3 3 2 3 3 2

2 1 4r 1
..c08S — = —— and cos — = ——
3 2 3 2

1
Also 0 < 2?” <27 and 0 < %” < 2r. Therefore 2?” and 4?” are principal solutions of cos 6 = 5
Ex.(4) Find the principal solutions of cot ¢ = -3
. . . 1
Solution : We know that cot 6 = — /3 if and only if tan QZ_E

T 1
We know that tan —=—+
6 3

Using identities, tan (r—0) = —tan 6 and tan (2r — 6) = — tan 0, we get

Sm 1 117z 1

tan — =——=and tan —=——F
6 NE) 6 NE)

St 117
An OS?<27T OfldOST<27T

St 1z . .. .
?and o are required principal solutions.




The General Solution :

Definition : The solution of a trigonometric equation which is generalized by using its periodicity
is called the general solution

n T n
generate all these solutions from the expression 77 +(~1) o neZ. Thesolution nz +(-1) %n eZ

. . . 1
is called the general solution of sm9=§.

Theorem 3.1 : The general solution of sin 6=sin o is 6 = nxt + (-1)"a, Where n € Z.
Proof : As sin 6 =sin a, o is a solution.
As sin (m—a) = sin o, n—a is also a solution. Using periodically, we get

sin 0 = sin a = sin(2n+a) = sin(4n + o) = ... and

sin 0 = sin(n—a) = sin(3n—a) = sin (5t—a) =...

sinf=sinaifandonly if 6 = o, 27 + 0, 4% +a, .... Or 6 = 1—a, 3n—a, 57 — a,...

0=..0,mT—0,2n+0, 3Tt — o, 4T+ o, ST—0,...

The general solution of sin 6 =sin a. is ® = nt + (-1)" a, where n € Z.
Theorem 3.2 : The general solution of cos 6 = cos a is 6 = 2nmt + a,, where n € Z.
Proof: As cos 0 = cos a, a Is a solution.

As cos (—a) = cos a, —a is also a solution.

Using periodically, we get

cos 6 = cos a = cos (2n+a) = cos(4n+a) = ... and

cos 6 = cos (-a) = cos (2n—a) = cos(4n—a) = ...

.cos 0 = cos a if and only if 6 =a., 21 + a, 4n+a,...0r 6 =—a, 21—, 4n—0, 671—0L,...
.. The general solution of cos 6 = cos a is 6 = 2nn+a, where n € Z.

Theorem 3.3 : The general solution of tan 6 = tan o is 6 = nm+a, where n € Z.
sinf _ sina

Proof : We know that tan 6 = tan o if and only if
If and only if sin 6 cos o = cos 6 sin a
If and only if sin 6 cos o - cos 6 sin o =0
If and only if sin (6—a) =sin 0
If and only if 6—a = nx + (-1)"% 0= nx, where n € Z.
If and only if © = nt + o, where n € Z.
The general solution of tan 6 =tan a is 6 = nwt + a, where n € Z.
Remark : For 6 € R, we have the following :
(1) sin6=0ifandonly if 6 = nm, wheren € Z.

cosf cosa

(i) cos®=0ifandonlyif 6= (2n+1) % wheren e Z.

(i) tan©®=0ifand only if 6 = nwt, where n € Z.

Fa)




Theorem 3.4 : The general solution of sin? 6 =sin? o is 6 = nwt + o, where n € Z.
Proof : sin? 6 =sin? o,

sin@=+sina

sin® =sinaorsin ®=-sina

sin 6 = sin o or sin 6 = sin (—a)

0=nn+(-1)"aor0=nn+(-1)"(—a), where n e Z.

0 =nn+ a, where n e Z

The general solution of sin? 6 =sin? a is © = nwt + a, where n € Z.
Alternative Proof : sin? 0 = sin? a

. 1=c0s20 1-cos 2a
o2 2
C0s 20 = cos 2a.
20 = 2% + 20, Wwhere n € Z.

0 =nn+ a,where n e Z
Theorem 3.5 : The general solution of cos? 6 = cos? a. is 6 = nwt + o, where n € Z.
Proof : c0s? 6= c0s? a
1+cos20 1+cos2a
2 2

€0s20 = cos2a
20 =2nt =+ 20, where n e Z.
O6=nn+ o,wheren e Z.
Theorem 3.6 : The general solution of tan? 6 = tan? . is 6= nn + o, where n € Z.
Proof : tan? 0 = tan? a
l+tan’6 1+tan’
1-tan’0 1-tan’«

by componendo and dividendo

S 1-tan’6  1-tan’a
"1+tan’0  1+tan’a
C0S 20 = cos 2a

20 = 2nwt + 20, where n € Z.
0 =nm + o, wheren e Z.

( Solved Examples )

Ex.(1) Find the general solution of

by invertendo

L B 1
(1)sin 9=7 (i) cos 9=$ (iii) tan 6=+/3
Solution : (i) We have sin@ = %




. T
sin ® = sin—
3

The general solution of sin 6 =sin o is© = nw + (-1)" o, wheren € Z.

T
The general solution of sin 6 = sin% is®=nm+(-1)" 3, wheren e Z

T
The general solution of sin 6 = g isO=nn+(-1)" 3 ,wheren e Z.

1
iil) Wehavecos0= —
(i) 7

e T
CoS 0 = cos —
4

The general solution of cos 6 = cos a is 6 = 2nwt + o, where n € Z.

The general solution of cos 6 = cos % is0=2nm + % , Wheren € Z.

1
.. The general solution of cos 6 = E iIs0=2nw + i ,Wheren e Z.
(iii) tan 0= /3 4
tan 6 =tan z
3

The general solution of tan ® =tan o is 6 = nn + o, where n € Z.
The general solution of tan 6 = tan %is O=nn+ % where n € Z.

T
The general solution of tan 6 = J3 ise=nn+ 3 wheren € Z.

Ex. (2) Find the general solution of

(|)S|n6:—§ (||)cos(9:—% (|||)cot6:—\@
Solution : (i) sin 6 = — ?

. . 4rx . 4r . .

sin © =sin ?(As sin 53 T and sin (t+A) = —sin A)

The general solution of sin 6 = sin o is a=nx + (-1)"a, where n € Z.

. . . Ar 4
The general solution of sin 6 = sin ?ﬁ is0=nm+ (-1)" ?ﬂ , Wheren € Z.

3 dr
The general solution of sin 6 = ey iSO =nx+ (-1) 3 *wheren e Z.
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.. 1
i) cosO=——
(i) 5

cos 0 = cos 2Tﬂ(Ascosgzécmdcos(ﬂ—A)z—cosA)

The general solution of cos 6 = cos o is 6 = 2nmt + o, where n € Z.
The general solution of cos 6 = cos 3 isO=2nt = 3 wheren € Z.
. 1 . 2r
The general solution of cos 6 = ey iIsO=2nt + 3 where n € Z.
(iii) coto= —/3 . tan@= L

tan 6 = tan 5—7[(Astc1n£=ic1ndtan(7r—A)=—‘[anA)
6 6 3

The general solution of tan 6 = tan a is 6 = nn+a , where n € Z.
. 57 . 5
.. The general solution of tan 6 = tan Y ISO=nn+ e wheren € Z.

.. The general solution of cot 6 = /3 is6=nn+ £ , Where n € Z.
Ex. (3) Find the general solution of 6

(i) cosec © =2 (ii) sec 6 + V2 =0
Solultion : (i) We have cosec 6 =2 ..sin 6 = %

sin 6 = sin z
76

The general solution of sin 6 = sinais® =nn + (-1)"a, where n € Z.

The general solution of sin 6 = sin % isO=nm+ (-1) % , Wheren e Z.

The general solution of cosec 6 =2 is 6 = nx + (-1)" % wheren € Z.

.. 1
i) We have sec 6 + J2 =0 - cos=—-——
w 7

1
Ccos 0 = cos 3—ﬂ(Ascoszz—andcos(n—A)= —cos A)
4 4 2

The general solution of cos 6 =cos ais 6 = 2nmt + o, where n € Z.

. 37 . 37
The general solution of cos 6 = cos o iSO =2nm + K wheren e Z.

The general solution of sec 6 = V2 is 8 = 2nm + 377[ ,wheren e Z.
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Ex. (4) Find the general solution of

(i) cos 20 =——= (ii) tan 30 = -1 (iii) sin 46 = ?

V2

1
Solution : (i) We have cos 20 = _3

(i)

(iii)

oS 260 = cos 3Tﬂ(Ascosgzicmdcos(ﬂ—A):cos A)

J2

The general solution of cos 6 = cos ais 6 = 2nmt + o, where n € Z.
. 37 . 3z
The general solution of cos 26 = cos " is20 =2nw + 7 wheren € Z.

. 1 .
The general solution of cos 20 =——= is6 =nn 13—”, wheren € Z.
V2 8

We have tan 30 = -1

tan 30 = tan 3Tﬂ(Astcm%= land tan (7 — A)=—tan A)

The general solution of tan6 =tan ot is6= nx + o, wheren € Z.

. 3r 3z
The general solution of tan 360 =tan ——is30=nn= +T where n € Z.

4
) ) nrt rx
The general solutionoftan 30 =—11is 6 = 5+ -, wheren € Z.
N 3 4
sin 40 = 73

sin 40 = sin —
3
The general solution of sin6 =sinais 6 =nn + (-1)"a, wheren € Z.

T

The general solution of sin 46=sin 3

is40=nmn +(—1)”%,wheren e”Z.

. . NEW nz T
The general solution of sin 40 = X~ is6 = a7 (=1)" Ewhere neZz
2

Ex. (5) Find the general solution of

(iY4cos?0=1(ii)4sin> 6 =3 (iii)tan> 6 =1

Solution : (i) We have 4 cos? 6 =1

2
cos? Gzl: 1
4 2

T
c0s? O = cos? 3




(i)

(iii)

The general solution of cos? 6 =cos?ais 6 =nn+ o , wheren € Z.

The general solution of cos? 6 = cos? % is 6 =nn i% , Where n e Z.

The general solution of 4 cos? 6 =1is6=nn + % wheren € Z.

We have 4sin? 6 =3
ﬁ 2
2

sinz 0 =sin2
3

sin? 0 = El
4

The general solution of sin?0 =sin> a is6=nm + o, wheren € Z.

The general solution of sin? 6 = sin” is0=nnx i% ,Wheren e Z.
3
The general solution of 4sin?6 =3is 6 =nx +

We have tan?9 =1

, Wheren e Z.

Wy

T
tan? 0 =tan? —
4

The general solution of tan?0 = a.is 6 =nn + o, where n € Z.

. T T
The general solution of tan? 6 = tan? 1 isO=nmn+ 7 wheren € Z.

The general solution oftan?> 6 =1is6=nn + —, wheren e Z.

E
4

Ex. (6) Find the general solution of cos 36 = cos 2 6
Solution : We have cos 36 = cos 20

cos30—-cos20 =0
-2 sin ﬁ sin Q=O
2 2

sin E:Oorsin Q:O
2 2

50 0
—=nnor —=nmn Wheren e Z.
2 2
2n
92%, neZz.

2nr
0= 5 where n € Z is the required general solution.




Alternative Method : We know that the general solution of cos 6 = cos o is © =2nm + o ,wheren € Z.

The general solution of cos36 =c0s20is36 =2nt+26 ,wheren € Z.

30=2nt—-26 or30=2nn + 20, wheren e Z.

50 =2nrnor 6 =2nm ,wheren € Z.

2nr . . .

0= 5 Ne Z where n € Z is the required general solution.
Ex. (7) Find the general solution of cos 56 =sin 30
Solution : We have cos 560 =sin 30

cos 50 = cos (2_39j
2
56 = 2nn i(%_wj

50= 2nn— (%_39] or 50= 2nm+ (%49}

n : .
0=n-2 oro= —ﬂ+% , Where n € Z are the required general solutions.

4

Ex. (8) Find the general solution of sec? 26 =1 - tan 26
Solution : Given equation is sec? 26= 1 — tan 20
1+tan?20=1-tan 20
tan?20 +tan 260 =0
tan 20 (tan20+1)=0
tan20=0ortan20 +1=0

3
tan 20 = tan 0 or tan 20 = tan Tﬁ

20=nn or 20=nn +3T7[ ,wheren e Z.

nz nt 3r ) ) )
0 = or 9 = —+— , where n € Z is the required general solution.

2
Ex. (9) Find the general solution of sin 6+sin 36 +sin 50 =0
Solution : We have sin 6 +sin 30 +sin50 =0
(sin 6+sin50) +sin30=0
2 sin 30 cos 26+ sin 30 =0
(2cos 20+ 1)sin36=0

sin 30=0 or cos 20 = _l

sin 30 = 0 or cos 20 = cos 2{




30=nr or 20=2nxw + 2?” , Wheren e Z.

nz . : :
0= 3 oro=nm+ % where n € Z is the required general solution.

Ex. (10) Find the general solution of cos6—sin6=1
Solution : We have cos 0 —-sin6=1

|
Lcos 0 ———=sino =

!
V2 J2 V2

T . .
cosOcos — —sinOsin — =
4 4

5l

T T
COS |@+— | =cCO0S —
[ 4J 4
0 +£=2nni z
4 4

0+ =2nm— " or 0+ —=2nn +
4 4 4 4

72'
0 =2nmt — - or 6 = 2nxw, where n € Z is the required general solution.

<:> Exercise 3.1 )

Find the principal solutions of the following equations :

(i) cos 6 = % (ii) sec 6 = = (iii) cot 6 = J3 (iv)cot6=0

3

2)  Find the principal solutions of the following equations:

(1)sin6 = —% (if) tan6 = -1 (iii) J3 cosec 0 +2=0

Find the general solutions of the following equations :
3) (i) sin6 :% (i) cos 6 = % (i) tand = L (iv)cot6=0

V3
4) (i) seco = V2 (ii) cosec 6 = 2 (iii) tand = -1
5)  (i)sin26= % (ii) tan ? =3 (i) cot 40 =1

6) (i) 4 cos’6 =3 (ii)4sin0=1 (iii) cos 40 = cos 20
7) (i) sin © =tan® (ii) tan® 6 = 3tan6 (iii) cosB +sin6 =1
8)  Which of the following equations have solutions ?
(i)cos 20 =-1 (if) cos* 6 =-1 (i) 2sin6 =3 (iv)3tan6=5
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3.2 Solution of triangle )

3.2.1 Polar co-ordinates : Let O be a fixed point in a plane. Let OX be P(r,0)
a fixed ray in the plane. O is called the pole and ray OX is called the r
polar axis. Let P be a point in the plane other than pole O.

Let OP =r and m £ XOP = 6. The ordered pair ( r, 6 ) determines the 6
position of P in the plane. They are called the polar co-ordinates of P . (fixefj) point)
'r" is called the radius vector and 0 is called the vectorial angle of point
P Fig 3.1
Remarks :

i) Vectorial angle 0 is the smallest non-negative angle made by OP with the ray OX.

i) 0<0<2xn

iii)  Pole has no polar co-ordinates.

3.2.2 Relation between the Cartesian and the Polar co-ordinates: Let O be the pole and OX be the
polar axis of polar co-ordinates system. We take line along OX as the X - axis and line perpendicular
to OX through O as the Y - axis.

Let P be any point in the plane other than origin. Let (x , y) and (r , ©) be Cartsian and polar

(fixed >r(ay)

co-ordinates of P. To find the relation between them. 'Y
By definition of trigonometric functions, we have sin 6 = 2 and
r P(x’y)

r

c0s 0 = ~ () 4

r < > X
o x M
Xx=rcosOandy=rsin0® v Fig 3.2

This is the relation between Cartesian and polar co-ordinates.
T
Ex. (1) Find the Cartesian co-ordinates of the point whose polar co-ordinates are (Z’ZJ

Solution: Givenr=2and 0 = %

Using x =rcosd andy =rsin 6, we get

The required Cartesian co-ordinates are(\/f A2 )
1 -1
Ex. (2) Find the polar co-ordinates of point whose Cartesian co-ordinates are | —=, —=
rndtep g &3

Solution : From the co-ordinates of the given point we observe that point lies in the fourth quadrant.

r2:x2+y2
1Y 1Y 11
P=|—=| +|-——f4| == +—- =1
[ﬁj (\/Ej 2 2
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r=1
X=rcos6 ,y=rsind

1 1
—==1x%xc0s0 and ——— =1xsin0
J2 NGB

1 1
cosO=—= and sinf= ———
V2 J2

The required polar co-ordinates are (l%j .

3.2.3 Solving a Triangle :

Three sides and three angles of a triangle are called the elements of the triangle. If we have
a certain set of three elements of a triangle, in which at least one element is a side, then we can de-
termine other three elements of the triangle. To solve a triangle means to find unkown elements of
the triangle. Using three angles of a triangle we can't solve it. At least one side should be known.
In AABC, we use the following notations : I(BC) = BC = a, I(CA) = AC = b, I(AB) = AB =c. This
notation is called as the usual notation. Following are some standard relations between elements of
triangle.

b ¢
sinA  sinB sinC
Proof : Let AD be perpendicular to BC.

AD=DbsinC

1
A (AABC) =  BC x AD

3.2.4 The Sine Rule: In  AABC,

= 2R, where R is the circumradius of AABC.
A

:laszinC
2 B

A (AABC) = % absinC

2A (AABC) =absinC

Similarly 2A (AABC) = ac sinB and 2A (AABC) = bc sin A
bcsin A=acsinB=absinC

Divide by abc,

bcsind  acsinB _ absinC

abc abc abc

sind _sinB _sinC

a b c

a b c

(D)

sin4 sinB sinC




To prove that each ratio is equal to 2R.

As the sum of three angles is 180°, at least one of the angle of the triangle is not right angle.
Suppose A is not right angle.

Draw diameter through A. Let it meet circle in P.

AP = 2R and AACP is a right angled triangle. £ ABC and £ APC are inscribed in the same

arc.
m ~Z ABC=m £ APC
sinB=sinP= i:i
AP 2R
—
sin = oR
b
=2R . (2
sin B )

From (1) and (2), we get

.a = .b - .c =2R
sin4 sinB sinC

Different forms of Sine rule : Following are the different forms of the Sine rule.
In AABC.

) a b ¢
M) sind sinB sinC
(i) a=2RsinA,b=2RsinB,c=2RsinC

=2R

sind sinB sinC
b c
(iv) bsinA=asinB,csinB=bsinC,csinA=asinC

k

(iii)

a sind b sinB
V) TSnB’C sinC
Ex.(1) In AABC if A =30° B = 60° then find the ratio of sides.
Solution: Tofinda:b:c
Given A =30° B = 60°.
As A, B, C are angles of the triangle, A+ B + C = 180°
C=090°
By Sine rule,
a b c

sind sinB sinC

a b c
sin30° sin60° sin90°
a_b _c
1 B3
2 2




a:b:c= l:—3:1
2 2
a:bic=1:/3:2
) . 2 )
Ex.(2) In AABCifa=2,b=3andsin A= 5 then find B.
Solution : By sine rule, a _ b
sind4 sinB
2 _ 3
2 ~ sinB
3
sinB=1
o
B=90°= 5

Ex. (3) In AABC, prove that a(sin B —sin C) + b(sin C —sin A) + ¢c(sin A-sinB) =0
Solution : L.H.S. =a(sin B —sin C) + b(sin C —sin A) + c(sin A - sin B)
asinB-asinC+bsinC-bsinA+csinA-csinB
(asinB-bsin A) + (bsin C-csin B) + (csin A—asin C)
0+0+0
0=R.H.S.
Ex.(4) In AABC, provethat (a—b)sinC+(b-c)sinA+(c—a)sinB=0
Solution: L.HS.=(a-b)sinC+(b-c)sinA+(c—-a)sinB
(@asinC-bsinC)+ (bsin A-csin A) + (csin B-asin B)
(@sinC-csinA)+ (bsinA-asinB) + (csinB-DbsinC)
0+0+0=0=R.H.S.
3.3.5 The Cosine Rule : In ABC,
(i) a*=b?+c?-2bccos A (i) b?=c?*+a?-2cacos B (iii)c?=a?+ h?—2ab cos C
Proof : Take A as the origin, X - axis along AB and the line perpendicular to AB through A as the
Y - axis. The co-ordinates of A, B and C are (0,0). (c, 0) and (b cos A, b sin A) respectively.
To prove that a? = b? + ¢2 - 2bc cos A
L.H.S.=a? =BC? rY
= (c—-Dbcos A)?+ (0-bsin A)? (by distance formula)
= c?+b%cos? A-2bccos A+b?sinz A
= c?+Db%cos® A+ b?sin? A-2bc cos A b a
= Cc*+b*-2bc cosA
= RHS.
a’?=b?+ c¢? - 2bc cosA A\ > X
Similarly, we can prove that (0,66)‘ ¢ B(c,0)
b?=c*+a*- 2cacosB
c?=a’+b%-2abcosC Fig 3.5

C(bcosA,bsinA)




Remark : The cosine rule can be stated as : In AABC,
A b+’ -a cos B c+a -b cosC o a+b’-c’
A e T e T 2w
Ex.(5) In AABC,ifa=2,b=3, c=4then prove that the triangle is obtuse angled.
Solution : We know that the angle opposite to largest side of a triangle is the largest angle of the
triangle.
Here side AB is the largest side. C is the largest angle of AABC. To show that C is obtuse angle.
a +b°—c° 2°+3 -4 3]
cosC= ——— = —/———— = ——=——
2ab 2(3)(4) 24 8
As cos C is negative, C is obtuse angle.
AABC is obtuse angled triangle.
Ex.(6) In AABC, if A=60° b =3 and c = 8 then find a. Also find the circumradius of the triangle.
Solution : By Cosine rule, a> = b?> + ¢ - 2bc cos A
a2 =32+ 82— 2(3)(8) cos(60°

= 9+64-48x 1
2
= 73-24=49
a?=49
a=7
Now by sine rule —— = 2R
ow by sine rule = = =
7
—_ =2R
sin 60
7
ﬁ =2R
2
no L_TV3
=53

The circumradius of the AABC is ?

Ex. (7) In AABC prove thata( b cos C —c cos B) = b?-c?
Solution :

L.H.S. = a(b cos C - ¢ cos B)

ab cos C—accosB

= % (2ab cos C - 2ac cos B)

@) @ e -b))




l{a2+b2—c2—cz—a2+b2}
2

|
5 {207 -2c%}

= b*c*=R.H.S.
3.3.6 The projection Rule : In AABC,
(i) a=bcosC+ccos B
(i) b=ccos A+acosC
(iii) c=acos B + b cos A
Proof : Here we give proof of one of these three statements, by considering all possible cases.
To prove thata=b cos C + c cos B

Let altitude drawn from A meets BC in D. A

BD is called the peojection of AB on BC.

DC is called the projection of AC on BC. ¢ b

Projection of AB on BC =c cos B

And projection of ACon BC=DC =bcos C M

Case (i) B and C are acute angles. B D a C

Projection of AB on BC =BD =ccos B
And projection of ACon BC=DC =bcos C
From figure we have,
a =BC=BD+DC

=ccosB+bcosC
=bcosC+ccosB

.a =bcosC+ccosB

Case (ii) B is obtuse angle.

". Projection ABonBC=BD =ccos(n -B)=-ccosB A
And projection of ACon BC=DC =bcos C
From figure we have,

a =BC=DC-BD
=bcos C— (- ccosB)

=bcosC+ccosB
.a=bcosC+ccosB Fig 3.7
Case (iii) B is right angle. In this case D coincides with B.
R.HS.=bcosC+ccosB
= BC+0
= a=L.H.S.
a=bcosC+ccosB
Similarly we can prove the cases where C is obtuse angle and C right angle.
Therefore in all possible cases, a =b cos C + ¢ cos B

Similarly we can prove other statements.
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Ex.(8) In AABC, provethat(a+b)cosC+ (b+c)cosA+(c+a)cosB=a+b+c
Solution :

L.H.S.=(a+b)cosC+ (b+c)cosA+(c+a)cosB

(acosC+bcosC)+ (bcosA+ ccosA)+(ccosB+acosB)

= (acosC+ccosA)+(bcosA+acosB)+(ccosB+bcosC)

= at+b+c=RH.S.

Ex.(9) In AABC, prove that a(cos C — cos B) = 2(b — ¢) cos? (?)

Solution : By Projection rule, we have acos C+ccos A=bandacos B+ bcosA=c
acosC=b-ccosAandacosB=c—-bcosA
L.H.S. = a(cos C - cos B)

acosC-acosB

(b-ccosA)—(c-bcosA)

= b-ccosA-c+bcosA

= (b-c)+(b-c)cosA

= (b-c)(1+cosA)

A
= (b -c) x 2cos? )

= 2(b - c) cos? A
= R.H.S.
Ex.(10) Prove the Cosine rule using the Projection rule.
Solution : Given: In AABC,a=bcosC +ccosB
b=ccos A+acosC
c=acosB+bcosA
Mulitiply these equations by a,b,c respectively.
a’=abcos C +accos B
b?=bccos A+abcosC
c2=accos B +bccos A
a?+b?-c?=(abcos C +ac cos B) + (bc cos A + ab cos C) - (ac cos B + bc cos A)
= abcosC+accosB+hccosA+abcosC-accosB -bccos A
= 2abcosC
a?+bh?>-c?=2abcosC .. c?=a?+bh?-2abcosC.
Similarly we can prove that
a?=Db?+ c?-2bc cos Aand b? = ¢ + a2 - 2ca cos B.
3.3.7 Applications of Sine rule, Cosine rule and Projection rule:
(1) Halfangle formulae: In AABC, ifa+ b +c=2sthen

. A [(s=b)(s—c) . A [s(s—a) A _ [s=D)(s—0)
(i) sin > TN e (ii) cos SN e (i) tan > - s(s—a)
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. . A
Proof : (i) We have, 1 — cos A = 2 sin? Pl

2 2 2
1- (M—_"J = 2sin? g [ by cosine rule ]
2bc
2bc=b* =’ +d* _ 5o A
2bc 2
@ (b +c*=2bc) _ oo A
2bc 2
2 )2 A
M =2sin? —
2bc 2
2bc 2
{a+b+c—2b}{a+b+c—20}:zsinzé
2bc
{25 —2b} {25 —2c} :2sin2£
2bc
(s=b)s=¢)_ 4
bc 2
inA_ [6=B)6=0)
2 bc

A
(i) We have, 1 + cosA = 2 cos? P

2, 2 2 A
1+ (M—a] =2cos? = by cosine rule

2bc 2
2bc+b* +c? - a* A
=2c0s8° —
2bc 2
2 2 2 A
(b"+c" +2bc)—a — 20082 =
2bc 2
2 2
(b+c)” —a — 2082 é
2bc 2

(btcta) b+c—a) —oeos ?
2bc




(b+c+a)b+c+a—2a) =peog 2
2

2bc
_ A
(25)(2s=20a) _ 2c0s2 2
2bc 2
A s(s—a)
COS —= - 4
2 bc
“in A (s—=b)(s—c)
i) tn & = 2 = be
2 cos s(s=a)
bc
s =b)(s—0)
- s(s—aq)

A (s—b)(s—c)
2\ so—a)

tan P

Similarly we can prove that

B_ |t=a)s=¢) o C_ [s-b)s-a)
2 ac ’ 2 ab
~ s(s—c)
cosE :N/S(S 5 , COS E = ab
2 ac 2

B (s—a)s—c) C (s—a)(s—b)
tanE: T sGs—b) ,tanE: T sG-0)

sin

(2) Heron's Formula : If a,b,c are sides of AABC and a+ b + ¢ =2s then

A (AABC) = \/s(s —a)(s—b)(s—c)

1 .
Proof : We know that A(AABC) = 5 absinC

A (AABC) = % abZSingcos%

—b)(s— s(s—c)
- ab,/% \ o = sGs—a)s—b)(s—0c)

. _ (B—Cj ~ (b—c) A
(3) Napier's Analogy : In AABC, tan | — | = (b+0) cot %
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Proof : By sine rule b = 2R sin B and ¢ =2Rsin C

(b—c) 2RsinB-2RsinC

(b+c) ~ 2RsinB+2RsinC

(b—c) sinB—sinC
(b+c) sin B+sin C

ZCOS(BJFC)sin(B_C)
(b-o0) 2 2

(b+c) 2sin(3+c)cos(3—cj
2 2

(-0 :cot(BJ“C]tan (B;Cj
(b+0) 2 2

(b—c) T A B-C
(b+C) = cot (E_EJ tan T
(b-¢o) _ A B-C
(b+c) = tan (2] tan (T]

an [B-C _(b-9) tﬁ
e e N N

Similarly we can prove that

C-4) _(c—a) B
tan [Tj = —(c+a) cot 2

@) Solved Examples )

Ex.(1) In AABC if a = 13, b = 14, ¢ = 15 then find the values of

: A A . A o
(i) cosA (||)smE (iii) cos (iv) tan ) (v) A(AABC) (vi) sinA

Solution :

= a+b+c _ 13+14+15 _
2 2
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(s-a)=21-13=8
(s-b)=21-14=7
(s-c)=21-15=6

13*+157-14* 198 33
T35 T 390 7 65

A s=bs—o)

(i) sin 5 = be
_[7xe L
Viaxis 5

A _ [s(s—a)

(iii) cos 5 = ‘f »

~ 21x8 2
T V14x15 T /5
in .
(iv) tan?zS gzé
COS — ﬁ
(v) A(AABC)= \/S(S—CI) (s=b)(s—c)

= J21x8x7x6 =84 sq. unit

: : A A
(vi) sinA=2sin 5 C0S 5

ZL 2 4
= X —F/— = —
SN

A B
Ex.(2) In AABC prove that cot 5+cot5+cot_=

) B C
Solution : L.H.S. = cot + cot E + cot E

A
2
1




s(s—a) s(s—b)

(s—b)(s—c) T

(s—a)(s—c)

s(s—c)

(s—a)(s

\/ s(s—a)’ \/ s(s—
(s=b)(s—c)(s—a) (s—a)(s— c)(s

—b)

+\/(S

s(s—c)?

(s—b)(s— a)(S ) {\/(s—a)2+\/(S—b)2+\/(s—c)2}

(s— b)(s a)(s—c)

{3s—(a+b+c)}

{3s—2s}

(s b)(S a)(s—c)

J
J
\/(S b)(s a)(s—c)
J
(@

XS

b)(s a)(s —c)

’ N % S
( — —

s=b)(s—c) J(s—a)

s(s—a) s
Ve-bs-o X (-a)

2s s(s—a)
(2s-2a) © \(s—b)(s—c)
a+b+c » s(s—a)

(a+b+c—-2a) (s=b)(s—c)

at+b+c
b+c—a

A

cot 25 =R.H.S.

{(S—a)+(s—c)+(s—b)}

—b)(s—a)(s—c)




@ Exerecise 3.2)

1)  Find the Cartesian co-ordinates of the point whose polar co-ordinates are :
7T V4 3 3n 1 7n
i 25 Y i 4,_ T i P
0[v= %) (u)[ 2} (i) [4 4j (iv) [2 3j

2)  Find the of the polar co-ordinates point whose Cartesian co-ordinates are.

i (V2.42) (ii) (03 (i) (1,-3) (iv) (E ﬂ}

27 2

3) In AABC, if A=45° B =60° then find the ratio of its sides.

. (B-C b—c A
4)  In AABC, prove that sin B all oS >

., C ., A
5)  With usual notations prove that 2 {asm2 5 +csin’ 5} —a-b+c.

6) In AABC, prove that a®sin(B — C) + b3sin(C — A) + c%in(A-B) =0

7)  In AABC, if cot A, cot B, cot C are in A.P. then show that a2, b?, ¢? are also in A.P

8) InAABC,ifacos A=b cos B then prove that the triangle is right angled or an isosceles traingle.
9)  With usual notations prove that 2(bc cos A + ac cos B + ab cos C) = a? + b? + c2

10) In AABC, ifa=18, b =24, ¢ =30 then find the values of

: A A A -
(i) cosA @i)sin = (iii)cos —  (iv) tanE (v) A(AABC)  (vi) sinA

2 2
A _ B_ C
11) In AABC prove that (b + ¢ - a) tan > =(c+a-Db)tan E—(a+b—c)tan >
. A . B . 2
12) In AABC prove that sin Esm B sin % = [A(AABC)]

abcs

3.3 Inverse Trigonometric Function :

We know that if a functionf : A — B isone - one and onto then its inverse function, denoted
byf*: B — A,exists. Forx e Aandy € B if y =f (x) then x = f(y).
Clearly, the domain of f -* = the range of f and the range of f - = the domain of f . Trigonometric
ratios defines functions, called trigonometric functions or circular dunctions. Their inverse functions
are called inverse trigonometric functions or inverse cicular functions. Before finding inverse of
trigonometric (circular) function , let us revise domain , range and period of the trigonometric
function. We summarise them in the following table .

No trigonometric fuction is one-one. An equation of the type sin 6 = k, (]k|<1) has infinitely

many solutions given by 6 =nn +(-1)" o, where sina. =k, — % <a< .
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Function Domain Range Period
sin R [-1, 1] 21
coS R [-1, 1] 2n

(2n + 1)7r
tan R—- ‘ne Z R T
cot R—{mr:neZ} R T
(271 + 1)7r
sec R- ‘ne”Z R-(-1, 1) 27
cosec R—{nw:neZ} R—(-1, 1) 21

There are infinitely many elements in the domain for which the sine function takes the same

value. This is true for other trigonometric functions also.

We therefore arrive at the conclusion that inverse of trigonometric functions do not exist. However
from the graphs of these functions we see that there are some intervals of their domain, on which they
are one-one and onto. Therefore, on these intervals we can define their inverses.

3.3.1 Inverse sine function: Consider the function sin : {—%,E

}%[_1,1] . It can be verifide

from the graph that with this domain and range Y — g
it is one-one and onto function. Therefore inverse 1 Yoo
sine function exists. It is denoted by < | o | | -
int -1 1 T T 2m -3n/2§ E i—rr/Z imz WWZW
sint: [-1,1] —» 22 ‘ /
Forx e [-1,1] 0 € {—fﬁ] v
2,2 Fig 3.8(a)

we write sin"’x = 0 if sin 6 = x.
Here 6 is known as the principal value of sin x .
For example:

1) sin Ezl,wherele[—l, 1] and ZE{— Z,E}
6 2 2 6

272
1
sint — = —,
2 6
- N S 4
The principal value of sin™ 518 &

However, though sin ST

1

2
L 1 5z 57 T
we cannot write sin? 5 = ? as —¢¢ |~ =<

Fig 3.8(b)




. T 1 1 _r T
2) sin (—Z]— > , Where \Ee[—l,l]and 4 e[ 2,2}

i (_L] _.r
2)7 4
T
. RN N N
The principal value of sin [ \/Ej is 1
Note:
1. sin (sinx) = x, for x € [-1, 1]

7T
2. sin"(si =y, f -,
sini(siny) =y orye{ > 2}

3.3.2 Inverse cosine function: Consider the ‘ A
function cos : [0, ©] — [-1, 1]. It can be verified |

from the graph that it is a one-one and onto function. ! ; ; :
Therefore its inverse fuctions exsit. It is denoted be,\ / \ o /

_ ! | O ! ! | X
cos™. < : ‘ ‘ ‘ - X

2 -3m2 -T1/2 2, o
Thus, cos™: [-1, 1] — [0, x]. | | |
For xe [-1, 1] and 6 €[0, ], we write cos* x =0
is cos O = x. Here 0 is known as the principal value
of cos™x.

v

Fig 3.9(a)

V4 1 1 Vs
For example : cos Vi ﬁ , Where NG e [-1, 1] and 4 € [0, ]
cos* 1.z
J2oo 4

1 V4
- - _l -
The principal value of cos —\/5 is

1

Ty _ ]
Though, cos (—Zj =2

We cannot write cos™ 1_z as = ¢ 10, 1] B3
274 4 !
Note: 1. cos (cos'x) =xforx € [-1, 1]
2.cost (cosy) =y, fory e [0, n]

Y']-2m

Fig 3.9(b)




3.3.3 Inverse tangent function : Consider the function tan
the graph that it is a one-one and onto function .

(_E,Zj — R. It can be verified from
2°2

I I (R ‘a
: 